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Mlnasa |

PAAbI

§ 1. Uucnossbie paabl. MpusHaku cxoauMoCcTH
3HaKONOCTONHHLIX PsAOB

1°° O6mue nousatus. Yucroeoin padom Ha3BIBAOT BHIPAaXKEHHE

(-]

al+a2+'°'+an+"'=n§lam (1)

4 Yyucaa Qp — ero 4JjeHaMu.
Ecnu cyumiecTByeT KOHEYHBLIH Npefes I0C/eJ0BaTebHOCTH YaCTHYHBIX

n= o

Oauwumca. Ecan 1im S, = oo uau He cyuiectByer, TO psif (1) HaswBawoT

N~ o

cymm S, pana (1) 1imS, =S, rae S, = X a,, To paa (1) HA3LIBAIOT CxO0-
k=1

pacxooauumcs.
Ecm a, > 0, 10 pan (1) HaspBawT nosoxcumenvHoim; €ciu an, >0
(n=1, 2, ...), T0 pan (1) Ha3bIBAIOT CcMpPo20 NOAOHUMENbHOIM.
2°. OcTaTOK YHCJIOBOTO psijla moOCJe #-T0 4JeHa. Psj
> a (2)
k=n-1

Ha3blBaeTCsl n-M ocmamsom psada (1) wad ocTaTKoOM TOCJAE A-TO YJjeHa
1 0003HAYaeTcsl CHMBOJOM 7, Ecau pan (1) cxoaurcs, TO ero OCTaTok
rn—>0 mpt n—> co. Pan (1) cxoaurcs uIM pacXoIUTCsi BMeCTe CO CBOMM
OCTAaTKOM H TI03TOMY YacTO NPH HCCJIENAOBAHMH BOINpPOCA O CXOAMUMOCTH psilia
BMECTO HErO pacCMaTpUBAIOT 7-H OCTATOK.
3°. Heo6xoaguMoe yc/a0BHe CXOAUMOCTH psiga. Has Toro
yToOBl psif (1) cxomusacs, HeOGXOAWMO, YTOOBI BHIMOJIHSJIOCH PaBEHCTBO
lima, = 0. (3)
n-+ o
4°. Kpurtepuit Kowu. na Ttoro uyro6el psax (1) cxoauscs, He-
00XOIMMO H JOCTAaTouHo, 4ToObl ye >0 AN Takoe, yto mpu Bcex n >N
U NIpU BCEX HATYpa/JbHBIX P BBIIONHSANOCH Obl HEPAaBEHCTBO

|Sngp —Se| =|anp1 + Qug2 + - -+ Fanypp| <e.

5°. O60o0meHHBl TapMOHHYeCcKHUH psaja HuciaoBont psx

I @



Ha3bLIBAeTCsA 0600ujeHHbIM 2apmonuteckum psdom. Psap (4) cxoautcss npu
p>1 u pacxoautcs npu p< 1. Ilpu p=1 ator psx HaswiBaercs eapmo-
HUHeCKUM.

6°. MaxopaHnTtHb#d psaa Ecoma,<ci(n=1,2, ...), a,> 0,
TO psif

Z Cn (5)

Ha3bIBaAOT Maxcopanmuoim A psga (1). M3 cxogmmoctu maxkopanTHOrO
psna (5) caenyer cxoaumocTh psxa (1), a u3 pacxoaumoctu psiga (1) cue-
JYeT pacXOAUMOCTb JIIOGOTO Ma:KOpPaHTHOTO /I HEro psija.

7°. Oémnﬁ npu3Hak cpaBHeHUuA. Ecan pax (1) nosoxurennb-

HBIH, a psJ 2 b, CTPOrO MOJIOKHTEIBHBIA M cymecTByer lim ;2

A+ o0 bn
¢ = const, Aci 0 TO H3 CXOAMMOCTH psjia C uleHaMu b, ClenyeT CXOnu-
mocTh psina (1), a u3 pacxoaumoctH pszpa (1) crepyer pacxomuMOCTb psiia
c wjgeHamu b,. B uactHOCTH, eciM a, ~ b, npH N — co, TO PSABI C 4je-
HAMH a, U b, CXONATCA WJIM paCXOAATCH OXHOBPEMEHHO.

8. Ilpusnak cpaBHeHUs co cTeneHblo. Ecau mpu n—- oo

1
ap = 0* (np)

To npu p > 1 pan (1) cxoaurcd, a npd p < | pacxoaurtcs (3TOT NpPHU3HAK
cleayeT u3 obLiero npu3Haka CpaBHEHHS PsiIOB).
9°. [Tpusnak Hanambepa. Ecau psan (1) ctporo nosnoxkureneH H

= C, ThAe

nt1 _ 1
ap !

lim
114 00
To npu L << 1 stor psx cxonpurcs, a npu L >1 pacxoaurca. Ilpy L =1
0 cXoauMOCTH psiaa (1) HUUEro cxkasarh Heab3fl, TaK KaK €CTh CXOASUIHEcs
HJIH pacXoAsiuecst psipl, A5t KoTopelx L = 1.
10°. ITpusunak Komwu. Ecau pan (1) noroxurenes H
. n -
limy a, =g,
Nn—oo
TOo npu ¢<< 1 stor pAx cxomutcsd, a npu g > 1 pacxogurca. Ilpu g =1
O CXOAMMOCTH pSi]a HUUYEro CKas3aTb HeJb3sl.
" 11° Ilpusuak Paa6e. Eciu pax (1) cTporo nosoXHTeJEH H

limn( An_ __ 1)=p,
n+ow  \lp41
10 mpu p >1 oH cxoaurcs, a mpu p << 1 pacxopurcsa. Ilpy p=1 o cxo-

JMMOCTH HWJIH PacXOAMMOCTH psina (1) HHMUero ckasaTb HeJb3sl.
12°. ITpusnak laycca. Ecmu psm‘(l) CTPOro IOJIOXKUTEIEH H

a
£ + + 1+er

rne e >0, [0,]<<c¢, To npu A >1 pax (1) cxoaurcs, a nmpu A << 1 pac-
xonutest. Ecn ke = 1, To pSJ CXOAHMTCS NPH > 1 H pPacXOAMTCs IpH

an+1
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n < 1. 3ameruM, uro mnpusHak laycca oGofmaer npusHaku J[lanamGepa
u Paabe.
13°. Unterpanbubil npusunak Komun. Ecan dynxuusa [(x) >

> 0 npu x >0 u He BO3pacTaer, TO psA > f(n) cxomuTcs WA pacxo-
n=1

JUTCA OJHOBPEMECHHO C HecoOCTBEHHBIM HHTErpaJioM
+oo

S f (%) dx.

JloKa3aTb HEIOCPeNCTBEHHO CXOIMMOCTb CJAELYIOUX pAAOB M HaHTH
X CYMMBI:
1 ! 1
Lrgti=+ +(3n—2)(3n+1)+ '
Pemwenue. Mbl N0MXKHB NOKa3aTb, 4TO CXOJUTCS IIOCJ€LOBATENb-
HOCTb YACTHYHBIX CYMM Sn 3TOrO psaa:

1 1 1
Se=ygtym+ ot @Bn—2)@n+1)°

JIisl 5TOrO C NOMOIIBIO OYEBHAHBIX NpeoBGpa3oBaHMil npHBeneM S, K BHAY:
o ! 11 ! L)
Sn = _3_((1 o -4_) + (1_7) Tt (3n—2_—3n+ l)) -

=3(1—551)
=g\l =577/

Tenepp Jerko BuaeTb, YTO MOC/AEN0BATEJIbHOCTh S, CXOAUTCH, T. €.
CXOIUTCSl, MO ONpeJieIeHHI0, AaHHBIH uucaoBo# psin. Cymma ero

S = limS, ._11m~_(1_3 L1)=%-
n—oo n— oo n

\

2. a) gsina +¢*sin2a 4 .+ - 4 g*sinna 4+ .-

6) gcosa + g*cos2a + -« » 4 gtcosna -+ -+ (|g| <1

Pemenwne. Ilycts u, U v, — nOCI€10BaTENBHOCTH YACTHYHBIX CYMM
pAnoB 6) M a) COOTBETCTBEHHO, ¥ M U — MX CYMMBL Torja, HCIO/IL30BaB

(?opMyJIy Dfnepa e% = coso -+ ising (i =} —1), MOKeM Hamucarh:

. . . _ i _ndli(ndly
un "l_ lv/z —_ qela —I— q28210‘. + ) + qﬂelﬂa — qe q e .

] — qe[a

INpunmast Bo BHuManHe ycioBue |g| << 1, umeem: |ge™|-< 1; orcioma cie-
ayetr, uro lim (g*+lein+D*) = 0. A Torna wu3 mpepbiaymeid GopMyJB Ha-
n-» o0

XOJHuM:
U+ iv = 1im (un + iv,) = ( cosa —g
n—roo( n+ n) __qe q l—QQCOSa—}—(]z—I—
. sina
+t 2qc05a+q)



cosa—gq . gsina

[Tostomy u = V= .
y «ql—Qqcosa—}-q?’ 1 — 2q cos a -+ g2
[Ipumeuvuanue. Eciau 2z, = x, -+ iy, — noc1efoBaTeJbHOCTb KOMIJIEKCHEIX YH-
cer1 ¥ x=lim x,, y = lim y,, To, o onpexenenuo, nonaararot lim z, = x 4 iy.
n-¥ o - o0 n-> o

.3 (VriFe—2VaT 1+ V).

n==1

Pemenne. HenocpeaCTBeHHO HaxomuM: Sn=(]/§——2]/§—{— 1) 4
+(V4—=2V3+V+V5—-2VE+VI)+ - +

O/ n—2V A=+ V=9 + (VaF1—2Vn+ Va—T)+

/AT —2VAFI+V =1 —VI+VrFe—VaFi=

= 1
=1—V19 N .
4 T YVaTer Vadl
Crnenosatespio, S =limS,=1—71'2.

1= 0o

4. VccnenoBaTh CXOIHMOCTH psifa Yy sin rx.
n=I1
Pewenue. Ilycts x = kr (B — uenoe) u pan cxomurcs. Toraa ponx-
HO BBINOJHATBCSA HEOOXOIHMOE YCJIOBHE CXOAMMOCTH psija:
limsinnx = 0 (x == kr). (1)

n—r oo

Otciona caepyer, uro limsin(n-41)x=0, wiu lim(sinsxcosx 4

M= o n— o

+ cosnxsin x) = 0. IlpuanMasi Bo BHuMaHue (1), H3 MOC/TEAHEr0 COOTHO-
IIEHHs] HaXOMUM, YTO
limcosnx =0 (x = k). 2

n—-+ oo

ParenctBa (1) u (2) sKBHBaJIEeHTHBI TAKOMY:
lim (cos? nx 4+ sin®nx) = 0,

n- oo
KOTOpOe TNpPOTHBOPEUHT H3BECTHOH QopmyJse sin®a 4 cos®a == 1. Hcrounuk
npotuBopeunss — ¢opmyaa (1). CnenoBarenbHO, €CJIU X == k=, TO JaHHBIA
pan pacxoxutcs. CxomuMoCTb Ke psfna npH x = km (k —1leJ0e) OyeBH]-
Ha, M CyMMa TaKoro psjla pasha HyJo.

5. IloxasaTb, 4TO €l psl Z Qn CXOIMTCH, TO PSX 2 An, rie Ap=

Pny1—1
= X a(p=1, pp<py<<--+), NOTYyueHHHIl B pe3y;LTaTe TpyMIH-
i=pp
POBKM UJIEHOB JAHHOro psja €e3 HapylleHHsl INOpsiaKa CJAEJOBaHHA HX,
TaKXKe CXOOHTCA H HMEET Ty Ke CYMMY.

,D; 0Ka3adaTeJadabCTBO. I/I3 CXOOHUMOCTH pﬂ}la 2 an BhLITEKAET Cy-
n=|
HmieCTBOBRaHNe MNpenesa J10001 noanoc/JeoBaTe/IbHOCTH nocJenoeate/]ib-
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HOCTH ero 4YacTHYHBIX CYMM, paBHOro cymme psia S. Bo3bmem 3Ty moi-
NoCJIel0RaTeN bHOCTh B BHJIE:

al:SPn Q+ a4 -+ _l_apz—-l =Sp2, a,+as 4 - +
+p—1 Fap, o F A1 = Spyy e, Gt a3 e -
. -+ Appyy~1 = Spn-l-l'
Torpa 1imS,, =S no ycaosmo. Ho Tak Kak mocnenoBarenbHOCTH 4ac-

n—= o

THYHBIX CyMM BToporo psaa A; + As + -+« + A, paBHa S,,n+l, to lim (4,+

n— oo

+ A4y 4+ «++ 4 A,) Takxke paBeH S, uTo U TpebGOBAJOCH JOKA3aTb.
OG6paTHOe YyTBEpKJEHHE HEBEpHO, TaK KaK H3 CXOAMMOCTH MoJrocJe-
OBaTeJbHOCTH €lle He BLITEKaeT CXOAHMMOCTb CaMOH IOC/eL0BaTebHOCTH.

BosbMeM npuMep. Ilyerb a, = (—1)*+. Pag D) (—1)"+!, oueBunHo, pac-
n=1

XOIUTCSl, XOTsA, Hanpumep, pan X (1 — 1), noayyaeMeni H3 NpeBIyLIEro

n=1

B pe3yJibTaTe IPYNMHPOBKH €ro 4J€HOB 110 JABa, CXOAHTCH.

6. ﬂOKaSaTb, YTO €CJH YWIECHBbl pslda Z an NMOJIO2KHUTEJbHBI H pAld
n=1|

Z An, HOJIyquHbIﬁ B pe3yﬂbTaTe I‘pyHHHpOBKH qJE€HOB 3TOr0 pﬂlla, CcXO-
n=l
AUTCA, TO IlaHHbIﬁ pﬂﬂ TaKzKe CXOJUTCH.

ﬂ oKa3aTeJdbCcTBO. HyCTb pk —_— HpOH3BOJIbHaH rnoarnocJaenoBaTe/]b-

HOCTb HATYpAJbHBIX YHCEJ; Sn H Spk——qaCTHlIHble CYMMBI NIEPBOTO H BTO-

pOTO psLIOB COOTBETCTBEHHO. TOrZa, B CHY NOJOXKHTEIBLHOCTH UJIEHOB Qp,
OyleM MMeTb HepaBEeHCTBa:

S; <8< S, aas eeex n(l < n<py),
Spy < Sn < Sp, st BCeX n(py < 1 < Py),
Sp, < Sn < Spppy ASA BCEX N(P) < 1< Pryr)-
Ilepexoast K npeaety B MOC/JeAHEM HepaEeHCTBe, KOrja k- co, M YUHThI-
Basi, YTO BTOpPOH pSX CXOMHUTCS, TOJIYYaeM:
lim Spk = lim S,, = lim
ke 00 n- oo b+ oo
He nonesysch npusnakamu cxogumocTd n. 3° — 13°, ucenenosaTh Cxo-
JHUMOCTb PSIOB:
1

1o 1
Lltgtygtgt o tg—+-
Peuienue. O‘-IeBH,lIHO, noc/ae0BaTe/bHOCTh YaCTHUHBIX CYMM JIAaHHO-

ro psga BospacraeT. [lokaxeMm, uTO OHa HeorpaHuueHa. C 3TOH LeNbIO
pacCMOTpHM ee MOANOC/enoBaTeNbHOCTh Spn(n =1, 2, ...):

, ! !
Sp=S=1+45, Se=Si=ldp+g+r, ..,

! 1
Spp=1+5 4+ + -

prp1 = S-




B cuny ouenok

1 1 1 2 1
I+g>lg+y>5=

1 1 1,1 _ 4 1
T BT BT w
1 on=1 |
2n+1+2n+3+’ +2n+1 I —on¥1™ §»

HME€EM HEPABE€HCTBO

o= (14 4) 4 (53 i)+
(g + oo+ =) > 1421

Orciofa Claenyer, YTo MOAMOCAeI0BATENbHOCTD S,, HEOTpaHHYEHa, a 3Ha-

’
YWT, HEOrpaHMYeHa M nocjaenoBaTenbHOCTh S,. Takum oOpasoM, JaHHBIHA
PAL PaCXOLHUTCS.

1 1 1
Vitoystaya T tava T

Pemenue. Paccmorpum psn:

7§+(211/§ 31/4) (411/5+511/€+611/7+711/§)+
1

1
+(2n+1_l)v§ﬁ.ﬁ)+-~-, (1)

NMOJYYECHHBIH B PE€3YyJbTaTe TPYNIHPOBKH 4Y4/ICHOB NAaHHOTO Dsla. 3ameyaeM
4To

) 1 1 1

1 2
2V§+31/5<2V§+31/§<—%_<

—
-

[TosToMy ass1 mocJ/iej0BaTENbHOCTH qacmqﬂmx CyMM p;ma (1) umeem oLieH-
1 1

KV. S = —= - * 00 o0

VS m g T e oy Y Vé4'vé_ka/m2 i

1 1

— < —= ————— . Orcio a, YUTBIRAsET OYEBHAHYHO MOHOTOHHOCTD
Var <3t 75— o o

n, 3akJgaouaeM, uyto psx (1) cxoautcs. A Torza, Ha OCHOBaHUH IpHMe-
pa 6, cCXOAUTCA M JNAHHBIA pAL.

8




1 1 1
9. 1/1_-’:§+V3T75+”'+1/(2n—1)(2n+1)
Pemen:i‘e. B CHJIIy OUeHKU S, Vll- 1/§1._5'+"’+
~ — . 1 3
TVea—harn 2 tT +271>7(1“2+1n?+ et
+lnn+1)——]n (n-+1), maHHBIA PSAL PaCXOAHTCS.

10. TlycTh faHbl ABa pacXOAAIIMXCA psga D @n B Y b, C HeoTpH-

n=1 n==1
[maTeJIbHBIMH  4JIEHAMH. LI’I‘O MOXKHO CKa3aThb @ CXOIHMOCTH pHILOB:

a) i min(a,, b,) u 6) i max (an, bn)?

PemeHHe a) Ecmvx an < b, mpu Bcex n, To min(a,, b, = a,.
CnenoBaTenbHO, NO YCJOBHIO, psll a) pacxoautcs. Ecau ke, Hanpumep,

PN

PANLL D Qont1, O ban pacxomsTcs, a psAw
n==0 n=I|

Z—-1 Q2n, Z—o bont1 (1)

CXONATCA (3TO MOXKeT ObiTb, B YaCTHOCTH, B TOM CJYydae, KOTJA Qopii,
bon — -+ co  MOHOTOHHO BO3pacTalOT, @ Qgn, bony1 JOCTATOYHO OLICTPO CTpe-
MSTCSI K HYJIIO, OCTaBasiCh MOJIOXKUTENbHBIMH), TO HauHHast ¢ HEKOTOPOro
Homepa n, OyaeM UMeTb: min(a@,, b,) =c, (1> n,y), riae c, — nocaenoBa-
TeNbHOCTh, COCTOSILAS M3 YepelYIOIUXCS WIEHOB . MOCAeN0BaTelbHOCTEH
Qon U boniy (n> ny). Hanpumep, oHa MOXKeT MMeTb TakOH BHI:

cn = {Qan,y bongt1, Qongy2, Dongys, oo} (1> 1),
B stom ¢/1yyae nocaeaoBaTe/JbHOCTb YACTHYHBIX CYMM pslad zcn, S1BJISIIO-
maacd CYMMOI‘/’I HOCJIelIOBaTeJIbHOCTeﬁ HaCTHYHLIX CYMM CXOAAIIUXCA PSAAOB
(1), cxonurcs.

Taxum obpasom, psa 2, min(a,, b,) MOXKeT KaK CXOAHTLCS, TaK H pac-
XOJIUThCSL.

6) Tak xak max(@,, b,) > a,>0, 10 S, > S, > 4 oo (1m0 ycI0BHIO)
MpH 17— oo (31ech Sp, Sn—HOCJIeILOBaTeJIbHOCTH YaCTUYHBIX CYMM psiJIOB
6) # D.a, COOTBETCTBEHHO). CnenoBare/lbHO, B 3TOM Clydae BCernxa psil
6) pacxOauTCsl.

11. loxasaTh, 4TO ecau psif D, an(a,> 0) cxoaurcs, 1o pan Y a.
n=I n=1

TaKJKe CXOIMTCH.
JdokasarteabcTBo. QOueBHAHO, IOCJAEJOBATEJbHOCTL YAaCTHUYHBIX

CYMM ¢, BTOPOTO psila MOHOTOHHO He yObiBaeT. Kpome TOTO, B CUNY @, >
> 0 U CXOIUMOCTH NEPBOro p;ma CrpaBeJ/THBO HEpaBEHCTBO:

2 2 2
Chn=a;-+a,+ -+ at < (@ + ap + +++ + ap)? = S? < const.
[TosToMy, Ha ocHOBaHHMH TeOpeMbl O MOHOTOHHOfI n orpaaneHHoi’x 1no-

CJIeIOBAaTEJIbHOCTH, CYIIECTBYeT limc,, T. e., o onpeﬂeﬂeHmo BTOpOH psn
CXOJUTCH. = o



3ameruM, yto 06paTHOEe YyTBep:KleHHe HeBepHO. JleHcTBHUTeNbHO, MYyCTh

-
Qp = Torna psan Z@HTI—'T)T cXoauTcA (MO NpPH3HAKY CPABHEHHS

n=1

2n—1°
- 1
C 0000LIEHHbIM T[apMOHHYECKHUM PSAOM), XOTs Dl Z 5— Ppacxonurcs

n=1

(cm. npumep 7).

2
12. JlokasaTb, 4TO €CJH psfbl >, s M O, ba CXONATCH, TO CXOAATCH
n=1 n=I1
TaKKe pSbI:

[+
o] [

- by)? L]
S jaibnl, 3 @atbn Y.

n= Nn= N n
n=1

HokasaTteanbcTBo. Mcnoab3ysa sneMeHTapHOE HEPABEHCTBO | anb, | <
1
<% (ar + bZ), a Tak:Ke YCIOBHE TEOPEMEI, MOJydaeM:

n n n L 0
1 2 2 1 2 2
Y et <L (Sat 4 o) < L (Sat+ Yot
k==1 k=1 k=1 n=1 n=|

Qrciona caeayer, 4TO psA nz—l |anb,| cxoaurca. A Torza u BTOpO#l psn,
B CHJY OLEHKH

2 @+ b)*=2 an+ 223 anb,+ 2 bn<2(c+ X |anbs)),

n=1 n==1 n=z1 n=1 n=I|
TakxKe cxoaurca. CXOAMMOCTb TpPeTbero psia BbITEKAeT M3 CXOJMMOCTH
TIepBOr'0, €CJHM MOJOXUTb B HeM b, =

oo

n=l1

o
13. [okasatb, 4yTo ecau limna, =a =0, TO psan Z Qn PacXOQHUTCS.

n-+oco n=1

HoxasarteanbcTBo. Ilo onperenenuro npepena, ansa ye >0 (0
<e<|a|)dN Takoe, yro nmpu yn >N u J1060M HaTyparbHOM p >0
CTpaBel/IBbl HEpaBEeHCTBA @ —e << N+ m)apm<a-+e (m=1, 2, ...,
p), WIH HepaBeHCTBa

a—e a-e
n+m<an+m<n+mo

CyMMprH 3TH HEPABEHCTBA II0 m OT 1 a0 p, noJydaeMm:

p

p p
@=9 Y < X < @) Y

10



Orcrona BHIHO, 4TO, B CHJIy pacXOAHMOCTH. TapMOHHYECKOro psaa

. 1 !
( lim 2’1 — = +oo) , OCTaTOK pAacCMaTpPUBaeMOrO psiia pPaCXOJUTCH.
p—+—oo

m=1
CJIGIIOBaTeJIbHO, pacxoAHuTcsa H CaM pAX.

a 1
[Ipumeuanune. M3 ycio3ua TeopeMmsl clefyeT, YTO a, = Py +o (—5)=0*(~1n—)

fpH n — oo, H03TOMy, Ha OCHOBAaHUM NMPHU3HAKA CPaBHEHHS CO CTEIEeHblo, pdjg pacxo-
JAUTCA. Om{axo MbI TIPEANOUJIH 34€Ch HeNnoCpeACTBECHHOE NOKa3aTeJbCTBO.

14. Jlokasarb, 4TO ecaH PN ) Qn (an > 0) ¢ MOHOTOHHO YOBIBAIOLIH-
n=1

MH 4/JeHaMHu cxoxutcst, To limna, = O.

n-— oo

JloxazateabctBo. [lo Kpurepuio Koum, U3 cxoaumocT psija cie-
ayet, uto ye >0 AN Takoe, 4yro npH Bcex n >N u Bcex p >0 cnpasex-

g
JIMBO HEPaBEHCTBO Qpuy1 ~ Ango+ * 4+ Qnyp << 5 Tak Kak a, — MOHO-
TOHHAs M TOJOXKHTENbHAsA MOCAEI0BaTeNbHOCTb, TO H3 IOCJHEIHero Hepa-

€
BEHCTBA BBITEKAET, YTO Plnyp < 5 . [Tosmaras, janee, mOC/€10BaTENbHO

p=nu p=n-+1, oTcioqa HaXoiuM, 4TO 2nas, << e H (2n + 1)ags1) <
< e npu n > N. ClenosareqbHO, Ha,<< ¢ TNpU JIOOOM (YETHOM H HedeT-
HoM) n >~ 2N, uTo U TpeGOBaNOCH JOKA3aTh.

[Tonb3ysichy Kputeprem Kolln, nokasaTb CXOAMMOCTb CJEAYIOUIUX PsIOB:
COS X — COS 2x cos 2x — cos 3x cosnx—cos (n+ 1) x +

15. : - . e -

IlokasarteabcTBo. Pukcupyem mnpousBoibHOe & > 0. Halinem unc-
1o N takoe, yro npu Bcex n >N H npousBoibHOM p >0 Oyaer cnpa-
BelJIMBa OleHKa |S,y, —S.|<e, Iie S, — nocaegoBaTeTbHOCTb YaCTHY-
HBIX CYMM JaHHOro pspa. Mmeewm:

cos (n--1)x—cos (n+2) x

~cos(n+2)x —cos(n-3)x

!Sn+p_sﬂ|= nL1 + nt 2 -+
cos(n+p)x—cos(n+p-+1)x| |cos(nd1)x cos (n 4+ 2) x
Tt n+p - n+1 ~— (nFDh@n+2
. cos (n4-3) x . cos (n+ p) x _cos(nt+p+1)x <
(n + 2) (n+ 3) (n4+p—1(n+p) n+p -

1 1 1 1 2

<iFitarnero T Tare=veTs Tirs S n

2
Orciona caepyer, 410 |Sppp,—Ss|<e, ecau 3a yucao N B3ATh ~.

[Tostomy, coranacuo kpurepuio Komm, psg cxoaurcs.
(6. % cos x? cos xf

12 —T— 22 -—{—-.'.—I-n_2+oo.
HoxaszareabcrtBo. Hafinem uncio N Ttakoe, yro npu Bcex n >N
M Mpou3BOIbHOM p >0 O6yner BBHIMOJHATBCS HEPaBEHCTBO |Snyp, — Sn| <
< ye >0. Mmeem:
cos xn+! cos xnt+2 cos xn+p
'Sﬂ+p — S | =

nr D T areE T T are

=

11



1 1 1 1 1
<grorraro T taror<rery Ternero T
| 1 | 1
e R e AN

1
CnenoBartenbHO, NOJMOXHB N = —, MO0 KPHTEPHIO Kowu, nosyuum, uro

JNAHHBIH SNl CXOAUTCS.
ITonb3ysice Kputepuem Ko, poka3aTb pacXOAHMOCTb —CJEAYIOUHX
p S10B:

1 1 1
17 1+ 54 g+ oot
HokaszarteascTBo. [lycrs e=—}1~. [Tonoxum p = n. Torna

1 1 1 | 1
lSQn_S”|=n+1+n+2+"' g > g =5 >

npu Bcex n. CienoBarenbHo, no Kputepuio Kolun, maHHBIH psx pacxo-
JHUTCS.

1 | | | |
]8-1—[“‘?—‘3_‘4_?—'——5‘——--6——‘—0..
HlokasarteabcTBo. ITockoabKy

1 1 1 . 1 1 1
SG"_S3”_3n+1 +3n—|—2_3n+3+ +6n—2+6n—_1_6“n'

rie Sen, S3n — MOANOCAEAOBATENBHOCTH IOCAE0BATEIbHOCTH YaCTHUHBIX
CYMM JAHHOTO psija, TO

1 1 ! n 1
Son— S > gy trma Tt tTe T m—2 %"

IToaromy, cornacHo kpureputo Koum, psap pacxomurtes.
1

1 l
9- — P e —— LI
: 1/1-2+1/2.3+ +l/n(n+l)+
HdokaszateanbctBo. Ilycrs e=711—. OleHuM pasHOCTE:
1 1
Son —S, | =
152 = VeThvers T Veroera T
1 1 1 1 1
Yy are Tars T Ta oy

npu Bcex n. Takum oOpasoM, no Kputepuio Kowm, psp pacxopurcs.
[lonp3ysach pasjHuHBIMM MpPH3HAKaMH, HCCJAEA0BaTb CXOAUMOCTL pSAOB:

anz - @nhz . (3N (n1)2
20. G4+ G+ e

Peumenue. Tak kKaxk

(n 4 Dh2en® .
2(n+1)2(ﬂ,!)2 - llm

N o

n+D*_

: Ap+1 __ 1;
llm—'—-—llm W——- ,

n—+ oo n n-»o

10, Mo npu3Haky [lanambepa, paj CXOZHUTCH.

12



4 4 ‘7 4 ’70 10
2l 5y +ostos 0t
Pemenune. 3ameuaem, uto OOWIMi WIEH psiga @, UMeeT BHA!

g 4710 Bnt )
"nT5I6.10-+- (4n—2)°

Orcioga HaxoHM:
o Qpyi_ q; 3n+4_ 3
AL TES I

Takum o6pasom, corsiacHO npusHaky [lanambepa, psini CXORHUTCS.

1
—, ecau h= m?
n

22. > a,, TIe a, = (m — HAaTypaJbHOE YHCJIO).
n=1

2
5, €CIH n==m
Pewmenune. IlokaxeMm, uro psn

(14 g+ (3 gt ) o+ (5 + e+
1

GET=T) t M

MOJy4eHHbIH B pe3yJbTaTe IPYNIUPOBKH UJIEHOB JAHHOTO psna, CXOLUTCA.
JIJ1s1 3TOro OLEHHMM cHayana Kaxabi wieH psaga (1). Mmeewm:

1 1 1 1 1 1 1 4 1
1+‘2§+§<1+2'2—2<2°1;z+'53+"‘+§§<z+5—2<2‘z;

1 1 1 1 2n . l'
;i—l-_m—l-.'. +[(n+1)2_l]2<z2—+(~n—2—_}-j)—'2<\2'$, XN

4 e 4

(o]

1
HOCKOJIbe pﬂﬂ 2;{2‘, 1o anBHaKy CpaBHeHHH CO CTEIIeHbIO, CXOIHTCAH,
n=1
TO, B CI/IJIy O6HJ,€I‘O anSHaKa CpaBHeHHH, CXOOHUTCsA H pﬂ,ﬂ (1). A TOornaa,
Ha OCHOBAHHUHU yTBep}KﬂeHHH, JOKA3daHHOI'O B anMepe 6, :?aKJI}O'-IaeM, qyTO
lIaHHbIﬁ pﬂﬂ TdKXKe CXOIHUTCA.
n

23 2 nx sin? ka
’ 1+ x2+4 cos?ka’
n=1 - k
Pemenue. Jlerko BHIETH, uTO

n

sin? ka 1

T F 2 cosha S (T L 297 (1)

=]

[Tpennonaras, uto x %0 (npu x = 0 psig, OYEBHAHO, CXOAUTCS) U NpPHMe-
HAL K pARY

nx
Emrn (2)
n==1
npusHak [lasmambepa, 3ameyaeM, 4TO psifi (2) CXOAHTCA.

13



Hcnonbsys Tenepp HepaBeHcTBO (1) M o6lMi NpH3HAK CpaBHEHHs, MO-
KeM yTBepXKJAaTb, UYTO AAHHBIA PAJL CXOJHUTCH.

2. ) .
n=1(n+‘ﬁ-)
' 'l+—1n‘ n,—-
Pewenne. Tak kak lim ——— = lim v =1, TOo, B CUIY

n— oo (n—l—-%) n-'co(l_l_ﬁlé)

HGOéXOIlI/IMOI‘O Nnpu3Haka, psf PacXOAHUTCS.

5. i .

n=lon 1) %

nn—1 nn 1
Pemenne. Ilockoneky < T = —

@n2tn+1)2 22 pnt2 g7

=a, a

©o
psn Z an, CXOAHUTCsA, TO, B CHJY o6mero IIpH3HAKa CpaBHEHHs, CXOAHTCs

n=1

U JaHHBIA pAA.

” n—1 n(n=1)
2. E(n - 1) .
n=2
2

o . n— 1\n—1 . n—l1
Pemenue. Herpyano Haittu, uro rllirz(m) = lim (1 — m) =

11— 00
n—I1

. —2— 1
= lime "*'=-z<1. Ilostomy, corsacio npusuaxky Komm, psan cxo-

n—= o0

JUTCH.

27. V§+l/2——l/§+ |/2_]/Q+]/§_|_...

Pemenue. 3ameuas, yTo OOIHMH 4iIeH psla HMeeT BHI:

an = l/2——]/2+]/2+m+1/§ n=1,2 ..,

'
n— | Kopemb

7

-— T
¥ mosaras 3jmech J 2 = 2cos i TnolydaeM: a, = ]/2—2cosﬁ=

(o4

_ 2 . T T T - Z T 6

= /ZSsin ?n_-i_-'l—< om dK KakK psj on CXOoAHuTCsl, TO, IO OOLIEMY IIpH-
n=1

3HAaKy CpaBHEHHA, CXOIHUTCS1 H lIaHHbel pAan.

28. Jlokasatb, uyTo ecau lim a”—“=q(an>0), TO an=0(qq), rue

-+ oo n
7 >4

14



IlokasateabcTBO. Ilycth uncino & >0 u HacToNbKO Magao, UTO
BBIMOJIHSIETCST HEepaBeHCTBO ¢ < ¢; — ¢. [lo onpenenenuio npenena, ajast AaH-

HOTO & MOXHO HalTH Tako# Homep N, HauuHas C KOTOPOrO BBIMOJHAIOTCS
HEepaBeHCTBa: -

aN+l aN+2

g—e<<

<q+e g—e<;

<q+8, R

g—e< =

< qg-e.

an_

ﬂepeMHomaa [NOYWIEHHO 3TH HEpaBE€HCTBa, MOJYydYaeM:

an (g —e)" N < an<(q+ )" Nay,
OTKYyJa

0< < ay ( ) (g + )—N(q+e<1)
ql
Telepb BUIHO, YTO YBETHYEHHEM YHCJIA A MOXHO JOCTHTHYTH HEpaBeHCTBA

'a—;,; <an(g+e)N (q—::—e)n <,

1

n
NOKa3bIBaIoIero, 4T0 @, = 0(q,).

29. TMycTh 11 UJ€HOB CTPOTO MOJOMHTENBbHOTO psila Yy G, BHIIOJ-
n=I1
a
HAIETCS HepaBeHCTBO —*' < p < | TpH n > n,. [lokasaTb, uTo AMsl OCTaT-
" pn—no+1
Ka paga R, = any1 -+ Qnyo -+ - -+ cmpaBensuBa olleHKa R, < < 15
eClIH 1 > H,.

JlokasaTeabCTBO. B culy yC/lIOBHS TeOopeMnl, HMeeM:
ano+l pano, an0+2 p ano, ey an+] < pn_no+lan°, e ey

n—ne+1
OTKyﬂa Rn < anopn—no+l (1 + p + pz __|_. .. 0) = ano B‘l‘—_'_—()- an n> no, qTo
U TpeOOBaNOCh J0Ka3aTh.
2n)11)2
30. CKOIbKO 4/JIeHOB psija ((( 1 ))”) JOCTaTOYHO B35ITb, YTOOBI CO-
n=I1

OTBETCTBYIOLIAs YaCTHYHASK CyMMa S, OTJIHYaIach OT CYMMBI psiia S MeHbllle,
yeM Ha ¢ = 107

Pemenune. Bynem nonb3oBarbcsl pe3yabTaToOM IpeNBIAYIIETO IpHMe-

- 1
pa. Ilonoxum 3znech ny= 1. Toraa a,, = 5, @ TpH n> 1 umeem: p <

n
< % CnenoBarenbho, R, < —Z- (é—) < 107, orkyma Haxomum: 7>

6—Ig 4
3 o
> g3~ 12,3. Takum o6pasom, A1 DOCTHXKEHHS 3aJaHHOH TOYHOCTH

JOCTaTOYHO B3fThb 13 useHOB psza.

15



31. JlokasaTb, 4t0 ecau lim —2*f 1 =¢g<1 (a,>0), T0 pan 2 Qn

N0 N

CXOJMTCS.

JokasaTenbcTBO. BriGepem e >0 TakuMm, 4TOOBI BBITOJHSIOCH
HepaBeHCTBO ¢ << 1 —¢. B cuny cymecTBoBaHHsI KOHEYHOT'O BEPXHEro Mpe-
Jena, Ins BbIOpaHHOrO e HafjeTcss Tako# HoMep N, HauuMHasi C KOTOPOTO
ClpaBeJl/IUBbl HEpPaBEHCTBA

O<H<gte(i=N,N+1,..., n—1)
i
[lepemHOXKas1 5TH HepaBEeHCTBAa, HAXOAUM:

0 n<l n,
<a ({_Ww+>

Taxk kak pag 2 (g -+ e)* cxomutes, To, B Cway OOLIEro NpH3HAKa

CpaBHEHHs!, 3aKJTIOYaeM, HTO PN Dy @, TaKKe CXONUTCH.
O6paTHoe yTBep:KJeHHe HeBepHO. PaccmarpuBasi, Hanpumep, psj

1 1 1 1 | |
ststatatatat-

= lim i(-?—)n = oo,

3amMeyaeM, 4TO

o a
lim 2

n-> oo n n-+ 0o

2,; (o +2).

n=I1

2\2
B TO BpeMsl KaK DAl

oueBHIHO, cxonuTcs. Takum ofpasoM, H3 TOTO, 4YTO PSiL Xy @,  CXONHTCH,
n=I1

He cJejyer, BoobIe rosops, 4To lim ’C’l“ =g<l.

n- oo n

32. JloxasaTb, uTo ecld AN pAga X @n(a. > 0) cyuiecTByer
n=1|

llm - q’ (1)
TO CYLIECTBYET TaKkKe
limy a, = q. ©)

n-»oo

OGpaTHoe yTBepxIeHHe HEBEpHO: eC/JH CYIIeCTByeT Inpenes (2), To mpe-
nen (1) MoxXeT W He CYIIECTBOBATh.

HokasarenncTBo Toro, uro u3 (1) caemyer (2), moxer ObITb IpoOBe-
JIHO TOYHO TaK e, Kak U B npumepe 81, ri. I, u.

Jlosi mokasareabCTBa TOTO, 4TO U3 (2) He cnenyer (1), paccMOTpuM psij

3+ (=" n+y __ 3+ (1)
T a:l = ST [TockosbKy

C WwiIeHaMH a, = . Nmeem: p, =

16



Pon = 1 , pong1 =1, TO limp, He cymectByeT. B TO Ke BpeMs

= 00

S L/ gy 0 SRR RY]
LLH: V g 7,{‘“ VI =1y
n 1
_ ‘é‘ lime_"_ In(34(—1)" ——l (ln3+( +o (—n)) _ ‘é‘
n— oo n— 00

CnenoBatenbHo, 05paTHOE YTBEpKJeHHe HeBepHO.
33. Ilokasatb, uto ecau 1imy a,=qg(a,>0), To a) mpu g< 1 psx

n-—» o0

D\ a, cxonutes; 6) mpu g > 1 5TOT pAx pacxomutest (06OGLIEHHBI PH3HAK
n=|

Komm).

INokasateabctBo. Ilyetb g< 1. s (UKCHPOBaHHOrO &, YJOB-
JeTBopsoero ycaomio 0<e< 1 —g¢q, B culy ycaoBHS NpuHMepa, Hail-
jercss Homep N, HauMHasi € KOTOPOTO BHINOJNHAIOTCS HepaBeHcTBA 0 <

<avp < (@+)V, ..., 0<an<(9+¢)" (g+e<1). Ho Tak kax
pal (g -+ ¢)" cxoaurcs, To, Mo OOLIEMY NPU3HAKY CPaBHEHHs, H3 TMOCIE]-

HEro HEePABeHCTBA BHITEKAeT, UTO PAN Xd, CXOJHUTCH.
[Tycts ¢ > 1. Torma ans e, BuiOpanHoro U3 ycaoBusag 0<<e<<g—1,
Haiinercss Homep M Takoi, uTO NpH BceX k& > M ujeHbl MOANOC/€40BATEN b-

nk _
HOCTH @n,, ( 1/ Qn, — § TpU Ny — +-c0) OyAyT yAOBJETBOPATb HEpaBeHCTBaM
npgyy > (0 —)"™MH, any o, > (q—e)"™M+2, L., an,>(g—e)"* (g—e>1).

Orcrona cienyer, yto OOU[MA WieH psAla K HYJMIO He CTPeMHTCS, T. €. sl

D4, pacXouTcs.
Hcerenosats cxomumocTs psios:

3a. 2 n® (V2 tebne,

PemeHHe. Mmes B Buay oGoOmeHHbIH npusHak KomwM, Haxomnm:

<L

o L/rﬁ V2+(—1 ”)”_lm,/n (V2+1) 1/2+1

-+ oo N = oo

C.HellOBaTeJIbHO pAL CXOAUTCS.

35. 2 1 -+ cos n)Q”‘ln"
2+ cosn
PemeHue Tak kak
Inn Inn

90— —= 90— ——
=— (1 -4cosn n . 2 n 4
lim (——————) < lim (~) =—<1
e \2 - COs 71 S 03 g >

TO, N0 06061IeHHOMY TIpU3HaKy KoM, JaHHBIA psA CXOMUTCS:

-
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1\P 1.3\ 1.3.5)\°
36. (?) +(2—4) +<m) + e
Pewenue PaccMoTpuM oTHOLIEHHE

an_(l-3-5---(2n—~l))”( 2.4.6...2n(2n+2) )P=

pyy 2:4.6.-+2n -@2n—1)2n-41)
1

_ 1V p p(p
—.«(I+2n+1) _1+2n+1+2(2n—|—1)2+0(2) pH N — o.

CorsacHo npusHaky ['aycca, orcioga Haxomum: IpH p > 2 psiii CXOIHMTCH,
a npu p < 2 — pacxogurcs.

[Tpumeuanune. OG6GIaCTb CXOAUMOCTH MOXKHO Obljo Obl HaHTH, HCHO/Ab3Yys IpHU-
3Hak PaaGe.

S

Pewmenue. IlpeoGpaszoBbiBasi OTHOLIEHHE

K BH]
n+1 y

[ o ln(l +in)
= — ¢ ==
e

an __ nle” (n+1)n+p+1—ei(l X 1)n+p

a,,, ~hwP(n+ 1)len+1

1

_ —1+(n+p)(——-§n'z‘+0(711§))=ep—2'5+0(%;)=1_I_P—O’S_}_O( )

(n — <o)

3
M Hcronb3ysi npusHak PaaCe, 3akiiouaeM, 4TO NPH p > -5 PAA CXOAHMTCS.

Vn!
38. - — = .
§<2+V1>(2+1/2>---(2+Vn>
Pemenune. ¥Ynpouas oTHOUIEHHE
an _ Val2+VD)He+V2---@4+VnFi) 14 2
Gy @+ VDHER+V - (2+Vn1/n+1)' Vo1

M cocraBlsia 1nociaenoBareabHocTh Paabe R,, ycranaBaiuBaeM, uTO psif
CXOJIUTCS.

39, Zp(p+l)"’(p+n_l)__l_

n! nd’

n=1
P elIeHHeE. ]/ICKJHOLIHM H3 paCCMOTpeHHH TpI/IBHaJIbeIﬁ Cﬂyqaf/,l, Korad
p — hesoe OTpPIIlaTeJI bHOE HJIH Hy-H b, H ynpOCTHM OTHOlIeHHue

a1+ =1+ 2] (14 =
=(1=2 o)) {1+ o4 )) =14 =2

40 (,17) (n > o).

18



Tak kak 1imn( an_ __ 1) = q—p + 1, 10, cornacHo npu3Haky PaaCe,
N> 0o an+1

paiA cxomHTCs, ecin g > p.

e @2n--DYV 1
40. L( 2. 4 6---(2n) ) “ndc

n=1
Pemenune. CocraB/isii OTHOLIEHHUE

e =1+ 5/ (1+':7)q=(1+%%+0_(%))x
RN
+(§+q)~l +0(%) (n > ),

n

moJTy4yaeM: limn( n

—1) b o g ¥, Ha OCHOBAaHHHM NpH3HAKa PaaGe,
n-+o \Qniq

3aKJII04aeM, YTO JaHHBIH psfi CXOAHTCA IIPH —2- +q > 1.

o

a1 2(p(p+1) ‘(p+n— ) (p >0, g>0).

- g@g-+1---(@+n—
Peuwenue. [lpuBoxs orHolIeHHe af’n K BHIY aaz ;(Ziz)a
n+1
— (I""pa__ a(q p) __L
_(1+P+ﬂ) =1+5 +0( ) L= +0(n) npH

n - co H NONb3ysch npusHakom PaaGe, yCTaHaBJmBaeM, YTO Psili CXOAUTCS
npu a(q—p) > 1.

[Ipumeuanue. B mpumepax 37, 39—41 o ( rlz ) o* ( ) [Tostomy, corsacho

npusHaky I'aycca, RISl YCTaHOBJEHHS YCJIOBHHl PacXOAUMOCTH COOTBETCTBYIOUIMX PSLOB
BO BCEX IIOJIyYeHHBIX HEPaBEHCTBAaX BMECTO 3HaKa > CJCAYeT NOCTaBUThb 3HAK <.

42, HOKa3aTb, 4YyTO €CJH [OJ14 CTPOFO NOJIOZKUTECJbHOTI'O pH‘Ila 2 an lefl
n==1

. a 1 1

N - oo BBLINOJHAECTCA YCJI0BUE 5—”— =14 -9- -+ o(~), TO a, = O(np e\),
n+1

rae ¢ >0 npou3BOJIBLHO MaJo, PHYEM, €CIH p >0, To a, ¥ 0 npu Ao,

T. € @, NPU 7 > Ny, MOHOTOHHO YCbIBasi, CTPEMHTCS K HYJIO, KOTJa 71— 0.

JlokazarteabcTBO. Haunem co cayuas, Korpa p 0. ®uxcupys
npousBosibHOEe €0 (0 << gy <C p), M3 YCJAOBHA  CYLIECTBOBAHHMA Ipejena
. a
limn| ==
> oo Ant1

— 1) = p HaXOJHM:

ai;

125 =N, L, n—]),

~. ~.
aj+1

142

rie N — poctatouHo Coablio# ¢ MKCHpOBaHHBIE HOMep. M3 HanucanHbix
HEDABEHCTB CJICAYET:
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(l—l-p;%)(—l—,\“rl) (+p_e°) ;’—V<(l+p+T€°)><
(i) 1+ )

Orcrona, yuuTwiBas, yro a, >0, a TakKe MOJb3ysich HepaBeHCTBOM bep-
Hyanu (mpumep 4, ra. I, 4. 1), nomyuaem:

0<a,< N <
p—e p—
(“L N°>(1+N 1) (1+n_1)
aN
< 1 . (A)

—> O IIpH N — <O,

1 1
[TockonbKy p—eo >0, a ﬁ+ﬂ7+"' + —
TOo U3 HepaBeHCTBa (A) BbITekaer, uto @, — 0. Ilpunumasi Bo BHUMAaHUE
eme, uyro npd p >0 MocaenoBaTETbHOCTh @, MOHOTOHHA (9’1‘0 BHJIHO H3

R |
TOrO, 4TO IPH 1 > N, TJE Ny — A0CTaTOYHO GOJIBILOE YHCJIO, —n— >0 ( 7), cre-

> 1), yb6exnaemcs B CIpaBeJ/IMBOCTH BTOpOH 4YacTH

YTBEpK eHHS1.
Jlans 1oKasaTenbCTBa NepBOH YacTH YyTBepxKAeHUs (p — Joboe, a ¢ > 0)
nokaxem, uro lim(n?—a,) = 0.
n—+ oo
€n

BBOILH 0003HayeHue en=nP“‘€an H COCTaB/isid OTHOILIEHHEe " R
n+1

TOJTy4aeM:
(1+ i) =) (e o)) =
8n—&-1 n+1 n n,
£ 1
SN P T
3amMeuast, YTO 3TO OTHOLIEHHE HMEeT TOT »Ke BHJ, YTO H aa: , Ha OCHOBa-
n-i1
HHM JIOKa3aHHOTO BhIlIE, IPHUXOAUM K BBIBOAY, 4TO ¢, 0 mpu 7 - oo,

I/ICCJIe,ZlOBaTb CXOOHUMOCTb psma Z a,, €CJH:
n=1

43. a,=(VnF1—Vn) 1n2: (n > 1).
Pemenue. IlpeoGpasoBoiBasi BbipaKeHHe s OOLWero ujeHa a,
¥ HCNoJb3ys npH s1oM pasnoxernus (1 -+ x)™, In(l 4 x) no dopmyne Mak-

JlopeHa C OCTaTOUHBIM ujseHoM B ¢opme Ileano, mmeem:

= <vml+ v (1 =) = ”_g'(/Q + "(%))*p(“nj— 1
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ol )= F el o ) e of ) ()

Buaum, 4to, [0 MNpPH3HAKy CpaBHEHHS CO CTENEHBIO, PAJ CXOAUTCA IIpH
p >0.
n, =

4. q, — logbn(l +72) (@>0, b>0)
Pemenue. [Tonp3ysich npueMoM NpeibIAYILErO MpHMepa, HMeeM:

_In(4-nYa 1 (1/“+0(n)) 0*(5) npu n - co (b= 1).

n ninbd nlnb

CrenoBaTeNbHO, MO NPU3HAKY CPaBHEHHS CO CTENEHbIO, PAL CXOLHUTCH,
ecau b =+ 1.

1\"\°
45. qa, =(e—(1 -+ ~) )
Pewenune. Iloab3ysce pasnoxenussmMu QyHKUUH n(l -+ x), ex no ¢op-
MmyJe MakJsopeHa, HaxoJuM:

an, =(6’—enln(l +%))p = ep(l —[—e—l+n(%’_§rlz—2+” (nL’)))p =

- {1 ol 4o =) o

Takum ofpasom, eciu p > 1, TO, COIJIaCHO NpPHU3HAKy CPaBHEHHS CO CTe-
NEeHbIO, PSA CXOMHUTCS.

46. lokasarp npusHak )KaM3: MMOJOKHTENbHBIA pSf > Q, CXORHTCSH,

n=]

ecnu (1 ——1"/&;) ln_nn >p>1 npu n>n,, U pacxogurcs, ecsu

nQ=yon
(I —va,) —<1 npn n>n,
JlokasaTenbCcTBO. HenocpeacTBeHHO M3 IEPBOTO YCJOBHS HAaXO-

pInn\"?
~ (3ameTuM, 4YTO NpPH 71 > N, BHINOJHSETCS He-

a0 < q, (1—
plnn

. nln( —_M)
0<a, <e n/,

Hcnonb3ys pasnoxenus ¢yHkuui In(l + x), ex no ¢opmyne MakmopeHa
¢ ocratoyHbM uneHoM B ¢opme Ileano, w3 mocsienHero HepaBeHCTBa MMEEM
HepaBeHCTBO

. Infn In? n

1 —» +.0 ( ) 1 p?ln2n In2n
= 2 _ . L
0<a, < prls n n ) — p T “+ 0 (nf’“) (n - o),

U3 KOTOpPOTo CJelyeT, YTO psj CXOoAurcsi mpu p > 1.
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[Toctynas aHanmoruuHo, u3 BTOPOTO HEPABEHCTBA YCJOBHS MpHMEpPa
MOXKHO HAaHTH, YTO

In% n (]n2 n

1 1
4> 5 =+ o('5r) = 0*(L) (1> ).
I—IOCJIeJlHee HEPABEHCTBO O3HAY4€T, 4TO psAL pacxoauTcs.

47. [lokasath, uTo P 2, a, (@, >0) CXOZHTCS, ecJaH CYLIECTBYET
n=1

—1

~—>14a npyu A>n, H paCXONUTCS, eCaH

n p 0? p it ’

Ina

a >0 Ttakoe, 4to o
—1

In a
n (1]
T < 1 npu n> n, (JorapudmuuecKuil npU3HaK).

HokasateabcTBO. M3 ycmoBuii npumepa serko mnosmyuaem Hepa-
1 < o
BeHCcTRa 0 < ap < . TPH 7 > n, (nepBeIl Caydai), a TakKe HepaBeH-

1 N L L]
CTBO @y > — TPH 1> 1y (BTOpoit cayyar). CrenoBaTesbHO, MO NpH3HA-

KaM CpaBHEHHMSl, MOXXHO YTBep:K1aTb, UTO B MEPBOM CJHYdae psil CXOAUTCH,
ecay o >0, a BO BTOPOM pacXoJuTCsl, 4To U TpeGoBaIOCh JOKa3arTh.
HccnenosaTh Ha CXOAMMOCTb PSiibl C OOLIUM YIEHOM @, €CJIH:
1

48. 0, = ——m— .
8. a (ln(lnn))m”(n>2)

lna,‘l" In (In (1 Inn )
= n(nfnnnn)) = In(In(Inn)) > 1,1 npu

n > exp (exp(exp 1,1)), To, corsacHo JorapupMHYECKOMY INPH3HAKY, PR
CXOJUTCS.

49, a, =

Pemenue. Tak kak

1
(ln n)ln (In n)
Pemenune. B cuny ouenku

(n>1).

Ina' (i (In n))?

Inn Inn <l

CTpaBeJ/IUBOH NpPH JOCTATOYHO GOJIBLIOM 1 (lim @_l(.]_“ﬁ)_z — 0), Ha OCHO-
N~ oo - inn

BaHUU JIOrapudMHUECKOTo IPH3HAKa, YTBep:KIaeM, uTO NAHHBIH pAL pac-
XOJUTCS.

[Ipumeuanue. Hu npusnak )Kams, HH JorapuMuyecKHil NpPH3HAK HE MO3BO-
oo

JSIOT YCTaHOBUTb, OYAET JIA CXOAALIMMCS DSl 2 npu y> 0.

nin'n
n=2

JeficTBUTEJNbHO, NpUMeHSsi, Hanpumep, Jorapudmuyeckui MPH3HAK, TMOJIyyaeM:

: In(Inn) Ina;!
= L+ Y= - Otcioaa crellyeT, 4To TaK Kak ——

psij, MO JorapugMuueckoMy NpU3HAKY, He MOXeT pacxoautbcd. C ApYyroit CTOPOHHI,
In (In n)
Inn

In a,

> | npu Bcex n, TO

NOCKOJIbKY —~ 0 npu 7~ oo, TO A1 JOOGbIX Y >0 v e >0 cywmectByer 1,
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-1
n
nn
In (In n)

Inn

Ina
Taxkoe, 4TO 1

<1+ ¢ npu n> ny; IPYTHMH CJOBAMH, B CHJIY CTPEMJIEHHS K HYJIO

yjleHa | , He cyuiecTByeT a >0 Takoro, 4To6hl nNpU BCeX N> Ny BHIOJ-

—1
In (In n) Ina,
H$1,10Cb HEPABCHCTRO 1 —1————-— > a > 0 H, CJeA0BATEJbHO, HEPABCHCTBO

nn Inn >l

Takum 06pas3om, Psl He MOXET HHM CXOAMTbCSl, HH PACXOAMThbCS. ITO O3HAuaer,
YTO BONPOC O CXOAHMOCTH YKa3aHHOTO PfAia He MOXeT ObiTh pEIeH C MOMOLLbIO JIora-
pH(MUUECKOrO NpH3HAKa. AHAJOTMYHYIO CHTYaLHIO TMOJYYHM, €CJIH JJIs HCCJeJOBaHUS
JAHHOTO pfAia npuMeHUM npusHak )Kams.

[Tonb3ysich HHTerpajJbHbIM NpH3HAKOM KoM, HCCI€10BaTh CXOAMMOCTH
pSIIOB C OOLIUM WIEHOM Qp!

50. a, = 1 (n > 1).
ninPn

Pemenue OPyuxuus f(x) = npu x >1 sBISIETCS TOJOKH-

xInP x
TCIbHOH M, CYAsl N0 3HAKY INPOU3BOAHOH, YyObBarouieii (npu Jw6oM p
1 jJocratoyHo GosbuicM x). IToaromy ams uccienoBaHHsI JAHHOTO psiia Ha
CXOIHMCCTb MOXKHO NpPHMEHSITb HHTerpajJbHbB npusHak Komwu. Hmeem:

too +e
\ dx S d(nx) _ 1 :
xInP x In? x (p—1)2°r—1

<<

npu p > 1. CnenosaTeNbHO, pSAA TaKxKe CXOAUTCA npu p > 1.

|
51. a, = ~ n>2).
" h1(n n)? (In (In n)}? ( )
Pemenue Kak ¥ B npeasinymieMm npHMepe, HETPYAHO YCTAHOBHUTD,
4yTO 34€Ch [IPUMEHHM HHTeraJIbeIﬁ NPpU3HAK. PaCCMOTpHM HHTeTrpaJ

+-

dt
tPInd¢’

dx
= S x In? x (In (In x))9 -
3 In3

Ecau p=1, To oTCiona HaxoauM, 4To

+o

/ dz _ z79t! '+°°
= . —6 = 1_

In(In 3) 2 7

<< oo
In (In 3)

npu q > 1. CnenosatesNbHO, PR CXOAMTcs mpu p=1 u g > 1.

. i
Eciu p > 1, 10 B cuny Toro, uro lim lnt—8—t=0 npu ¢ >0 u Jo-
[
|
OoM 7, MOXKeM HalHCaTh < — IpH J0CTaTo4HO OoublioM £ > 0,

tP 19 ¢ e
rie p> a > 1.
Ananornuno, ecau p<< 1, To mpu gocraroyHo Gosbiuom £ >0 crpa-

1
BeJJIHBO HEPAaBEHCTBO —— > — , TJe p < a < .
tPIn7¢ t*
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A Torna, Ha OCHOBaHMHM NpH3HAaKa cpaBHeHus (cM. § 4, ra. IV, u. 1),
MOXKEM YyTBepXKJaTh, YTO pacCMaTpUBaeMbIi MHTErpas CXOXHUTCS, €CJH
p > 1, u pacxomurcs, ecmd p<< 1 (B oboux cayyasx g —Jwboe). It1o
’e, COIJIaCHO HHTErpajJbHOMY Npu3Haky KoliH, OTHOCHTCS U K JaHHOMY

pany.
52. HMccnenoBath cxoauMocTh psija

(-]

In2.mn3...In(n-1)
In@2+pIn@B+p)...Inn+14p

5 (0 >0),

n=

HCIIOJIb3 Y5 HHTEI‘paJIbeII';I IpU3HaK H INPU3HAK CpaBHECHHSI.
Pemenne. Psn pacxoaurcs, Kak cjlelyeT U3 OLIEHKH OOLIEro uieHa
psiaa:
In2In3...In(n+1)
r n
TEFANG L. g pFD > M2X
In(ng+2)In(ng+3)...In(n+1) N
In(p+2)In(p+3).. . In(p+n+1)
In2 > In2
In(p4+n—ny+2)In(p-+n—ng+3)...In(p+n+17% gt (ptntl)’

>
rjae uemnoe ny > p >0, ¥ npeAblayLIEro NpHMepa.

N
53. HMccmenoeaTh CXOQMMOCTB psila Z, \'—’521), rae v (n) —uucjao uugpp
n=1
yHcaa n. :
Pemenue. Jlerko mokasate, uro v(n)=|[lgnl4+ 1< Inn+4 1.

v(in Inn 1 Inn 1
Tak kak n—2) < —5 + .3 ¥ paan E—n“g' , 2? CXOIATCS, TO, COTJIACHO

TNPU3HAKY CpaBHEHHS, CXOJUTCS M HAHHBIH Ps.
54 Ilycry X, (n=1, 2, 3, ...)—nocnezlosa'renbﬂbxe KOpHH YypaBHe-

Hus tg x = x. HccaenoBatb cXOAuUMOCTb psina Z Ml

n=1|
Pemenmne. Ipapuuecku MOXKHO YyCTaHOBUTb, 4TO AIa A, >0 cmpa-

BeJ/IUBbl HEPAaBEHCTBA NT << A, << AT % (n=1, 2, ...). Toraa

| | 1
2<—<

7w\ 3 gl
(nn +- 1;-) b, T

M, B CHJy IPU3HAKA CPaBHEHHS! CO CTeNeHblO, JAHHBIA PAN CXOMMTCS.
Ananoryuno nocrynaeM B CJydae )\,,< 0.

55. HccnemoBaTb CXOAUMOCTL psja v m (nl)

Pemenune  CorsacHo HHTeI‘paJIbHOMy npusHaky Komm, psag
Y

nlnn
n=2
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NpU3HAaKOM CpaBHEHHs, 34dKJ/lO4YaeM, UYTO JIAHHBIA PAA TaKKe€ pacXoIHUTCH.

56. HOKa3aTb, qTOo pﬂ,ﬂ Z an, CO CTPOro NOJOXKHUTEIbHBIMU MOHOTOHHO
n=1

Y6bIBaIOU.U/LMH QJI€HAMH CXOIUTCSA HJIH paCXOAUTCsS OAHOBPEMCHHO C pPAAOM

> 2"a, .

n=0

JJokasarteabcTBO. [lockonbky

O<agtatata+ - +ann<
<a+20+4a3+ -0+ 2%y,

TO, B CH/y pe3y/abTara npumepa 48 (4. 1, ra. [), a Takxke Teopembl O Mo-
HOTOHHOH ¥ OTPaHHYEHHOH TMOC/JI€e0BATEIbHOCTH, M3 CXOAUMOCTH BTOpOTO
psila BbITEKaeT CXOAHWMOCTb MEpPBOroO.

C mpyroil CTOpOHBI, B CHJIY OLIEHKH

1
—2—(4a2—|—4a4-|— ver 2o )< agHaFagtag o Qpny,

M3 CXOJIUMOCTH MEPBOrO psila BBHITEKAET CXOAMMOCTH BTOPOTO.
57. Ilycts f(x) > 0 mpu x¥ > 1 — MOHOTOHHO HeBo3pacTaroLas ¢ yHKILHSL.

Jloka3aTh, 4TO eCJU pAn Z f(n) cxoaurcs, TO AJasi ocTtaTka ero R, =
n=l1

00

= 2 [(k) cupaBepiuBa oleHKa

k=n+1
e +o0
[ todr<Ra<fr+1+ | f0dn
n-1 n41

Haiitu cymmy psna 2 ng ¢ TouHocthio jgo 0,01.
n=1
JlokasaTenbCTBO. B culy MOHOTOHHOTrO HeBO3pacTaHHs HDYHKIHH
f(x), nMeem HepaBeHcTBa 0 < f(k+ 1) < f(x) <f(k) mpu k< x <k +1

(k=1, 2, ...), ucnons3ysi KOTOpbIE, HaXOIUM:
+ o0 I )
{ fmar=Y [fwar< ¥ 1k)=R,,
n41 k=n+41 & k=n--1
4 o k41 L
| fode= Y [ f@de> ¥ Fle+1)=Ra—f(n+1).
n1 k=n+1 k k=n+-1

Tenepb Jlerko BHIETH, YTO H3 MOJYYEHHBIX HEDaBEHCTB CleayeT TpeGyeMast
OLIeHKa.

JIs1s1 BHIYMC/IEHHS CYMMbI psila € YKa3aHHOH TOYHOCTBIO BOCIOJb3yeMCs

JOKa3aHHOH Bpillle OLEHKOH. B paHHoM cayyae R, = 0,01; f(x)=;1.3.
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Torna

40 +ood
dx x

| Tcoo<—tm+ (%,

n+1 n+1

OTKYAA NOJydyaeM 4YHUC/IO MEepBBIX WIEHOB psila 71, KOTOPOe HYXKHO B3sITh
JJ15s1 BLIYMCJIEHHS] CYMMBbI psna ¢ TouHocThio jao 0,01: n=7. Cneposa-

1 1 I 1 I 1 I
1510, Y5 1 4 o+ a5 + 25+ a5 + g + 25 21 +0,1250--0,0370-+

=1
40,0156 + 0,0080 + 0,0046 + 0,0020 = 1,1931 = 1,19 (c HexoCTaTKOM).
58. [lokasatp npusHak JI0GaueBCKOTO: CTPOTO IOJOMKHTEIbHBIH psi]

(-]

Z an, C MOHOTOHHO CTpPEMSIIUMHCA K HYJIKO 4JI€HAMH CXOAUTCA HJIH pac-

n=I1
o0

XOIHTCS OZHOBPEMEHHO C pSLOM D Pm2—™, TAe Pm — HaHOOMBLIH] HOMEp
m==0

YJIE€HOB Q;, YIOBJIETBOPSIOLIMX HEPaBeHCTBY @, > 2~ "(n=1, 2, ..., pm)
JJoxasaTtenbCcTBO. B cCH1y ycnoBHE TeopeMbl, HMeeM IIENOUKY
HEPABEHCTB:

1
a1>a2> T >apo>_25>apo+l>apg+2> * e >ap1>
1 1
>2_—k+1>apx+1> soe >ap2>'2?ﬁ>ap2+1> cer >Qp, 41 >

1 1
= ok+Fm—I = Appy_j+2 > * 0 > 0Ap, > ok-F-m » (1)

rae k — HekoTOpoe HatypanbHoe uucsio. M3 HepaBeHcTB (1) Haxoaum:

2k < Q + as + * + apo < Loy,
p1

P1— Po
2k+1 <1+ o +a, < oF 9
Pm —Pm_1 - P Pm_1
m2k+mm < Qppy g+ + o Qpp ”ék+m£ll ’

OTKyla CJa ejlye'r

Pm — Pm_
+ & 2k+1 P+ 2k+nT t< Spom < Poly +
P — Pm_
RGP L R )
rie S,,m =a; -+ a,+ -+ -+ @, — NOANOCIEJOBAaTETPHOCTD NOC/TEN0Ba-

TeJbHOCTH YaCTHYHBIX CYMM IIEpBOrO psAa.
Jlanee, Tak Kak

p1—Pp Pm—Pm_1__ | Pmy -
+ 12k+10+ e m9k+mm _Qk+1( '""l_ ) 7 Op+1)
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A — < 1
oty + A Qkpo-l— +%=poal+§ﬁ(cm_‘2po +g~'£)<

C C C
< Po1+ Tk + & = Potr + 5551

rae C,, — nocaeloBaTeIbHOCTh YACTHYHBIX CYMM BTOpPOTO psina, TO H3
(2) nonyyaeM OLEHKY

C ) C
5h1 < Sp,, << Pott1 + 5557 -

M3 nonyuenHoil OLEHKH H MOHOTOHHOCTH Cp M Sp, Clelyer, uTo eC/IH-
CXOJUTCSA IepBbI psf, TO CXOAMTCA M BTOPOH, @ H3 CXOAHMOCTH BTOPOTO
psilia BBITEKaeT CXOAMMOCTb IEpPBOTO.

HccnenosaTh CXOAMMOCTE CJAEAYIOUHMX PSANOB:

/ T . nn
59. 2 (Ctg in—o Sin m) .
n=I
Pemenue. Ilpumenss c¢opmyny MaknopeHa ¢ OCTaTOYHBIM YJIEHOM

B opme Ileano, a TakKe MONB3YsACh 3JeMEHTAPHBIMH MpeoOpa3oBaHHAMH
TPUTOHOMETPHYECKHX (DYHKLHH, MOJYyyaeM:

™

—C5an—3p

i
I Ryg—y

1

n .
ap = ctg ;o5 —sin

T . T .
3 T COSanFn

“2
_1+8(2n+1)2+

—|—0(%) = _4,,—1—2-!-0(%) = O*(—rl{) MpH 1 — oo,

CnenoBaTelbHO, MO INPU3HAKY CPaBHEHHs CO CTEMEHbIO, PsJl PacXOLUTCS.
\ | In (1!)

a

60.

n=1

Pemwenne. Ilpu n> 3 cnpaBensuBbl HepaBeHCTBa

n—2 _In!) _ Inn
a x> a—1°
n n n

-] 00

n—2 Inn
[Tockonbky psiner Z —— Z =1, COIVICHO HHTErpatbHOMY NpH-

n=| n=|
3HaKy, CXOIATCs IpH a >>2, TO HCCAeAYeMbIH psii, B CHI1y NpU3HAKOB
CpaBHEHHsl, TaKXKe CXOJAMUTCS NPH a > 2.
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61. 2 (n'T”Ijr—l — 1).

n=1

Pemenne. [lonb3ysace ¢opmymnolt Maknopena, nosmyyaem:

1 Inn

— —_ " (Ilnn Inn
a’l=nn+l_1=en+1-—]=n2+]-{—O(—):O*(—’z;) IpH 1 — oo,

n2

Orcrona, Ha OCHOBAHMH HHTETpaJbHOIO NpH3HAKa U OOIIEro mNpu3HaKa
CpaBHEHHs, 3aKJ/I0YaeM, YTO NaHHBIA psiJi CXOAUTCH.

(o]

1
62, Z 1.
In2 (sin —-)
n

n=1

.12, of .1
Pemenue. Tak kak sin — >;t71(n— 1, 2, ...), 10 In (sm ’r?)<
< In? (75211) CrenoBaTtelbHO,
1 | 2
> > = 0% (———l—-) (n > o).
1 nn T ninn
In? (sin~) Inz( ~—) nn In 5
n 2

Takum ofpa3om, Ha OCHOBaHHHM HHTErpasbHOro nmpusHaka Komm u obiiero
NpU3HAKa CpPaBHEHUS, U3 MOCJEIHEro COOTHOLIEHHs CJIEAYET, YTO AAHHBIHA
-pSIL pacCXOAHUTCA.

nd
63. 2 (cos i) .
n
n=1
Pemenne. OueBunno, npu a =0 psag pacxomurcs. Ilpu a == 0 npu-
MeHsieM npusHak Koruu:

2
v 2

lim (cos%)nz = |im (1 —sin2—2—)2 =e 2< 1.

N N co

CnenoBaTenbHO, psil CXOAUTCS, ecau a == 0.

64. > (n** —1).
n=1

Pemenune. Ilpn a > 0 pan pacxomurcs, Tak Kak OOMHA wieH psga
HE CTPEMHTCSI K HYJIO NpH 7 — oo. Ilostomy 6yaem cuurath, uto o < 0,
U MPH YCTAHOBJEHHH MOPSIKA CTpeMJIEHHs OOIIero wieHa psiia MpH f—co
6yneM noJb3oBaThesi GtopMmysnofi Maknopena. Hmeem:

nt—1=elnn _ 1 = lnn+o(lnn>='0*(li_~%) IpH 1 — oo.
n

—a -—a

Orcioga, Ha OCHCBAaHMH MHTErpaJbHOIO NpH3HAKa M OOLIEro INpH3HaKa
CXOJHMMOCTH, BHJIHM, YTO PSSl CXOAUTCA NpH a <X —I1.
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Mpumeuanune. Ilpumepn 61 u 64 MoxHO pematb ciaefylouuM o6p asoM. O6o-
1

sHauuM a, = n* 1 — 1, b, = n"* — 1, npuuem pax ¢ uleHamu b, 6yzneM paccMmaTpu-
BaTb IIpY BCceX 3HAYeHHAX Napamerpa «, npu kKotopulx lim b, = 0. Hanee, HMeeM:
n— o0
Inn .
PR In(14a,), n*Inn=In( + b,),

oTKyxa, B cuay ycjopuit lima, =0, limb, =0, In(14-a,) ~ ap, In(l1 4-56,) ~ b,
n-r co n—+ 00

npu n — oo, CJAEAYyeT, UYTO HCCJIEefYyEMble pAAbBl CXOAATCA HJH PACXOAATCS OXHOBPEMEH-
(=]

(]
HO C psinamu 2 21:—n1 i En"‘ In n. TIpuMeHUB K JBYM NOC/JEIHUM psSgaM HHTer-
n
n=2
n=2

paibHbIl mpu3Hak Kowmn, nojydyuM, 4YTO psif C WIEHaMH @, CXOAUTCS, a pSAA C uJe-
Hamd b, cxogutcs npu a < — l.

oo

n2n
65. ; T e @>0 0>0)

Pemenue. Hmeem:

n?" _ 1

= n+b nta n+b n-+a*
(n+ )" (n 4 )" na+b(1+%) (1+ b)

Qn

n

a b4-n p \at+n
Tak Kak nocJjenoBaTebHOCTH (1 - —n—) 7 (1 + 7) TpU 1 — oo CTpe-
e——a—b
na+b
CienoBaTesqbHO, MO NPU3HAKY CPaBHEHHsI CO CTENeHbIO, NAaHHbIA DSk
cxoqutces npu a -+ b > 1.

66. 2 (m < — ln(sin n—‘-))

Pemenue. OueBuano, ecnu a < 0, TO psag pacxoautcs, HOO OOMIMA
yleH psjga He crpeMuTcsi K Hy/mo. Hagnee, npu o >0, ucnonb3ys ¢opmy.ay
Maknopena, nosnyuaem:

MSITCSI K TIOCTOSIHHBIM e U eb COOTBETCTBEHHO, TO @, ~ Ipu n—-co.

1 .1 .1
a, = ln—a —In (sm~a = —In (n“ sm—&) =
. n n n
— —1n (e[ 1 LW = o[
= —In{n ;&—61131—[—0;3—& = T Ipu 1 — oo,
Takum o6pa3oM, 1O NpH3HAKy CpPaBHEHUSA CO CTENEeHblo, PAA CXOIHTCS
an (o4 > %’ .

67. 2 o—( In n+tc In? n) (a ~ 0)

n=1

£9



Pemenue. Hmeem: q—@Inntcln®n = p—blinetclne-lnn  Orcrona
BUJHM, YTO €ClIH € == 0, TO, COIJIaCHO MpPU3HAKY CPAaBHEHHS CO CTENEHbIO,
psap cxomutcst npu ¢ lna > 0. elicTBUTebHO, B 3TOM CJyyae

0< n—0 Inatcln a<ln n) < n—( Ina4c Ina<ln N)

npu n >N, rae N takoe, utro blna 4 clna «InN > 1.

Ecin clna < 0, To o0yt uleH psaa He CTPEMHUTCS K HYJIO, T. €.
JAHHBIA Pl pacXOqUTCS.

Ectu ¢ = 0, 1o, no nmpu3HaKy CpaBHeHHs, psl cxoautcss npu blna>1,
T. €. 1pu ab >e.

"HccnenoBaTh CXOIUMOCTb DsAIOB Z Up CO CJACAVIOIHUMH OOIIMMH 4JjIe-

n=1
HaMHU:

68. u, = n14/1 + xtdx)™L
j

Pemenune. Ilockonbky
n n
S 2
S{t/l —{—x4dx>5xdx=%,
0 0

2
To 0< Un < -3, T. €., 1O NPH3HAKY CPABHEHHS, PAN CXORUTCA.
n(n-+1)
sin2 x
69. u, = g dx.

X

n

Pemenue. B cuny olieHKH
- n(n+41)
S sin®x dx =

TN

1
m (nF 1)

1

Un > TmED

[}

} : 1 o
H pacxoaumocm pfma m, HpPIXOllHM K BBIBOAY, 4YTO JdHHBIU pHII
n=1\

TaKXKe PaCXOAHTCH.
T

n

sind x
70. Uyp = S mdx.
0
Pewenune. B cuny HepaBeHCTB

sind x T
0<m<x3 (O<x<'n*),
n

3 n

0

¥ IIPU3HAKOB CpPaBHEHHUS, JAHHBLIA PSLl CXOXMTCH.
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N2 e nd
71. u, = o] .

nnn! fl°n!
Pemenue. Tak kax 0<un<(2—n)-! " leIE G N0 NpU3HaKy

n=\
JanamGepa, CXOAMTCHA, TO JAHHBIA DS, MO OOLIEMYy NpPU3HAKY CpaBHEHHS,
TaKxkKe CXOJUTCS.

72. up = n—" 2, In2k.
k=1

Pemwenune. Jlerko BuIeTb, 4To NpH 72 >> | BHINOJHSETCS HEPAEEHCTBO

nin%n In2 n
Un < p = = = Qp, (1)

a NnpH A0CTATO4YHO €ONbIIOM n — HEPABEHCTBO

nl—e = ;’3 < Un. 2)

Psx D n'—®, no INpH3HAKy CPaBHEHHS CO CTENEHBIO, CXOAMTCS, eCaH
a > 2. Pan Dla,, Ha ocHOBaHMH npuMepa 51, CXOZHTCS NpPH 3TOM Ke
ycaoBud. Ilostomy, corsacHo ofiwemy npusHaky cpaBHenusi, u3 (1) u (2)
CJEeLYeT, YTO NaHHBIA PN CXOAUTCH NpH a > 2.

3aMeHHB MOCJAeJOBaTeNbHOCTH X, (=1, 2, ...) COOTBETCTBYIOUIUMHU
psifaMH, HCCIef0BaTb CXOAMMOCTb HX, €CJIH:

i I —
73. xn—1+1—/—.2+ +~17—;L—2Vn-

n—I1
Pemenue I[ToCKOABKY xn = X (Xpi1 — Xz) + X1, TO
k=1

n—1
L ST SN S 0/ S 1
L+t - Fyp—2he=1 ;zl.Vk+1(Vk+1+Vﬁ)2'

CanejioBaTeNbHO,

X 1
lim x, =

lim ==Y T Ve

[TonyueHHbI# P CXONUTCS MO NPH3HAKY CpaBHEHHS, HOO

npu kR — oo

~
2

1 1
VEFT(VEFT--VE) 2
2k

IMO3TOMY CXOJHUTCH TAK2KE€ JaHHas IoCcJaea0BaTE€/IbHOCTD.

74, & __vlnk In2n
. n — T T e .
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Pemenue. Iloctynas aHa/JOTHYHO MpOJEJAHHOMY B MNpPEAbIAYLIEM
npuMepe, NoJyyaeM:

n—I1

In(k 41 I
Xy = 21 (%‘"I_)—}— 5 (In*k —In*(k + l))),
oTKY A
lim x, = ¥ (28D L L el — 1k 1)),

| kL1
o 00 Pt +

[Tonpsysce dopmyaoit Makiaopera ¢ ocraToudbiM uieHom B ¢opme [Tearo,
uMeeM:
__2ln(n+1)
n-+1
2In(n-1 In(n+1)41nn 1
= n—+1 )—_ ( n) +O<7)=
—2lnn

_ . )y, _r 1Y)

RETCESY 23“(‘7%) n<n+1>+"(r7)”“

—21Inn 2 1 n
=n(n+1)_n2(n+1>'1"0(7):0*(71?)np" adhet

Cn €10BaTE€/JIbHO, CXOJHUMOCTH II0CJ€J0BaTeJNbHOCTH X, 3KBHBAaJEHTHA

(=]

2, - Inn(n4-1)=

Inn o
CXOAHUMOCTH p;w,a Z _ﬁ—z‘ HOCJIQH,HHI/I, I10 PIHTeraJIbHOMy npusﬂaxy
n=2
KOLLIH, CXO4HUTCA, [I03TOMY CXOJUTCA H JaHHAs IOC/JAeI0BATEJIbHOCTD.

§ 2. MNpu3Hakn cxoAMMOCTH 3HaKONEpPEeMEHHbIX PSAOB

I°. A6coanoTHas U ycao0BHAs CXOAMMOCTH paga. [oso-

pAT, YTO PN D, @y CXOAMTCA aGCOMIOTHO, €CJAH CXONUTCA Psf ) |Gl
n=1 n=l

Ecau pax X a, cxomurtcs, a pax | a,| pacXomurcs, TO TOBODSIT, 4TO
Pl X @, CXOIMTCS YCJIOBHO. i

Ecau paj cxoaurcs abCOMIOTHO, TO YJIEHBI PSAa MOMKHO MepecTaBlsiTh
MecTaMd B Jwo0oMm mnopsiake. CymMMma Takoro psifa OCTaHETCs IpeKHell.
Eciu Xe pan cXoAMTCA JHIUb YCJAOBHO, TO NYTEM COOTBETCTBYIOLLEH repe-
CTAHOBKH €r0 WICHOB MOXKHO MOJIYYUTh Psil C Hanepel 3aJaHHBIM 3Haye-
HHEM CYMMBI ([IpM 3TOM He HCKJIIOYaeTcsl - co).

2°. Ilpusnaxk Jle#t6uuua. Ecnu a, = (—1)"b,, b, >0 u nocne-
JI0BaTeJIbHOCTb b, HauMHas ¢ HEKOTOPOTO HOMepa o MOHOTOHHO CTPEMHTCS

K HYMO, TO DAL Zlan CXOJIUTCS,
n=

[ns ocraTtka psija cnpaBejiuBa oueHka: R, = (—1)",0,41 (0<0,<1).
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3°. Ilpusuak AbGeas Psax

(=]

2 Qnbn (I)

n=1

CXOINTCSH, €CTH CXOAUTCH P Xy G, M IOCAEN0BaTeJbHOCTb b, MOHOTOHHO
OrpaHHyYeHa.

4. Ilpusunax Hupuxae Psax (1) cxomures, ecnn nocaenoBaTesb-
HOCTb b, HauWMHasi C HEKOTOPOTO HOMepa 1, MOHOTOHHO CTPEMHTCS K HYJIIO,

a 10C/Ie0BaTeNLHOCTh YACTHYHBIX CYMM Dsiia Y, d, OTPaHHYEHa.
5°. UsleHBl CXOAAUIErocs psifa MOXKHO TIPYHIIHPOBATL HPOH3BOJBHBIM
06p33oM; TIPH 3TOM CyMMa psila He H3MEHHTCS.

75. Jlokasarb, 4TO psif Z A, ABJSETCA CXOAALIUMCS, €CJIU BBINOJTHECHDI
n=l1

yeI0BuS: a) ofWuit ueH 5TOro psga an, — 0 mpu n— co; 6) pan X Aa,
n=1
TNOJYYeHHBI B pe3yJ/ibTaTe TPYNNHPOBKH UJEHOB JaHHOro psAga Ges Hapy-
IIEHHS HX TOpSAKA, CXOAMTCS; B) UHMCJO CJaraeMblX @;, BXOAAUIMX B YJI€H
P,
Av= 2 a; (1=p < ps< ...), OTpaHUYUCHO.
i=p
§ A

IHokaszateanbctBo. Ilycte Spp— nocienoBaTebHOCTb YaCTHYHBIX

cymym psaga 6). Toraa

Sme=a,+a+ - + a1+, + @G+ o F et o+
+ap +ap 1+ o At Gyt e Gy 1=
=Sk+ak+l"|" e +apﬂ+1—l (Pn<k<Pn+l"‘l):

rae S, — MOC/Ie0BaTebHOCTb YACTHUHEIX CYMM DAfa ) Qn.
Y n=1
Tak kak a, - 0 ¥ 4UCJIO YIEHOB INOC/AENOBATENBHOCTH Qi1 + Akt

4+ e 4+ Appy—1 = Cr, 1O ycJ0BHIO, orpanuyeHo, To Cp — 0 npu k— oo,
CnenoBaresnbHo, lim S,’fk = ]im S, 4TO H TpeboBaJOCH HOKA3aTb.
n-» o koo
76. Iloxasarb, uTO psif
at+a+ o0 A —Q,— 0 — 01+ F ..

CXOAITCSA HJIH PAaCXOJHTCS OJHOBPEMEHHO C DSJIOM
o i=pn+1—l
> (—1)”‘1( > ai) (@>0 l=p < p<< ...).

n=1 i=pn

HoxkaszateabctBo. IlycTh cxonurcs mepBwiil psa. Torpa CXoxutcs
J00asi MOANOCTe[0BaTeN bHOCTh MOCAE0BAaTENbHOCTH €0 YAaCTHYHBIX CYMM,
B TOM YHCJI€e M Takas:

n i=p -1
2(—1)k( kZJFI a,-),

k=1 i=pk
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T. €. IOCJIeJOBaTeIbHOCTb YaCTHYHBIX CYMM BTOpOro psja. CjefoBaTelbHO,
BTOPOH pAL TaKKe CXOAHTCSL.

i=pn+l—l
Ilyctb Tenepp cxogutcs Bropod paa. Torma X a;— 0 npu n—>co.
izpn
OTO 03HayaeT, YTO, B CHJY MOJNOXKHTENbHOCTH Q;, CYMMa Qi+ -+- -+

+ ap, -1 (CM. TpeABIAYUIHA TPHMEp) TaKXKe CTPEMHTCS K HYJIO H

lim S = 1im S,

n-#o0 ko0

T. €. CXONHUTCA IepBBIH pAL.

77. JlokasaTb, YTO CyMMa CXOJALIEroCsl psiga He H3MEHHUTCS, eCaH
yjeHbl 3TOr0 psAAA NepecTaBUTb TaK, YTO HH OAMH H3 HHUX He yjAajlsercs
OT CBOETO IPEKHETO IOJIOXKEeHHs COJIbllle YeM Ha M MeCT, [Jie M — HeKo-
TOpOE 3apaHee 3aJaHHOEe YHCIIO.

HdokasateanctBo. Ilycte S —cymma psina Z a,. Tornaa Ve>0

d N (¢) Takoe, yto npu Bcex n >N nis HOCJIEILOBaTeJIbHOCTH YaCTHYHBIX
CyMM S, 3TOr0 psina BBHINOJHSAIOTCS HepaBeHCTBA S —e << S, < S 4.
B cuny ycinosus Teopembl, npu n >N -+ m MoxeM HanmucaTb: S —e <
< Sn<S+e, rae S;—nocaenoBaTeJbHOCTh YaCTHYHBIX CyMM psiia,
TOJYYEHHOTO B pe3y/bTaTe YKa3aHHOH nepecTaHoBKH. CiejoBaTelbHO,
lim S, = S.

N oo
HOKaBaTb CXOOUMOCTb CJHEAYIOLIHUX pAAOB H HaWTH HX CYMMBI:
7

3 5
78-1—"2*+z_~_"8“‘+ LR
Pewenue. O6wwmit unen psaga a,=(—1), (n=20, 1, 2, ...), rae
2n 41

b, = ——2;,}:—— Tak kak b, HauWHasi ¢ HEKOTOPOrO HOMEpPa MOHOTOHHO CTpe-
MHTCA K HYJIO, TO, COIJIaCHO NpU3HaKy Jle#6Huua, psx cxoaurcsi. Joka-
3aTh CXOAHUMOCTb 3TOTO psiia MOXKHO U HENOCpelCTBeHHO. VIMeHHO, 3aMeyas,
YTO MOC/ENOBATEIbHOCTb S, YAaCTHYHBIX CYMM 3TOTO psija NpeACTaBIseTCs
B BHJE

S, =SV 4 8P4 ... 4 S
rze
1,1

Il

. (—1)n 2 (—1)n+1
W=1—f+i—g+ - +GE=F(1-F),

1

— 5
@ 1 1 1 (—Dn 4 1 (—1)n+1)
Sn-—Q( 2+4 8+...-+_ 5 )__g(___:z_w,

(——1)’z (—l)k (=" 4 ((—=1F  (=Dn+1
S('f+n=2( ok ghet T +T)=§ ok on+l )’

Sm __((——l)n‘l (—I)W) St g, 1"

3\ TonT1T T T on+l on »



noJyyaem:
_ 4 I 1 (—1)n—1
Sn= +§‘(—“+T—"'+—§,ﬁ-)—'
2 (=hntt 4 (n—1) (=D (=b"
— 3 il T F gt T 2
Jlerko Teneppr BHAETb, uTo limS, cymecTByer (T. €. psif CXOIHTCSH)

o0

~ w|to

H pasen —
paBeH 5 . |

1 1 1 1
M 1l—s+5—g+g—5T
(1] (__1)".‘1
Pemenne. Tak kak oOmMHA 4YMeH psja HMeeT BHA Qp = —0—

(n=1, 2, ...), a N0CIeR0BaTeNIbHOCTD —’11 MOHOTOHHO CTPEMHUTCH K HYJIIO,
TO, mo npusHaky JlelGuuua, psg cxoxutca. Haiinem Son. Mmeem:
| | 1 1 1 1
82n=1__§+_3__ v +§E:——l-_2—n: 1 +_2.-_{_~3_._{_ eee 4
1 1 1
4"271—(1 +at +‘;l‘) =C 4 In2n+ e —
—(C+Inn+e)=1n2 4 e9p — ey,

rie C —nocrosiHHas Diepa, a e, 0 NpH 71— oo (cM. Tpumep 85,
ra. I, u. 1). YuureBaa eme, uro limS, =1imS,, rae S,— nocraeno-

n—+ o n—+» o

BaT&JIbHOCTh YAaCTHYHLIX CYMM J4HHOrO psAd, MOJy4a€M OKOHYATEJIbHO:

1 | 1
1__-2__!_?__4.+ voo = 1In2.

(<]

80. 3nas, uTO 2

n=I1

(=Dt

= In2, noxasarb clenymwoliee yTBepKIeHHE!

1 1 1
ecJu wieHsl psifa 1 —5 -+ —;—— T -+ 5§ — ... [€peCTaBUTb TaK, 4TOOBI

Tpynny p MNOCJENOBATENbHBIX MOJOXKHUTENbHBIX WIEHOB CMEHsiIa rpynna ¢
1ocJe0BaTe/IbHbIX OTPHIATENbHEIX WIEHOB, TO CyMMa HOBOro psaa 6yner

1
paBHa In2 -+ 5 1n~’;1 .
HoxkasarenscTBO. B pesynbrate ykaszaHHOH nepecTaHOBKH MOJY-
YUM psif

1 1 1 1 1
Itg4+5+ o+ —o— 51—

1 1 1 1
Tyttt o =T
CymMMa KOTOpOro, B CHJy mnpuMepa 76, paBHa cymme psija
1 1 1 1 1 1
(1 Ty tg+ o +§FT1)_(_2_+_4'+ +?77)+
1 1

ot o )= @)

B c/yyae CXOZHUMOCTH IOCJEJHEro. /
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Paccemotpum  pan

1 1 1
2 (2(n—1)p+1 +2(n—l)p+3+ +2np-1"‘
1 .

1 1 1
T2n—Ng+2 Zr—Dg+4i —2—,17,)° - (2)

Psan (2) nonyuaercst u3 psiza (1) B pesy/abraTe IDYNNHPOBKH uJI€HOB psijia
(1) mo mBa. ITostomy, ecnmu MbI MOKaxeM, uTo psif (2) CXOAHUTCS, H HaiaeMm
ero CymMMmy, TO, Ha OCHOBaHHHM pe3y/bTaTa, IOJY4YEeHHOI'O B IpuMepe 75,
MOXKeM yTBepKJAaTh, 4To pan (1) umeer Ty ke cymmy.

ITyete p >¢q. Torpa HeTpyAHO NOMYYHTh, YTO

1 1 1 1
Sn=1~——-—--+-—§———~+ “ o _%.{_

\

1
+(2nq+1+2nq+3+ +§ﬁr_—1)’ (3)

rie S, — nocaef0BaTeJbHOCTh YACTHYHBIX CYMM psza (2) [IpubaBnss u
BbIUMTasl B BbipaxeHHH (3) csaraemoe

1

2nq—}—2+2nq+4+ +2—n_];
1 1 1

=_2"(m7+1~]_nc7+2_}‘ +r7;3)

H MOJIb3yACh aCHMITOTHYECKOH (opMYJIOH

1 1
m+1+m+2+ +“'—1n“‘+€mn (emn — 0),

M=+ oo

KOTopasl MoJyyaercsi Ha ocHoBaHuM npumepa 85 (ra. I, u. 1), u3 (3)
ToJIyqaem:

S,,=C2n,,+1n%”——-——1n +el (en—0), (4)

n= oo

rpe C onp — YETHAA IIOANOCJAENOBATEJABbHOCTh YAaCTHYHBIX CYMM CXOISLIErocA

pana (—_—1};—:-1 Takum o6Gpasom, U3 (4) HaxXoxHM:

n=1

S~11mS =In2 4+ ln;

n— oo

3aMeTHM, 4TO NPH p < ¢ AHAJOTHUHBIM 06pa3oM NOJY4aeTcst 3TOT XKe
pesysnbtar. B wactHocTH, ecim p=2 M g=1, TO

1 1 1 1 1 3
1+§-——2~+§+-7——-4-+ -—-——71n2;
e p=1, g=2, 10
1 1 1 1 1 1
l—g =3T3y~ —5tT = =gh2
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(=]

(=l

Vn

81. Usensl cxopgsiuerocsi psiga

n=I

nepecTaBuTb Tak, 4TOObI OH

CTal pacXoAALLHMCS.
Pewenue. PaCCI\IOTpHM, HanpuMep, psA:

Iyt "V%)T(Vl‘%*vlﬁ#ﬁl“vﬁ)* ot
+£V6n—5+1/6n—3 Von—1 1/25)+ m~
:;(V&i—:ﬁvs%:ﬁveﬁlm—l'ygﬁ)zz"“'

n=1

* 0

OueBHIHO, 3TOT psJ MOJYYaeTCst U3 JAHHOTO Psiia B pe3yJbTaTe TaKOH
IIepeCTaHOBKH: 32 TpeMsl NOJOXKUTEeJNbHbIMH Y/leHaMH cJelyeT OIUH OTpH-
uareqabHblil. [lokaxkem, 4uto psin pacxo,umcs{.

1 | 1 2
B cuny HepasencTBa - > — >0,
y Hep Vn—3 l/6n-——l 1/2/1 Vén—1 VQ
HMeeM OLleHKy oOLlero ujeHa BTOpOro psja: a, > 1 ITockonbKy

Vén—5

1
| 02201 Em, [0 MNPHU3HAKY CpaBHEHHSI CO CTCIEHbIO, pacXoauTcsd, TO,

mo oflleMy TNpPU3HAKY CpPaBHEHHS, pPAA >, dn TaKMkKe pPacXOAMTCH, YTO
u TpeboBanOCh. 3aMETHM, YTO HCXOAHBLIA pSAA CXOJUTCH IO IIPU3HAKY
JleiibHuna.

82. Ilyctp

o0

2 (—1)"ba, (D

n=l|

rae bn >0,b, >0 npu n- co. Crnexyer aum orciona, uro psx (1) cxo-
JUTCS?
Pemenue. Boobuwe rosops, Her. Ecau b, umeer, Hanpumep, BHJ

= (a4 (—1)"B)en, THe a > >0 U ¢,40 (en~’-:? IpH 1 - <O,
O<7<1), TO PSIA
Z (=1 (@4 (=D p)en

pPacXouTCH. ﬂeﬁCTBHTeJIbHO, NNOCJI€A0BATE/bHOCTD YaCTHYHBIX CYMM

Sp=a X (—1tep+ B X e
k=1 k=1

pacxozurcst (limS, = —|—oo) Tak Kak lim Y, (—I)ke, cyulecTByer u3-3a

n—+ oo n—+o k=l
CXOJMMOCTH, 1O TpH3HaKy JleliGuuua, paga ) (—I1)*¢c,, a limZ ep=} o

n—+o k=l
B CHJYy IIpH3HAKA CpaBHEHHSI CO CTEINEHBIO.
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1 2-4(—1)n
B wactHocty, ecnu a=2, B=1, en=—, TO PAlL 2(—l)n—+—(n—)-
n=1
pacxXofuTcs. DTOT NpHMEP NOKasbiBaeT, YTO YCJIOBHE MOHOTOHHOCTH MOC/Ie-
JoBaTeJbHOCTH b, B npusHake JleliOnuua, BooOile roBopsi, He SBJSETCS
JIULIHAM.

I/ICCJIelIOBaTb CXOQHUMOCTb 3HAKOIEPEMEHHBLIX pAAOB:

1 1 1 1 1 1 1 1
B.l+y+g—g—5—¢t7s+tgtg—--
Pemenune. Tak Kak CrpYNNUpOBaHHBIA psif, COIVIACHO MPH3HAKY

JlelibHUNa, CXOAUTCA, TO, HAa OCHOBaHHH JIOKa3aTeJbCTBA, IPHUBEJAEHHOTO
B npuMepe 75, NpUXOJAMM K BBIBOAY, YTO JAAHHBIH pAX TaKKe CXOAUTCSL.

In10 5 . nx
84. 2 sin —.
n 4
n=1
Pemenue. Tak kak
n

N . kx| (. =\ . onn . ok 1
|L51n—4~‘—(81n§) ,sm—8~sm—Tw < podl

— sin —
k=:1 8

a nocjenoBaresqbHOCT 11 In'0 7 HauuHasi ¢ JOCTATOYHO GOJIBIIOTO 1
MOHOTOHHO CTPEMHTCS K HYJIIO (3TO BhITEKaeT H3 TOro, yro lim x™1]n'®0 y=

. x—r—'-oo
= 1001limx 1 In®¥x =0, a (x"1In'x)" < 0 npu x > ¢€'%9), T0, CoraacHo
x> 00
TpH3HaKy Jlupuxse, NaHHBIA psii CXOAMTCS.

sin? n

85. (-m

—1)n —1)n .
Peme}me. Psiabt 2(——,1—)—- " E()—-Tmi?f CXOJATCSA: TNepBbIH —

no npusHaky JleliGHuUA, BTOPOH (B CHJIYy OrpaHHYEHHOCTH IOCJeN0BaTe/b-
HOCTH

n
[2 (*1)k0032k|= |——é— ——(—1)'; cos (2n + 1)|< L (cos D)= (cgs D~

2 cos
k=1

1
H MOHOTOHHOTO CTPEMJIEHHSI — K HYJIO NIPH 1 — oo) — o npusHaky [u-
puxne. CiaenoBaTeslbHO, HX TOJYpa3HOCTb

L\ (1) \ in?
-Q—L ( n) (I —cos2n) = 2 (—l)"smn L
n=1

n=\ N

AABJIAETCA TaKXKe CXOAAIHUMCA PsIoM.

(=)
% E LYt (—1p”
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Pewmenune. IlpencraBiass obumuii ulneH psiga B BUJE

(=Dn ,,Vn——(—l) A 1
Varen Y B

_l)n'l/

U 3aMmeyas, 4TO psl 2-———— , o mnpusHaky JlelbHHLa, CcXOAuTCH,

a psn Zn_

pacxozlmc;l (K o).

87. E sin (= V' n® + &2).
PemeHHe Tak xax
sin (= V' n2 4 k) = (—1)#sin (= (V' n? 4 k2 k:—n)) = (—1)" by,

rae b, = sin

[ — PacXoaHTCs (K - o0), 3aKJ/I04aeM, YTO JAHHBIH PSAL TAKKe

— 10CJ/IeJ0BaTeJ bHOCTh, MOHOTOHHO (TIpU 11 > 1)

rk
Vit kE4n
CTpemsiiasicss K HyJI0 NpH 72— co, TO, 1O NpH3HaKy JlelGuuua, psg cxo-
JTUTCSL.

88, 2 (— [Vn]

n=1
P emeHHe. PaccMOTpHM psii, MONY4YeHHBIH B pe3yJbTaTe IPYyNIHPOBKH
yleHoB JaHHOro psja. KMeem:

(1 gt p) ()= e )

' 1 1 1
+ e +(-‘1)k('k§+m+ +(',5—_l_—17§':_—1)+ oo

[lockombKky

o ! 1 2+ 1
h=ptrmT o Terpr=is

2k

—~0 npu k- co u

1 1
Ak—Ak+l = (2k+ 1)2 (k2 +m) (& + 1)2_|_m)__k2+4k+2_~
m=0

1 (2k + 1)? _ L
TREFRTII BT (P Lk ) EFikr2 RT3

npu k> k,, 10 pax X (—1)¢ A,, corsacso npusHaky JlefiGHHUA, CXO
autcsi. A Torja Ha OCHOBAHHMH BLIBOJOB, NOJIYUEHHHIX B IpuMepe 76, JaHe
HBIH pAN TaKXKe CXOLUTCH.

(=]

>0

2

cos —2
89 E l_"i‘_l
' In2p °

n=2
Peuwenue. HNmeem:

nn?

iy (— 1) cos (11:

n

2
n—+1

cos ) = (—1)"+1 cos ——

=St
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Taxk kak psig

(-]
n+1;
1n2 ’

o IIpU3HAKY ﬂeuéfmua CXOOMTCsI, a INOCJEeNOBATEIbHOCTDb COS

+ 7 MOHO-
TOHHA W OrpaHHYeHa, TO HCCJAeAYyeMBIH psi, MO Npu3HaKy Abens, Takxke
CXOJIUTCS.

90. lokasarb, YTO 3HAKOYEPEAVIOLIHHCS P
bl_b2+b3_b4+ tee +(—l)n—lbn—|— RIS (bn>0)

b =142 —l—o(—1~) npu n - oo, rae p > 0.
n+1 n n

HokasateanbcTBO. Kak caenyer us npumepa 42, npu p >0 rno-
CJIeNIOBATENbHOCTE b, 4 O mpu 7 > n,. IlostoMy, mo npusHaky JleiGuuua,
J@HHBIA PSIl CXOAMTCSH, YTO W 1pe6oBasoCh JOKa3arh.

HccnenoBate Ha abCOMIOTHYI0O M YCJAOBHYIO CXOAMMOCTb CJEJYIOLIHE
PSUBI:

o1. Eln( +‘_””)

Pemeﬂne IIycts p < 0. Torpa ofunit unen psaa K HYJIO He CTpe-
MUTCS H, cjejoBarebHO, psx pacxoaurcsi. Ilomaras, nanee, uto p > 0,
H noJab3ysichk ¢opmynaod Maksopera ¢ octaToyHbM uieHoM B (opme Ileano,
HAXOAUM:

CXOMHUTCHA, €CJ/1H

ln(l-}—(_l) s 2n2p+0(l)ﬂpﬂn->oo

nP

IMockoneky psin 2 (_ni,)n ,

0 * * 1 1
p>0, a pan a,, ruae anzm—_l—o —35/» TIO TpPH3HAKy CpaBHeRH,

1 1 o
CXONMTCS TIPH P > (npn P < - PAA pacxXomuTCsi K —}—oo) , TO JaHHBbIA

1
PSR CXONUTCS TONBLKO NPH p >

B cuny HepaBeHcTBa

<,]n( )|<,%(p>0)

onP

U TIpU3HAKOB CpaBHEHHUS, NAHHBIA psJl CXOAMTCS abCOMIOTHO npH p > 1.

; |
CnenoBaTenbHO, MPH 3HAYEHHSIX p, YAOBJIETBOPSIOUIHX HePaBEHCTBY 5 <
<pP< ], HCCTeyeMbIH psil CXOAHTCA YCJIOBHO.

(=
92 2 CEa Sy
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Pewenue. Ilpy p < 0 ofwuiéi uneH psiza He CTPEMHTCSI K HYJIO,
T. e. psan pacxonurcs. Ilostomy, cuuras, yro p >0, u npumensist Gopnyny
MaxJjiopeHa € oOCTatouHbiM u/jeHoM B: ¢opme Ileano, mnpeoGpasosriBaem
obulvil uleH psjia K BUAY:

—1)n —1\n\—P

(7111;(—_)—1)‘5*=(—1)”ﬂ“’(1+(—n—)) = (—1)n=r X
—)n+l 1 —n ’ 1

<1+P( ) +0(’h‘)>:( ) —nf_l_l—{-()(n—p;i) npu 1 — oo,

np

Psiter 2 (—;:,)n, 2 ( -+ o( p+1)) cxoasrcss nmpu p >0 (mepshlil —

B CHJIY IpH3HAKa J]eﬁ6HHua, a BTOPO# — N0 NpU3HAKY cpaBHeHHs1). [loaTomy
HCXOJHBIN Pl CXOAUTCS NPH 5TOM K€ YCJIOBHH.
[lockonbky, naiee,

1 1 1
FP S Gr e < mop =23 )

[+

1
" pan 2 —p CXOIHTCS TIpH p > I, To, B cuny mnocieqHero HepaBeHCTBA
n=2
M TpH3HAKa CpaBHEHHS CO CTeNeHblo, NAHHbIH pAA CXOAHUTCS aCCOJIOTHO
npu p > 1. Cneposatesnpno, npu 0 < p < 1 ucciaenyembii psin CXOAHTCA
YCTOBHO.

o

sin nw
2 : 4
93- _——f-'l-’;t .
p in

Pemenne. OueBnano, npu p < O psAL pacXOmMTCsi, TaK KakK IpH
5TOM He BHINOJIHSIeTCST HeoOXoauMoe YycaoBHe cxoaumoctd. Ilpu p >0,
KaK M B IpeJblAylleM NpuMepe, NpeJcTaBUM OOILMH WieH psfa B BHJE

nr\ 1
. nm . nu\"t sin T
SIN -1 (np -4 sin —4-) = n~Psin 2 T 1+ =

sin e sin nr sin nn si 2 1T
_ 1y 4 1\| sing s’ 4 (
nP TP +o0 P A +o nep

o]

Sin —-
Psan § l np4 cxoautcss, no mnpusHaky [Hupuxne, mpu p >0, TaK Kak

n=I1

1 1

Z sm~

sin
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00

Sin® --—
1 .
Psin Z( n2p4 + O(nTP)) , B CHy NpH3HaKa CpPaBHEHHs,, CXOXUTCH HJH

n=1

PacXOIUTCSI OZHOBPEMEHHO C PSIOM:

(]

OIS SRS i

n=1

COS -
B cBoo ouepenw, psx 2 | 55~ CXONMICS, IO TpPH3HAKY JupuxJse, npu

1 1 1
p>0, a pax Zﬁg—p CXOJHUTCs1 IpH p>7 (samemM, uTto TpH P < 5

. ’1 sin? ’ﬂt
IIOCJIeLLHHﬁ pﬂﬂ paCXOJIHTCH K —'I—OO, HOSTOMy n pﬂ}l 72D paCXO-

1 9
JUTCA, €CJH p < ?) . CJIe,ZIOBaTeJIbHO, HCXOJHBbIM psil CXOAHMTCs JIMWDb IIpH

1
p>—2~.

st ycraHoBieHust 06JacTH abCOJIOTHOH CXOAMMOCTH BOCHOJB3YeMCA
OLIeHKaMu

sinmt s‘nmE 2 sin nn
1> 2 4 1 4
onP T pp I Py
sm—4—
1} =
cos nn sin2 nr sin 2F

1 2 4 4 1
WP P P S T p . S b

U IPH3HAKOM cpaBHeHHs. M3 3THX HepaBeHCTB cJjelyeT, YTO NaHHBIH pAf
1

cxomutest abecomotHo Jmwb npH p > 1. Iostomy mpu + <p <1 pan

CXOIHUTCs1 YCJIOBHO. '

o [Vl
04, Y & (1

n==1
Pemenne. OueBumHo, npu p>1 psx cxoaurcs abcosmorHo. s
BBISICHEHHS! 00JIaCTH YCJIOBHOH CXOAMMOCTH PacCMOTPHM psf

é, (—1" An, ®

| o
rae A, = (nz)P—l_ T + )P + e+ (wF T-amp VMOVYYEHHBIH B pesyJbTate
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_f.

rpyNOHPOBKH uJseHoB JanHoro psaza. Ilockoneky 0< A, < L -0 npu

1
n->oo H P>, a TaKKe

2n

((n--1)? 'p—-(2+' -
Aﬂ"‘An-H:g)(n )p(nz—)f-Qn—g i) (n2+4n—}—2) P e

2 _ (2n4 1) (n® 4 4n + 1)P — (n2 + 2n)P)
(" -4n + 3)77 > (n® T 2n)pP n2+4n+l)P

1 1
R T o v Ry

npy JOCTaToyHo GoJibLIOM 71, TO, B CHJy npH3Haka JleiiGuuua, pag (2)

o on - 1

cxoaurcsi. C Japyroit cropoHwl, A, >mn—)p He crpemuTcss K O rmpu
1 1

p<-; TOSTOMY psl (2) pacxomurcs, ecau p < . CnejpobarenbHo,

1
corsacHo npumepy 76, psan (1) cxomurcs suwb npu p > Takum o6pa-
30M, 06J1aCTh YCJIOBHOH CXOZMMOCTH psifia (1) onpemessiercsi HepaBeHCTBaMH

|
s<pr<lL

> __n\[In ~]
95. =L,

n=1

1 1 “
Pemwenue. Psx ’E(—--l)k—I ([?c_‘lT—f—'"l'l' +Ea7¢'])’ NOJIy4eHHbIH

B pesyJbTare IpylnHPOBKH 4Y/IE€HOB JAHHOIO psjaa, B CHJIY OIEHKH

1 1 e — [ef 1] k—1 1
et b S g = L= g o 1= 5 0 (ks o0),

pacxogutcsi. CiiefoBate/ibHO, CorviacHO npumepy 76, Hccnenyembii psg
TaKXe PaCXOAHTCS.

(1:35...@n—DY
96. 2("'1)” l( 2.4.6 ... (2n) ) ’
n=1
Pemenue. Paccmorpum oTHolueHHe

( 1.3:5 ... (2n— 1) )p. ( 1.3.5 +«« 2n—1)@2n41) )ﬂ__
2:4.6 ... (2n) ' 2.4:-6 ... (2n) (2n - 2) o

= (14 52) =14 52 o) =1+ 2 +o(£) (2> .

Orciopa BuauM, uro, corsiacHo npumepy 90, psp cxoputcs, ecaun p > 0.
Tak kak npu p < 0 oOWHA uJieH psfa He CTPEMHTCS K HYJIO IIPH A —> oo,
TO 3T0 ycqoBHe (p > 0) sB/IsgeTcss U HeOOXOAHMBIM JJISi CXONUMOCTH psija.

Jlanee, no npusHaky I'aycca, psix cxoiurcs abCOJIOTHO JHUIIb IIpH
p > 2. CnepoBatesbHO, NPH 3HAYEHUAX P, YAOBJETBOPSIOLIUX HEPAaBEHCTBY
0 < p <2, nauHBIH psAJ CXOAUTCS TOJIBKO YCJIOBHO.
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(o]
. . 9
2 :Sll’l ne«sinn
97. —-—t’l—'
n=1

Pemenue. Tak Kak

IE sin & - sin k?
k=1

=4 |1—cos(n4n|<1

n

= 2 |¥ cos ke — 1) —cos k(e + 1) | =

k=

—

1
H — {0 mpu - co, To, cOrMacHo npusHaky JlupuxJe, psi CXORHTCSL

98. D) sinnZ
n=1

Pewenune. Hokaxem, uto limsinn®=£0. s sToro npeanosoxum

N> o0

npotuBHoe, T. e. nyctb limsinn?= 0. Torza limsin(n 4 1)* Takxe

Nn— 00 n-+oo

paBen Hy.0. CrenoBatesbHO,

limsin (n 4 1)? = limsin (n® + 2n 4 1) = lim(sin n® . cos (21 + 1) +

n-r oo n—+ o N0
+ sin(2n + 1) - cos n?) = limsin (2n + 1)} 1 —sin®n? =
= limsin(2n + 1) = 0. (1)

B cusy mocsieHero paBeHCTBA, MMEEM:

limsin(2n 4+ 3) = lim(sin(2n 4 1) . cos 2 + sin2 . cos(2n - 1)) =

n—o n—=o0

= sin2 . limcos (2n 4 1) = 0. (2)

R~ 00

Wz (1) u (2) uaxoamm: lim (sin®(2n 4 1) 4 cos®*(2n 4- 1)) = 0. IToay-

YeHHOe INPOTHBOpeYHe W JOKa3biBaeT Hallle YTBEpXKJAECHHE.

Hrak, paHHbI# psin pacXORMTCS.

1 1 1 1 1 1

9. p—oitm—m T gt

Pemenue. Cpasy samerum, uto eca p<0 mm ¢g<0, T0 psn
pacxoauTcsi B cuay Heob6xoauMoro npusHaka. Ilostomy, nasee, cuuraem, yto
p>0muq>0.

ViMess B Buny mpumMep 75, CrPynnupyeM UJeHBl JAHHOIO psiia CJjejyro-
mwuM o0pasom:

(o]

(Ilﬁ—'zla,\;+(3ip“4%)+(§1ﬁ_6_la)+ T E (rzlﬁ_m]“f)?)

n=1, 31 5.-0
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1 1 1 1 1Y |
h_p—m"—}ﬁ_—r_ﬁ(l L .;) = —
1 1 1 1 1
——~(1—-~q-—|-0(~)>':—-——"-— "nq—({*_'i—[-O(m) IIpH 11 —> <o,

TO, MO TNpH3HAKy CpaBHEHHs, CTPYNIHUPOBAHHBIA DAL CXOAMUTCA INpH p =
=q >0. Ecit e p=£g, To oTciofa CJefyeT, YTO psA CXOAUTCS NPH
p>1u qg>1 oxHoBpemMeHHO. A TOrja, COIJIACHO YIIOMAHYTOMY IIpHUMEpY,
TIIPH 3THX Ke YCJIOBHSX CXOJHUTCS M JAHHBIH psiA.
OueBnHO, aGCOMIOTHO PSIA CXOAHTCS JMIIL mpd p >1 u g > 1.
1

1 1 1 1
100. 1 +5—5+5+ 55—+ -
1 | | 1 1 o
Pemenune. Pag 14+ 35'4— 55 -+ 55 —l—ﬁ + 4 + ..., COCTaBJeHHbIH
U3 abCOJIOTHBIX BEJMYHH YJIEHOB JaHHOTO Psifia, CX OAUTCS JIMIUb Ipu p>1,

1
TaK Kak NpH 3TOM YCJOBHH CXOAMTCH DAL 27 , 1 uJeHBl abCOJIOTHO

CXOJALIErOCs pAfa MOXKHO NpPelCTaBHTb B JIOOOM INOpsIKe.

Ilpu p =1 nonyyaeMm psim, CXOAMMOCTb KOTOPOTO HCCJ/€JOBaHA B npn—
mepe 80. Tam Mbl yCTAHOBHJ/IM, YTO pPSiJi CXOAHTCS.

Paccmorpum cayuaii, korza 0<< p<<'1. O6pasyeM mnoAnoc/e oBaTelb- -
HOCTb II0CJ/I€10BaTeJbHOCTH YAaCTHUYHBIX CYMM J4aHHOTO psja:

1

4 1.
S = 1 2”th O ooy (2n)”+(2 +1)"+
1
Tty +3>” Tt ey T ey +1>" +
1
e T T e
rme an l'IOIlIIOCJIelIOBaTeJIbHOCTb nocJaenoBaTe€/bHOCTH 4YAaCTHYHBIX CYMM
n—l
. cxoxsuerocs psiaa 2(—-—— ITockonbky
Naa] -
I 1 n
@n + 1P +(2n—{— 3)P e +(4n-1)” >(4n-1)” = h oo mpH > oo,
TO
i = 1i i AU S g
,lzinisﬁ’”_iﬂc” +nliT ((2 + 1P +(2 +3)” + T (4n—-1)”) o

CnenopatenbHo, AauHbifl psag npd 0 < p< 1 pacxomurcs. 3aMeTuB, YTO
pacxoauMocTb ero npu p < 0 crenyer u3 HeoOXOAHMOTO VCJOBHS, OKOH-
YaTeJbHO YCTaHaBIUBaeM, YTO HCCJAeNYeMblii psifi abCOMIOTHO CXOAMTCH,
ecit p>1, u yCJIOBHO —eCJIH p=1.

0. 14+ G—+otm—mt+stm—mpt
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Pemenune. OueBugHo, npu p > 1 JaHHBHIA psiJi CXOAUTCS aGCOMIOTHO,
1
60 NpU 3TOM YCJOBHH CXONUTCSA Psf 2——,,, H uyleHBl abCOMIOTHO CXO-
n
JALIErocsi psijia MOXKHO IepecTaB/ATbh B J1000M HOpsiIKe.

ITyctb 0 < p << 1. PaccMoTpuMm nopnoc/ieoBaTelbHOCTb Sy, NOcCaen0-
BaTeJbHOCTH YacTHUHBIX (‘yMM ﬂ;aHHOI‘O psana. HMwmeewm:

-+ e

(4n—1""

S3rl
(2n +1> (2n +3>

[Tockonbky S,, > (4——)- ~> -} 0o NpH 7 —> - 0o, TO JAHHBIH PsiJ PACXOUTCS,

Mycts p=1. Torfa 0< Sy, < - ' 7
yerb p=1. Torma 0< S,;, < M, IO TeopemMe O MOHOTOHHOH H
OTpaHHYEHHOH TnocJefoBaTeabHOCTH, 1imS,, Koneuen. CirenoBaTe/nbHO,

n=>oo

CXOAUTCH PAL
R R

A Tak Kak Bce YCJOBMS NpuMepa 75 31eCb BBIIOJIHEHBI, TO JAHHBIA P
TaKXKe CXOAUTCS.

YuuTbiBas ee, 4to npu p < 0 ucciaenyeMulif psifl pacXoAuTCs, OKOH-
YaTeJIbHO YCTaHaABJHBaeM, YTO OH CXOAMTcA abCcoMIOTHO npu p > 1, a npu
p = 1 — yci0BHoO.

e 1,1 2 1 1 2
02 =ty T T et M)
Pemenne. Paccmorpum psan:

\ 1 2 1

12;7 e~ T ) ®

TIOJTY4EHHBI U3 JaHHOTO B pe3yJbTaTe I'DPYNIHPOBKH €ro WIEHOB IO TPH.
Cuutas, uto p >0 u g >0, umeem:

1 ___ 2 I _ _L__~ P
+o( q+1)—l—o( pil)npn n — co,

OTczozxa, B CHJY TpPH3HAKOB CpPaBHEHHHA, CJEAYET, 4TO NpU p = g psi (2)
cxoxurcs. ITycrp p == g. Torpaa, ~

;{ﬁm [Ipu 71 - oo H, CJI€A0BATEIbHO,

Mo MpU3HaKaM cpaBHEHHs, pax (2) pacxoauTcs, eciu min(p, q) < 1. Tak
KaK BCe YCJOBHMsI npuMepa 75 37eChb BHINOJHEHBI, TO BBIBOJbI, OTHOCSIIIHECS
K pany (2), ocraiorcs B cuie U jais psaga (1).

3ameuas eme, uto npu p < 0 wmn ¢ < 0 uccnenyemelit psg (1) pac-
xoxutes (OOLIMH YleH psla He CTPEMHTCA K Hymwo), a mpu p >1ug > 1
OH CXOZHMTCsl abCOJIIOTHO, 3akJouaeM, yto npu 0< p=g <1 psan cxo-
JUTCS YCJIOBHO.
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103. Husa psaga 2( 1)n— - (dTpCrp:-:(ntp onpenenmb:

n! nf
n=1

a) o6;1acTh a6COJIOTHONH CXOAMUMOCTH; O6) 06,1aCThb YCJOBHOH CXOJXMMOCTH.
Pemenue. OueBHAHO, €CIH p PaBHO L€IOMY OTPULATETBHOMY YHCJTY,

TO psan cxoxutcsi a6comorHo. [lostomy cumraem, uro p =% —n.
PaccmoTpuM oTHOILIEHHe

] (3] ) e

+p@C+p---(n+p
nin?
pOro HOMepa HMeeT OnpejeleHHbIH 3HaK.

M3 naHHOro OTHOLUEHHS, HA OCHOBaHWH mnpuMepa 90, HaxXOIuM, YTO st
cxoautcsl, ecnu g — p >0. Ha ocHoBanun xe npusHaka [aycca, 3akJo-
yaeM, 4YTO psA cXOAuTCs abcosoTHO, ecad ¢ —p > 1. M3 storo otHoule-
HUs CleflyeT Takxke, uTo eciu g —p << 0, TO mnocienoBaTenbHOCTD | b, |
MOHOTOHHO BO3pacTaeT H, 3HA4yMT, paja pacxoautcsi. Ecaum xe ¢g=p, 10
HMeeM:

rape InocJenoBaTe/1bHOCTDb b, = HayuHasi C HEKOTO-

7 —1—[—0*(—2) MpU 7 - oo. (D)
n-+1

Ilokaxkem, utO0 b, He cTpeMuTCst K HYJIO Ipu n - co. U3 (1) cnenyer,
YTO

b
lim ( no__ I)n2= C = const.

e X b

n-41

dto o3navaer, uto e >0 AN (¢) Takoe, uro Vn >N BHIOJHAOTCA
HepaBeHCTBa

C-He¢
1+(k+1)2<b <1+(k—|—l)2(k_ ves, 1 —2),

OTKYJa, cuyuTas,, 4yTo N J0CTAaTOYHO BEeJMKO, HAXOJUM:

b C--¢ C-t¢ C+e
0< 5 (1+Nil)2)(l+wi2)2) (””—1)2)'

ﬂ

M3 storo HepaBencTBa, yuutwhiBasi npumep 38 (ra. I, u. 1), monyvaewmi

b (2 Lot i)
0< 2'+l<e‘c+e’ e T wr T ),

n

CJ1e10BaTeNbHO,

1 1 1
Ibnl > IbN+l le_(lc ) ((1\/—1-1)z + (N-F2)2 +"'+W +-..).

Ilockonpky npaBaﬂ YacTb 3TOTO HepaBeHCTBA OT 7 He 3aBHCHT, TO |b,| He
cTpeMuTCst K O mpU 72— co, 4TO M TpeGOBalOoCh YCTAHOBUTb. A TOrja,
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B CHJIY HeoOGXOAHMOTO MNpH3HAKA CXOAUMOCTH, JAHHBIH pAL pacXOHTCH,
ecu p = g.

Wrak, sagmaouaeMm, uto npu p<qg< p-+ 1 psang cxoaurcs YCJIOBHO,
anpu g>p-1 —-216COJIIOTHO Kpome ToOro, on cxoautca aGCOJIOTHO,
€C/IM P PaBHO 1I€JIOMY OTpHLATENbHOMY 4HCIY, a g — J100oe.

104. Z(Zl) , TIe (Z) _m@m—1 ..n.'(m—n+ 1).
n=1

Pemenwune. s yno6cTBa npeicTaBUM OOMIMEA 4/eH psija B BHJE

(m):(_l)n—lbn b, = n—m—1l)(n—m—2)...(l -—-m)m.

n n!

OueBunso, mpu m=20, 1, 2, ... pan cxomurcs aGcomiotHo. Ilostomy,
HCKJI0uasi TOT CJydaid, MOXKHO o0pa3oBaTb OTHOLIEHHE
b, m + 1 m
=1 . 1
by + + n(n—m) (1)

Tak Kak HauuHasi C HeKOTOPOrO HOMepa n, MOCJeJOBaTeNbHOCTD b,
1IMeeT OIpelle/IeHHbIH 3HaK, TOo, He YyMajafAs OOLHOCTH, OyJdeM CuHuTaTh,
yt0 by >0 (7> n,). B TakoM ciyuyae u3 oTHoweHHUs (1), yUUTBIBAss NpHMeEp
90, HaxonuM, uto pax cxoaurtcs, ecau m -+ 1 > 0. ITockoabky npu m -
+ 1 < 0 nocnenoBaTteJbHOCTL MOHOTOHHO BO3pacTaeT, TO YCJIOBHE m -
+ 1 > 0 siBAseTcs1 TakKe H HeOOXOAHMBIM JJIsi CXOAMMOCTH psja. [lanee,
no npusHaky laycca, u3 (1) crenyer, 4to psa cxoautcsi aGCOMIOTHO, €CIH
m >0, a npu m < 0 — pacxoaurcst (a6COMIOTHO).

Takum o6pa3oMm, Bce CKa3aHHOe MO3BOJSET CHE1aThb BBLIBOJA, 4YTO IIpH
m> 0 psaxg cxomutcsa abcosoTHO, a ecad —1 < m << 0, To psAx CXORUTCH
YCJIOBHO.

o0 'a. a.
105. ITycts D) @, — He a6COTIOTHO CXOAAmMilCs AU P, = 2 i_;—-‘ ,

=1 i=1

5 =L

n—= o n

la;| —a; N,
2 . Jlokasatb, yto lim -
=1

IloxasaTeJIb(:TBO O603Hauasi uepe3 S, u C, COOTBETCTBEHHO
yacTHYHBIE CYMMBI JAHHOT'O psja M psla, COCTAaBJAEHHOro H3 abCOJIOTHBIX
BesquuuH |a;|, Gymem umerb: N,=C,—S, u P,=C,+ S.. B cuny
yCJIOBHSL TEOpeMbl, MOXKHO Hanucatb, uyto limS, =S, 1limC, = -+ co.

N 00 N=—+ 0
N, c,—S,
A rtorga lim s = lim =——= =1, uto ¥ TpeGoBasochb J0OKa3aThb.
nN—+oco Pn n—+ 00 C + S p
)n+1

106. doxasatp, yTO cymma psiza 2 = JJIs1 KaXKa0To p > O JIeXKHUT

n=|]

MEX 1Y 7 ul,
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IloxaszaTenbcTBG Tak Kak psj, B cuay npusuaxa JleiGHuua,
CXOIHMTCAA, TO IOJIOC/ENOBATeIBHOCTH YACTHUHBIX CYMM €ro HMEIOT OJHH H
TOT 2Ke Npefesl S, NMpHYEM MOAMOC/EL0BaTeIbHOCTD

K “(1 _55) +<515"2il‘5)+ +(<2nil>”_(2r;)”)

BO3pacTaetr, a MnoAnoc/jaea0BaTe/IbHOCTb

1o ! 1
Sy =1— (5” ~§ﬁ> I ((211—-—2)” T @n— 1)”)

y6uiBaeT. CaenosatesibHo, S,, << S << S,, ,;, OTKYZA HaXoAuM, 4T0 S < §;=
= 1. JIna [oKa3aTeJbCTBA OIEHKH CHU3Y pPacCMOTPUM IOAMNOCTEN0BATE/b-

1
HOCTb Sy, ;. Ilockoabky rpaduk ¢yHkunH —; (p >0, x >0) sABAseTCH
X

BBIINYKJBIM BHH3, TO BbIIOJHAIOTCS HepaBeHCTBa

1 1 2 1 1 2 2
—_— -— —_ —_ —— > 5 LI ) > .
37 T 5° - 4P 7P T 9~ g° ’ (4n — 1)p + (4n + H? 7 4n)P
Orcioma ansa Sy, ; HMeeM OLEHKY:
| | 1 1 1 1
S —_— 1 —— e —— o0 -— >
n—1 P - 3P 4P + T 4n—1°  @n? + (n 4 1)P
| 1 1 1 1
>Sl—— 4+ — — 00 — =] —--8
2P - 4P (4n —2)° + (4n)® opP —2m
H3 KOTODOH TpelesbHBIM IepeXOJ0M MOJYydaeM:
S
limS,,_ 1-—S>1——~11m82n —Eﬁ.
n—> 00 n=r oo
2P 1
Hrak, S > T >, YTO H TpeGoBasoch N0Ka3arhb.

107. CKOJIbKO 4JIEHOB psilia CENYeT B3ATE, 4TOOBI nonqub ero cymmy

_ n+1
¢ TO4HOCTBIO 10 ¢ = 1075, ecan: a) 2 ) 6) Esmn
Vn2 -+ l

Pemenue. a) CorJ1acHo OU.eHKe O(,TaTKa, BbITeKa}OU.LeI/I H3 TEOPEMBI

JlefibHuua, HyxkHoe yucio N HaXoAWM M3 HepaBEHCTBA <
VN D241

< T%G" orkygza N > 108,

6) B cuny npusnaka upuxie, psx cXomutcs, a no Teopeme m. 5°
CymMMa psiia paBHa CyMMe CTPYNITHPOBAaHHOTO psza

0 180n—1
n=1 " k=180(n—1)41

KOTOPBLIH, OYEBHAHO, SIBJASETCS DANOM JeHOHHLeBA THMA, T. € CXOASALIUMCS
no npusHaky Jle#CHuua. CnenosaTelbHO, AJA OCTaTKa 3TOTO psija Ccrpa-
BeJ/IMBa OUEHKA
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180n--179 18014179

E| > VisonF1 2 sin — ,
k=180n-1 V V + k=180n}1 l/N + I sin 360

orkyga N > 1,32 . 10*8,

108. JlokasaTb, YTO TAPMOHHYECKHH psJi OCTaHETCH pacXOASIIHUMCH,
€cJIH, He MepecTaB/isisi ero YIeHOB, U3MEHHUTb 3HAaKH HX TakK, YTOObl 3a p
NIOJIOKUTE/ bHBIMH WIEHAMH CJIeoBa/IO Obl ¢ OTPULIATENBHBIX WIEHOB (D5 Q).
CxonuMocTh OyZeT MMeTb MeCTO JIMIIb NPH p = g.

Jloka3zaTenbcTBO. YKa3aHHbIH B YCJIOBHH psJ

1 1 1 1 1 1 1
l -— —_— e o o — eommmme — —— O ¢ ——
Ty T +p p+1 p+2 p+q+p+q+l
1
+ ® e 9 + 2p + q —— ,
B CWIy rnpumepa 76, CXOAMTCS WJIM pacXOQUTCS OJHOBPEMEHHO C pPSAOM

N M

e 0

Ilyets p >¢. IlockonbKy crpaBeiIMBBI OLIEHKH

si= (144 et =) 21 —$ =00,

1 ! 1 1
S““Sz"l_(p-i—q—l—l_l_"' +2p+q)~(2p+q+l+”' +2p+2q)>

1 1
>Sz+2p+q 2p+q (”‘"")(B*m)’

+

- = B
S > (P — q)( +2p+q+”'+np+(n——1)q):x">0

u lim x, = + oo, 1O panx (1) pacxonurcs.

n— oo

Ilycts p<< ¢. Toraa, olleHUBass yacTHYHbIE CYMMBI pfifa CJEAYIOLIHM
oGpa3oM:

9 _ 1—p
pt+q’ p+q’

_9q—p g
Sa<p p+gq 2(p+q)’S<p p+q(1+)

Sl<p9 S2<p_' S3<p

q—p..l......l....(.]..

82”<p“m(l+m+°"+n~—1)_n(p+q)’
1

S2n+1<p p+q(l+ + + )9

n

HaxozuM, 4to limS,,,, = —co, T. e pax (1) pacxoaurcs.

n— oo
Hakonen, nycte p=g¢q. Toraa pan (1) ectp psan neidCHHLeBa THMA,
CJ1€l0BaTEJIbHO, OH CXOAMTCH.
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§ 3. OeMcTBMA Hap pagamM

1° CnoxeHnue pssaoB. Ecau psaasl
a, n Xb, ' (1)

CXO0JATCsA, TO CIIpaBE€I/IUBBLI pAaBEHCTBA

oo

> (ha, + pby) = ?:‘l a, + Elbm

n=1

rae A\, . — NPOH3BOJIbHLIE YHCJIA.
2°. IlpaBuno Kowmu. Cornacro npaBuiy, Noji NpPOH3BEJEHHEM IBYX
psgoB (1) nmoHumaeTcsi TpeTHi psj, OOWMHA YleH KOTOPOro MMeeT BHA:

Ch= albn + a2bn—1 + co anbl‘
Boo6uie rosops, X, ¢, % X, a, - 2 b,. OnHAKO, ec/H OZHH H3 PAJOB CXO-
n=1 n=1

n=1
JUTCS, a BTopoﬁ cXoauTcsi aCCoMIOTHO, TO BCerja

Z Ch, = a, - bn’

n=1 n=I1 n=1

/)8
_J8

Orta ¢opmyJa cnpaBelsHBa M B TOM CJydyae, KOTJa BCe TPH psila CXOAATCS,
Hafiti cymMmbl psizoB:
o0 2nw

COS ——
109. Z 3

Pemeunue. Tak kak

onn l—-—2$in2£z§n:: {"“%, ecmu n£3k (k=1, 2, ...);

COS’—3~—=
1, ecau n= 3k,
!
M pAAbI 2537, 2515 CXOASITCSl, TO, HAa OCHOBAaHHH YTBepxkiAeHHs 1°,
n=I1 n=\
uMeeM.
> COSQn
3 1 {1 1 1 11 1 1
Y= - —z03 +'2"2')+2_?7—7(?+'2“5) T
n=1
1 (1 1 1 3 2 1 1 2 12
—sla ) Fp— =1 P TF g T
n=l1 n=1
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Pemenue. B cu1y cxomumocTd psga Y (xy)", Ha OCHOBaHHH yTBep-
ne=(

x)aeuus 1°, nmeeM:

i [” [njl]=1+y+xy—|—xy2—[—x2y2+x2y3-|--..=

2 xy)"+y5:(xy)"= (1 +y)i(xy)"= lljfy,

n=0 n=0

111. T'lokasatp, uTO

nM8
S/
I Nok
1
3

_ Y (—D)* N -
rpe ¢, = Zakbn——k—i-l = ("“1) 2 — D! (n — k)! ( T (k=11 by =
1

k=1 b=
_(=DF )
EUESA

Tak kax 3 =0 Ly =0 (n=1,2, ..., 1
aK K&K D, T = i ( = =& .e0) 10

n

(=Y 0 =12, ...
Cn+1-—(—') m— (n=1,2,...),
k=0

YyTO H TpeOoBaJoCh MNOKa3arh.

’ n+1
112. TlokasaTp, 4TO KBajpaT .CXOAAUIErocsi psiAa 2(—_——1—1};:— SIBJSIETCS
el n
PSIOM pacXOASAUIUMCS.
Pemenue. Ilpexzae Bcero sameTHMm, 4TO JaHHBIH pax cXoauTcs (yC/I0B-
HO) IO npnsﬂaxy Jleii6buuua. Ilo nmpaBuiy m. 2°, nmeem:

_ ye+ yr—k+2 e |
2[ Vk Vn—k+1]—( D kgle(n—k+1)'

HOCKoanka(n_l_k+l)>—n— (n§1,2, ooy k=1,2, ..., n), 10

> =1

I
El/k(n——k—}—l)
k=1
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CJle0BaTeNbHO, PAN ) Ca, B CHJIY HEOOXOAHMOTO NPH3HAKA, PaCXOLHTCH,
n=1

yTo U TpeOORaTOCh MOKA3aTh.
113. Iljoseputh, uTO TNpOH3BeAECHHE JABYX paCXOUSIIUXCS PSAOB

S S

n=l1 t=1

l ' L3
> +1) ecThb aCCoOJIIOTHO CXOASIIIHICS

pSiL.
Pewenune. Jlerko ycraHoBuTb (X0Ts Obl ¢ noMolbio npusnaka Kotuin),
YyTo 3TH psiAbl pacxoasarcs. [lo mpaBUTy NepeMHOXKEHHs PSiOB HMeEeM:

n—I1

Cn f=— a]_bﬂ + blan + kz() a/gbn_k_}_l’

3 n—I1 3 n—2
rea = o= — (5] =1 6= (5] (24

Cie10BaTeNIbHO,

n—1
"3 \n—2 e 1 3 \n—1 — 1 .
- (- (3o
k=2

n—1

3!1——2 3 n—1
_ 92n—1 2 2t = ( 4—) *
k=2

Toraa ch = E(Z) == 4, qTO H ’I‘pQéOBaJIOCb noKasaThb.
n=1

n=1|

1

27) (n=2,3,..).

§ 4. DyHKUMOHANbHLIE NOCNE[OBATENbKOCTH M PAADI.
CBo¥écTBA PaBHOMEPHO CXOASUMXCH (PYHKUMOHANMbHBIX
nocnefoBarenbLHOCTEM U PAAOB

1°. [ToussTue paBHOMepHOH CXOJHMOCTH MNOCJENOBa-
TEJNbHOCTEH U pPALOB.

Onpenenenue 1. Ilocaedosamenrvrocme yukyuti fo(x) (n=1,
2, ...) Hasvieaemcs cxofsawetica k Gyukyuu f(x) Ha npomesxcymre X,
ecau npu Kanoom (uKCUPOBAHHOM 3HaueHul X, € X 4ucaoeas nocaedo-
sameavHocme [n(x,) cxodumcs & uucry [(xg), m. e. Ve >0 AN =
= N (s, x,) makoe, umo Vn > N (g, x,) cnpasediugo HepaseHCcmeo

| Fr (x0) — [ (x0) | < e

Onpenenenue 2. [locaedosamenvrocme Qyukyui fn(x) (n=1,
2, ...) Hasvieaemcs pasHomepHo cxodswelics K ¢ynkyuu f(x) Ha npome-
ocymrxe X, ecau Ve >0 dN = N(e) (3asucsawjee om e u He 3a8uUCA-
wee om x) maxoe, umo Vn > N (e) sotnornsemcsa HepaseHcmso

[fa(x) —F(0) | <e

o0nospemenno 0aa ecex x € X. B arom caywae mumyt: fn(x) 22 f(x),
x ¢ X,
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Onpenenenue 3. Qynxyuornaroroiti pad

2t ()= 1y () + 12 () -+ o+ F e (6) o (1)
Hasvieaemcea cxodauumca Ha npomescymrke X K ynkyuu S (x), ecau

cxo0umes nocae0o6ameabHOCmb €20 4acmuuHolx cymm Sy (x) = X g (X)
k=1

n=1,2, ...), npuuem
lim S, (x) = S (x).
n=+ oo
Onpenenenne 4. Dyuxyuonarvnowi psd (1) Hasveieaemesa pasHo-
MepHO Cxodawumes K ceoed cymme S (x) Ha npomexcymre X, ecau no-
caefosamervHocme Hacmuunolx cymm pada S, (x) pasHomepHo cxodumcs
Ha X Kk S(x).
2°. MaxopaHTHHH npH3HakK Befiepmrtpacca Ecau ansa
¢dyHKUHOHAAbHOTO psfa (1) cymecTByeT CXOASIIMACA MaXXOPHPYIOLIMH Ha

X unciopolt pan X ar (up(x)| <ap, x€X,k=1,2, ...), 10 pan (1)
=1

CXOJUTCS paBHOMepHO Ha X.

3°. Kputepuit Kown. [daa paBHOMepHOH cxoaumocTH psiza (1) Ha
npoMexxyTke X HeoOxoauMo W gAoctaToyHo, utoObl Ve >0 dN = N (¢)
TaKoe, 4ToObl Vi > N (e), Vp >0 HepaBeHCTBO

| Snip (¥) —Sa(x) | <e

BHIMOJIHSIOCH Cpa3y AJs Bcex x € X.
4°, Ilpusnaxk HQupuxae. Eciu yacTHuHBE CYyMMBI psifia

[

2 Un (X)

n=1

PaBHOMEPHO OrpaHHUeHBI Ha npoMexyTke X, T. e. CYIIeCTBYeT TaKad
nocrosinHas ¢ (0 << ¢ << 4 o), 4tO

1S, (0) | =| X ur(x)] <cmpu n=1,2, ... u Beex x¢X,
k=1

a mocaefoBarenbHoCTh QYHKUHHA v, (x), Vg (X), «.., Un(X), ..., MOHOTOH-
HO He Bo3pacTasi, PaBHOMEDHO CTpPeMHTCS K Hymaio Ha X, TO psjf
2t (x) 08 (3) @

CXOIHUTCSI paBHOMepHO Ha X.
5°. Ilpusunak Abens Pax (2) CXOlIPITCH paBHOMEpPHO Ha TipOMe-

XKyTke X, ecnu psn Z Uk (X) cxoautcsi paBHoMepHo Ha X, a QYHKIHH

ur (x) (k——l 2, ) orpaHquHbI B COBOKYMHOCTH H IpPH KaxKJIOM X
o6pa3yIoT MOHOTOHHYIO HOCJ/1€0BaTeJbHOCTb.
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6° ®dyHKUHOHaNbHBIE CBOHCTBA npexena ¢GpYyHKIHO-
HaJbHOH MocinenOoBaTEeNbHOCTH U CYMMB psajga. Eciu mocre-
JOBaTeNIbHOCTb ~ HeNpepuiBHBIX GYHKUHHA f,(x) (n=1,2, ...) cxoaurcs
paBHOMepHO Ha [a, b] K (YHKIHUH f(x) TO f(X) HenpephBHa Ha [a, 0].

Ecnu Bce tuensl psga S (x) = Z U (x) HenpepbBHHEL Ha [a, b] ¥ pax

CXOJUTCSl paBHOMepHO Ha [a, 0], TO ero cymMma S (x) HenpepbiBHA Ha [a, b].

7°. IlpenenbpHBli mepexon NOJA 3HAKOM HHTerpasga H
NoyneHHOe HHTEerpHpoBaHHe pajga. Eciu mnocjeroBaTebHOCTb
HenpepbiBHBIX QYHKUMA [, (x) (n=1,2,...) CcXOAUTCA paBHOMEpPHO Ha
[a, b] K dyukuuu f(x), 1. e. f.(x) = f(x), x€[a, b], TO

Sxfn(t) dt =3 ff(t’)dt

npu JwboM X, € [a, b}, n - co.
Ecnu psan (1), uieHsl KOTOporo HemnpepuiBHBI Ha cermeHre [a, b], cxo-
JHTCS PaBHOMEPHO HA 3TOM CerMeHTe, TO CIIPaBeAJHBO PABEHCTEO

[ X

§ Stydt =Y {uad, @)

k=l xO

T. € pal (1) MOXKHO TOWIEHHO HHTErpUpOBaTb B mpenenax [x,, x] npu
JIOOBIX X, U x M3 [a, b], npuueM psj (3) CXOAUTCST paBHOMEPHO IO X Ha
[a, b].

8. IlpenenbHbl Mepexon mojg 3HAKOM NMPOH3BOJHOH
M noyleHHOe JHpPepenuupoBanue psapa. Ecau nocnenosa-
TeJIbHOCTb HenpepulBHO AuddepeHunpyeMeix ¢ynkuuit f, (x) (n=1, 2, ...)
cxonutrcss K f(x) Ha [a, b], a mocienoBaTtenbHOCTh [ (x) (n=1, 2, ...)
CXOJIHUTCS paBHOMEPHO K ¢ (X) Ha [a, 0], To f(x) Takxke ambcpepenunpyema
Ha [a, b] u [’ (x) = ¢ (x) = lim f; (x), I. e, JIONYCTHM TNpefie/IbHBIA Tepexon

n— oo

110J, 3HAKOM IPOM3BOAHOM.
Ecnu psan (1) ¢ HenpepbiBHO qupdepeHUHPYEMbIMH YI€HAMH CXOJUTCS
Ha [a, D], a psx MPOU3EOAHBIX

o (x) = Zlu; (%)

CXOJMTCsSI paBHOMEPHO Ha [a, b], To cymma psajga S(x) auddepeHuupyeMa
Ha [a, b], npuYeM Ha 3TOM CerMeHTe BBHINOJHSAETCS PaBEHCTEO

00

S (x) =0 (x) = 2 ui (),

T. €. psaR (1) mMoxHO mouwleHHO AubdepeHIHPOBaTb.
9°. IlouneHHbI# NnpegeNbHBA NepeXxod B GYHKIHOHA b-
HBIX psAjlaX U nocJefoBaTeNdbHOCTAX. Eciu ¢yHkuuoHan bHBIH
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pad (1) cxoaurcss paBHOMEPHO B HEKOTOPOH OerCTHOCTH TOYKH X, H €C.TH

limug(x) =c, (k=1,2, ...), To unca0BOH psx 2 Cr CXOJUTCSl, MpHUCM
x—fxo

lim Z Uk (X) = 2 Ck,
k=1

x->Xxy k=1

T. € B PaBHOMEDHO CXOJAALIEMCS pslie MOXKHO TNEpeXOAMTb K Npefenay ro-
YJIEHHO.

Ecau nocaenosarenvHocTs QyHKUMEA f,(x) (n=1, 2, ...) paBHOMepHO
CXOJHUTCA B OKPECTHOCTH TOUYKH X, H TPH KaxKJIOM 7 CYIIECTBYeT KOHEUHbIH
npeaed

lim [, (x) = Ag,

X—+Xq
TO IOCJeNoBaTeNbHOCTb uyHucesn A, (n=1, 2, ...) Tak¥ke CXOIUTCA H
lim (lim fn (x)) = lim (lim [, (x)).
X>Xg N~ nN—»o X=X,

OnpenenuTb NMpOMEXKYTKU CXOAUMOCTH (aGCOJIOTHOH M YCJOBHOH) CJle-
IOYIOIMHX (QYHKUHOHANbHLIX PsJOB:

1} n
n=
nP
Pemenune. [1d cXoZuMOCTH psifa HeO6XOJUMO, YTOOBI -
+ n?
| 1
= l+n_q—>0 NpH n—> co, T. e 4Tobbl ¢ —p > 0.
. 1 — cos 2nx
Abcorromnasn cxodumocme. Tak kKak |[sinnx|> sin®nx = —>
TO Psif

_____E cos 2nx -
14 n? 14 n9

pacxomurcsi npu 0 << g—p < 1. [leficTBuTeNbHO, NEpBBIA psll CHpaBa,
p

n
B CUJNY MNPHU3HAKOB CpaBHEHHs, PACXOIHUTCsI K -+ co, INOCKOJIBKY T 7~
n

npu n— oo, a Bropoil pAx cnpara npu 0<g—p< 1, no npu-

oo

2 lfn |smnx|>—~i

n=I1

r~

q—p
n
3naky [upuxne, cxoaurcs, uGO

,i cos Qkxl =
k=1

7 v 0 npu n— oo,

sinnx «cos(n-+1)x 1
sin x | sinx |

H

l4n
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C npyroit CTOpoHBI, MOCKOMBKY |sinax|<< 1, T0 pan

-] -]

p _ N P
21” ]smnx\<‘ z

q
n
n=1 + n=1

nP 1
14+n? ni?

B CHJY TPH3HAKOB CpaBHEHHs], CXOAHTCS, ecan g—p > 1 (

npH A — oo .

Takum o6pa3oM, uccaenyeMbiil psjl CXOAMTCS aGCOMIOTHO TOJBKO IIpH

g—p>1
Ycaoenasn cxodumocme. IlpencraBnsia naHHBIA psl B BHIE

[~

2 sin nx 1

n=1

I TONb3YysCh TpU3HAKoM Abens, HaxoxuM, 4rto npu g—p >0 psazn
o 1

cxoaurcst. JlefiCTBUTENbHO, B 3TOM CJlyyae IOC/€10BaTe/]bHOCTh T 41
n

sin nx
IpH 11— oo, a psn 2 ) B CHJY [IIpH3HAKa lalHXJIe, CXOJAHUTCSI.
nd—!

n=|\
CJIelIOBaTeJIbHO, IIpH 0 < q—p < 1 HCCJIeLLyGMbIﬁ pﬂl{ CXOAUTCs YCJIOBHO.

1

Oy |
115. . .
E nal 14 axd

n=1

Pemenue. Tak xak (cMm. mpumep 37, ra. I, u. 1) —’17 <,Vl_ < —f-
’ n!
(n=1, 2, ...), TO Aa9 CXOAUMOCTH psifa Heo6XoAuMO, 4TO6H X = 0,

a TakxXe |a|== 1 (npu x = O unu npu | a|=1 naHHbIA psil, B CHIy NpH3HA-
KOB CpaBHEHMsl H PacXOJHMOCTH T'apMOHHUECKOTO Ppsifa, PacXOMUTCH).
IlIpu x =0 un |a|= 1 npumensieM npusnak Kommu. Vmeem:

lim nl/ﬂl— ) lzn s lim n -————1 = Zzé’Kec'nH ]ai>1;
R Yl 14875 new /T 2 1, ectu |a|< 1.

Orciona cienyer, uto npu |a|>1 pax cxomurca abCOMIOTHO, a NpH

la| <1 o cxoaMMOCTH psiia HHYEro cKas3aThb HeJb3sl.
1 1 1

. >
o 1+a™er T (-
NpH3HAaKa CpaBHEHHs, ecqu |a|<< 1, uccienyeMblfl psii pacXOAMTCSL
Hrak, pax cxomurcsa abeodiotHo, ecau |a| >1 u x=£ 0.

Ianee, mockoabky mpH |a| << 1 55 » 10, B cuiy

116. ¥, = (y> 0).
,g,nﬂ
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Pemenue. Ilycts 0 <y < 1. Torma psax, no npusnaky Koum,
cxoaures npu | x| < 1. JleficTBUTENBHO,

lim ] iEA IR = |x|lim —-1--—-=[x[<1.
N o0 n—]—y n— oo .l/-n_l_yn

Eemn 0<y<lux>1, 10 CrneznoBaresbHo,

P 1
n+yn>n+l> n+1.
B CHJYy INpH3HAKA CPaBHEHHs, JAHHBIA pAJ pacXoAHTCs, HOO pacxoauTCs
TapMOHHYECKHH DAL,

Ecmn Oy H X << —1, T0 obumit wieH psfa K HYJIO He CTpe-
IIZ

MHTCSI, TaK Kak lim = -+ co.
n-eo "I" y
Ecin 0<y< 1 u x=—1, T0 nonyuum psix JefiOHHLIeBa THNA:

Dt
Ilyers y > 1. Torna psin

Y &) e

n=1

B cuny mpusHaka Koum, a€cosioTHO CXOoaHuTcs, eclH |x| << y.

Ilpn x == £+ y oOwiMi uleH HCCAefYyeMOro psiia K HYJIIO He CTPeMHTCH,
n

TaKk Kak lim —2 - = 1.
n-+o n Y
Hrak, ectt O0<y<1 n |[x|<] wm |x|<yuy>1, 10 pag
cxonurca abcomotHo. Ecin xe x= —1 u 0<y< 1, To maHHBI paj

CXOQHUTCA JIMIIb YCJOBHO.

7. Y, 20D (o ),
n

Pemné:HHe. Pacemotpum Tpu cayuan: a) 0 < x<<1;6) x=1;B)x>1.

B cayuae a) umeem: In (1 + x*) ~ x" npu n - oo. Tak Kax psin 2 xj

n—-l

COTJIACHO npusHaky Koun, cxoputcs mpH Jio6oM ¥, TO, B CHTY NpH3HAKA
CPaBHEHHS, MPH TaKHX xe ycnoanﬁx CXOIHUTCSl M MCCJAENYeMBIH psi.

B cnywae 6) mosmyuaeM psjf 2 , KOTOpBIA Npu Yy > 1 CXOZMTCA 1O
n=I
NPU3HAKY CPaBHEHHS.
Hakonen, B ciyuyae B) nMmeeM:

In(l14x")=nlnx-+In (1 +xin)~nlnx+in pH 1 — oo,
X



ITockonbky pamet p V L —— CXOAATCA NPH y > 2, TO JaHHBIH psi,

n_l —-l
no npusﬁaxy CpaBHeHI/IH, TaKzKe CXOoJUuTCs Ipu Y > 2.

00

a
118. okasatb, yto ecau psag Hupuxie 2 --; CXOIUTCS TIPH X = X,
n

n=1
TO STOT PAN CXOAUTCA TaKXKe NPH X > Xq.
HokasarteabcTBo. K psny

(-4 [
ay a,
n n¥o X—Xx,

a

l'IpI/IMeHHM npusnax A6€J]H. 3}1er pan 2 —Z—o CXoguTcda no YCJ'IOBI/IIO;
n=1n

— MOHOTOHHasaA H OFpaHI/IquHaH noc/jae10BaTeJIbHOCTD IIpH x> Xoe

n*—%o

CnepoBartesbHO, Mo npH3HakKy AGens, psSA CXOAHTCS TaKXKe IPH X > X,

119. Jloka3arb, 4TO /151 PaBHOMEPHOH CXONMMOCTH Ha MHoxecTBe X
noc/enoBaresbHOCTH fo(x) (n=1, 2, ...) K npenesbHod ¢yHKUHH f(X)
Heo6XOIUMO H JOCTAaTOYHO, 4TOORI

lim (sup r, (x)) =0,

n- oo xEX

re ra(¥) = |F(¥) —fa (0) |
HoxasatenbctBO. Heobxodumocme. Ilycts f,(x) cxomurcs paBHO-
MepHO Ha MHoxectBe X K (yHkumH f(x). [lo onpenenenuio, 370 o3Hauaer,
yro Ve >0 dN (¢) Takoe, uto Vn >N (e) BbUIONHSAETCA HepaBeHCTBo
|fn(x) —f(x)| < e Vxe€ X. Orcioga cienyer, 4to sup rp(x) <
Hocmamounocms. Ilyctb lxm(sup ro(x))=0. Torma Ve >0 aN (¢)

n- oo xe

TaKoe, 4YTO sup r, (x) < e. Ho Tak KaKk r, (x) < supr,(x), To r,(x) << € npu
xcX xcX

Vx e X.

ITociennee, no onpenenenuto, o3nagaer, uto f,(x) = f(x), uro u Tpebo-
BaJIoCh JIOKa3aTh.

HccnenoBate noc/iefoBaTeIbHOCTH Ha PaBHOMEPHYIO CXOAHUMOCTH B YKa-
3aHHBIX TIPOMEXKYTKaX:

120. f,(x) = x"; a) 0<x<-21—; 0) 0<x< L.

Pemenune. a) Umeem: f(x)=limx" < lim -l— = 0. Tak kak supx"—— l

1% 00 n— o 2"
0<X<'§'

.1
u lim — =0, 70, cornacHo npumepy 119, nocienoBaTeqbHOCTb CXOXHTCA

N0

PaBHOMEpHO.
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6) Haxoxum npepensuyo ¢ynxuuio f(x). Mmeem:

Fo)=lim fu ) ={]> o < ¥< by

n-—> oo
CietoBaTesIbHO,
xt ecmn 0 < x< 1
‘f’l(x)_f(x)l ::'{()’ ecau x = 1.
[TockonbKy sup lf (¥) —fa(x)| =1, To, B cu1y YHNOMSAHYTOro IpHMEpa,

0<x«l

TI0C/IeI0BATENLHOCTh CXOJUTCS HEepaBHOMEPHO.
121, fo(x) =x"—x"H]; O< < L.
Pewenue. OueBugro, f(x)=Ilimf,(x)=0 nmpu 0<x< 1. Ilo-

n— o0

CKOJIbKY

: sup lfn(x)—f(x)l-—n+1<1+—,l;)_”n

— 1 L
i ({1437 = Lm0

TO N0 KpHUTepuio, JokazaHHomy B npumepe 119, f,(x) Z 0.
122, fp(x)=x"—x?, O0< x < L.
Pemenue. 3pech Takxke f(x)=Ilimf,(x)=0, x¢[0, 1]. dynxuusa

n—-> o

[ (x) moctHraer abGCOMIOTHOTO MaKCUMyMa BO BHYTPEHHEH TOUKe CerMeHTa:
Xn= % € (0, 1). Takum ob6pa3om, HmeeM:

sup rn(X) = fn(Xn) = 711 , lim( sup rn(x)) = i =+ 0.
xc[o, n-+e x¢ [0, 1]

‘Orcioga ciefyer, YyTto IOC/Aef0BaTeNbHOCTb f, (X) - 0 HepaBHOMEpHO.

123. fn(x)=Tﬁ%c, 0<X< 1.
Pemenue. HerpyaHo Buzers, 4to f(x)z,,]_i,rgl_:k_’fll%r_zzx U crpa-
BeLIMBA OLUEHKA SUP | ———— — x| < 2 [TosTomy
xc[0, 1] l+n+x n—+1
hm(gm [fr () —Fx)) =0, 1. e fn(x)Z x.
n—>o0 X

124. fn(x)=]/2—{—n2, — oo << X< + oo,

Pemenue. Ilpy n— oo fn(x) > |x| nHa wunreppame (— oo, -+ ),
sup =

npHyeM
1 1
V x| = i ™
¥E(moor ) pa (sz-i—ﬁg-i-le)

nostoMy f,(x) | x| Ha Bcelt YHCIOBOH OCH.

1

sup
xe(—oo, +°°)

}
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125. fn(x)zn(]/ +~—Vx) 0< x< + o.

Peumenune. OueBunno,

L 1
f(x)n—]rzl—r»nw ]/x+”?ll‘+V 21/)6

0 < x << -+ o).

[Tockonbky

2=+Oo9

1 1
= sup

1l
YA R AT

TO, 10 YyTBepxkKJIeHHIO npuMepa 119, mnocienoBaTebHOCTb CXOAHTCH He-
paBHOMEPHO.

0<x<+w

126. a) fn(x)=smn”x; — oo < ¥ << 4 oo; 0) fn(x)zsin%; — oo <<
< X < } oo.
Pemenue. HMmeem: a) f(x) = lim Smnnx~0 0) f(x)—llmsm~—0.

N> o H—> 00

Tak kak a) sup  fa(x) = LN NpH 7 — co; 6)  sup ,sin~—l=
—co <x< Ao n o0 <K< oo n

=1 (ﬂOCTI/IFaeTCH npH x,,=%n(2k—]- 1) (=0, 1, 42, ...)),

T0, B cuny mnpumepa 119, 3akmiouaem, uro B cayudae a) f,(x)20,
a B cayyae 6) MOCJIeNOBATENbHOCTh CXOJUTCA HEpaBHOMEpHO.

127. a) f,(x) =arctgnx; 0<x<< + co; 6) fn(x)=xarctgnx;, 0<
< X< 4 oo,

Pemenune. a) Umeem: f(x) = lim arctg nx = —-. TTockombKy

n~—co 2

T . T
sup | —arctg nxl = lim -2— —arctgnx| = 5
0<x< -+t x—+-+0

TO NOCJEJOBATEeJ]BHOCTb, COIVIacHO npumepy 119, cxomaurTcs HepaBHOMEpHO.
X o
6) 3nech f(x)= 5 - Halitem suprn(x). uddepenunpyst ¢yHKuHIO
rn(x), UMeeM:

(%) = o —arctg nx — ——1>
" 2 14 n2x?"
YpaBuenue rp, (x) = 0 npu Kaxk;10M 1 UMeeT KopeHb X,,. [lanee, limr,(x) =0
x40
lim rp(x) = lim—— =L (=1 In(Xn) = | o- — arctg nx, | X, =
S t+0tgtn x/? RS 2 S an
nx 1
=5 1 5 < —,
1+ n2xn n
1 .
Takum oGpasom, sup rp(x)=—, lim ( sup r,(x))=0, 1. e
0<x< 4o - e x¢ (0, 4-o0)
03

61



128. f, (x) == (1 + ;’;-)n a) Ha KOHeyHoM HHTepBane (a, b); 6) Ha uUHTEp-

BEIJI% (== o0, 4 ).
emeHue. B oboux ciyyasix JierKO HaXOAUM TpefebHYIO (YHKIHIO
[ (x) = e*. Nanee, B ciayuae a) noayuyaem:

lim 7, (a) = lim ea—(l +z) —0,
lim rn(b) = lim eb——(l +%) — 0.
n-»os n-r oo
M3 3THX COOTHOLIEHHH BBEITEKAET, YTO YypaBHEHHE
x \* ’ n—1
el e300

x. \r—1
BCerja UMeeT KOpeHb X, (@ < X, < b). 13 (1) nonyuaem: e*n = (l -4 —n” .

X n—I1
Hcnonb3ys 3T0 BbIpazKeHHe, HJIS 1y (X) HAXOAHM: 1y (Xn) = (1 +;") X

fx,| "M

X <(1+%) — =0 mpu n—> co, e M =max(|al,|bf). Cneno-

BaTeJIbHO, MOCJEN0BATe]bHOCTL HA HHTepBaje (@, b) CXORUTCS paBHOMEpHO.
B ciyuyae 6) momyyaem:

lim
X+

=+CD’

ex——(l —l—%)n

nostoMy  sup r,(x) = 4 oco. Takum o6pa3oM, mnocC/a€IOBaTEIbHOCTD
—o0 < x<}o0
fa(x) Ha Bcefl YHCIOBOH OCH CXOAUTCS HEPaBHOMEPHO.
1
129. fn(x)=n(x“1——l); l<x<a.
Pemenue. Jlerko waitty, uro f,(¥)—>Inx Ha [1,a] npu n- co.

1
HNuddepenunpys GyHKIHIO 7, (X) = | Inx -—-n(x"* — I) , TIoJTyyaeM ry (x) >
>0 npu x> 1, B cuny vero r,(x) He yOniBaer Ha cermenre [l, a]. Cne-
1

JOBaTe/bHO,  Sup rp(x) = lna—-n(a”_——l)l; lim (
xc[1, a] n—-+o x

sup rn(x)) =0;
¢l1, a]

[n(x) Z Inx na [1, a].

130
( 1
n°x, ecau O<x<—n—;
2 1 2
[o(x) =2 ¢ nz(—n—-—x), ecmn —< X< —|
2
0, ecmu x> —

Ha cermeHTte [0, l].
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Pewenue. Ilockonbky f,(0)=0, 1o limf,(0) =0. IHanee, ansa

n—+ o

Vxe (0, 1]dN: Va >N x> % . CaepoBarenbHo, f[,(x)=0u
limf,(x)=0 npu x¢€ (0, 1]. Takum obpasom, f(x) =1imf,(x)=0 npu

n=+ oo R o
x€[0, 1)
HOCKOJIbe sup f,(x) =n (PI JIOCTHTaeTcss TIpH x = 71{)’ TO
0, 1

lim (sup f, (x)) -+ co, B CHJAy Yero IOCJA€JOBaTEJbHOCTD CXOIHTCS
n+o  x¢[0,1]

HEPaBHOMEPHO.
131. Ilycts f(x) — mpouseosbHas (YHKUHA, OnpeleseHHass Ha cer-
MeHTe [a, b], ¥ [,(x) = W(x)] (n=1, 2,..). Joxasarb, uTO

fn(¥) Zf(x) (@a<x<b) npu n— co.

ﬂ OKasaTeJabcTBO. VI3 onpefeneHusi LeJOH 4YacTH CJeIyeT, 4TO
[nf ()] = nf (x) —pa(¥) (0 < p,(x) <1). Hostomy [, (x) moxHO mpen-
&1—@. Orcioma wHaxoxum: limf, (x) =

N—roco

CTaBUTb B BHIE: [, (x) = [(x) —

= [, a tarme |f,(0)—[(x)| =22 <20, e fu(x) 2.

132. Ilycte ¢yHkuusa f(x) HMeeT HenpepblBHYIO NpPOU3BOAHYIO [’ (x)

Ha (@, b) u f,(x)=n (f (x - i)—— f(x)) Hoxkasarb, uto f, (x) 2 f' (x)

Ha CerMeHTe a < X < B, Tae a<<a<< B<< b
okasaTteabcTBoO. I/Is yCJIOBUSI CYLIECTBOBAHUSI IIPOH3EOJHOM

BbITEKaeT, YTO llmn(f x+—~ —_ f(x)) = f" (x). Tlpumensss Kk ¢yHKUIMH

n— o0
'n (x) =

F () —n(f <x + 7) —.f (x))l ¢opmyay Jlarpanxka, nosyuaem:
(@) =7 = (x+ 289)

[Nockonbky ¢yHKuMs [’ (x) HempephlBHA Ha cerMeHTe a << x < P, TO, No
TeopeMe Kanrtopa, oHa paBHOMepHO HenpepbiBHa. D10 3HauuT, 4TO Ve >0

70 () >0 Takoe, UYTO KaK TOJBKO ”( In ) - 8, T0 1, (x) << e A BCEX X

cpasy. Ho HepaBeHcTEO ()

oM n U V X, No3ToMy, nepexolm Ha f3bIK «& — N», CKa)keM CJeayio-
mwee: s Ve>0dN () Takoe, uto npu V72 >N (¢) BHINOJHSETCS He-
paEeHCcTBO f, (x) << e cpa3y jnnas Bcex x€[a, B, T. e. [, (x) 3 f (x), uto

H TpeboBajoch H0OKa3aTh.
n—1

0<8, ()<

< 3 BBINOJIHAETCS INPH JOCTAaTOYHO OOJb-

133. Ilycte f, (%) =S1 i (x—l— -i-—), rae f(x) — HenpepbleHasi QyH-

kuus. [okasarb, 4TO HOCJIelLOBaTeJIbHOCTb [ (x¥) cXoauTCA paBHOMEpHO
Ha /000M KOHEUHOM cermMeHTe [a, b].
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1
HoxkasateasncTBo. OueBuIHO, limfn(x)=g f(x 48 dt =9 (x),

N=+o00 0

npuyeM ¢ (x) € Cla, b]. TlpencraBuB GyHKUHIO ¢ (X) B BHIe
i+1
n—I1 n
¢() =% | Frtnd

H TIPHMEHHB TEOpEMY O CpeAHEM JJIs1 UHTErpajaoB, IIOJYUYHUM:

n—I1 L__r{z__l )
Tn (%) = }: Sf(x—{—z‘)dt——i-(x—nﬁw =
i=0 [

i)

W3 paBHOMepHO! HenpepuiBHOCTH GYHKUMH [(X) Ha JI060M KOHEYHOM
cermenre [a, b] cnenyer, yto Ve>0 H3>0: Vx, x¢[a, &
| X1 — %2 | < 3= [ (x)) —F(x2) | < e.

B3sB 7 HacTOABbKO GOJBIIMM, YTOOHI

n—I1

‘}{Z (f(x+t[)—

i=0

n—I1

<%2|f(x+ﬂ-)—-f(x+ %)l, rie wie[%' i—l—l}.
i=0

n

*ci——,i--|<8, NoAyunM 7, (X) <

< e, OTKyJa chaenyer,uto f,(x) 3 f(x).
HccaenoBaTh XapakTep CXONUMOCTH CJIEYIOUMIHX PsijIOB:

xn
134. 2? Ha cerMeHTe —l < x < 1.
n=1

Pemenue. OueHuBas ocTaToK psia c/epyioUiuM o6pasoM

(2]

xk 1
2 F< Z k—2—>-0rlpl/ln—->-oo,

rae S(x), S, (X) —COOTBETCTBEHHO CyMMa M IIOC/I€IOBATEIbHOCTb YacTHY-
HBIX CYMM JaHHOTO psja, CXOASALErocsi B CWIY IpU3HAKa CpaBHEHUA

1S(x)'—Sn(x)l =

00

X xn 1 o
L P RS Z =< 7 o |, 3aKmoyaeMm, 4YTO paccMaTpPHBAa€MbIH psif
n=1 n=1

CXOAHUTCSA PaBHOMEpHO.

xn
135. 2 —7 Ha mHrepsate (0, + ).
n=0
Pemenune. Tak kKak cymma storo psiza S(x)=e*, TO OCTaTOK psiia

n
k
o) =¢— Y5 Ho sup|r,(v)| =+ (dynkuns ¢* - + oo mpu
o ! 0<x<+4o
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X— - co OpicTpee JIOGOH CTeneHHOH (yHKUuH Xx"), MO3TOMY psJl CXO-
JUTCS HEpaBHOMEpPHO.

136. >} (1 —x)x" Ha cermente 0 < x < 1.
n=0

Pemenune. Yacrtuunaa cymma psna S, (%) = > (1—x)xt=1—
£=0
— X" 0 < x < 1; orciofa HaxoAuM CyMMYy psiia
S () = 1, eciu 0 K x < 1;
0, ectn x = 1.

CrenoBaTe/1bHO, |S,(x) —S(x)| =1, T. e. naHHBIl psSg CXOAUTCA
<1

/
\\

/\

HepaBHOMEPHO.

[Tpumeyanue. Eciu QyHKUHOHAIBHBIA DS/l HCMPEPEIBHBIX HAa CErMeHTe (yHK-
uuil CXOAMTCS Ha 39TOM CerMeHTe K paSprBHOH (yHKUUH, TO pPsAA CXOZUTCHA Hepas-
HOMEpHO.

x .
137. Z((n——l)x—}—l)(nx—{—l)’ 0<x< +OO.

Pewenue. Haxogum wacTHunyio cymmy psiza

n n

x 1 1 1
Sn (%) = Z (F—DxF DD ;((k—l)x+1“kx+1)= l—

OTKyaa nosydaeM, yto S(x) = limS, (x) =1 (0 < x < + o). [Hanee,

n—= oo

1
TNOCKO/IBK su — = lim =1, TO psii CXORHUTCHA HepaBHO-
4 0<x<—Pf-oo x+1 X0 nx+4+ 1" psn pis p
MepHO.
nx . | .
138 L(l-}— (l-—l——2x)...(l_i._ nx)’ a) 0§x<ea Fﬂe E>O,

6) e < x< —I- .
PemeHHe [IpencraBasisi o6yl ureH psja a,(x) B Buae
1
@, (*) = T+n(T+2x) - T+nr—D0n
1

(I F 2 (T (=1 x) (I Fnx)
HaxoJHM YacTHUYHVYIO CYMMY psija

Srz ()C) = ]

|
T TFEnT+29 s (Fnn°

Orcroga caenyer, 4To

S ) =limS§, (x) =

N~ 00

{ 1, ecau x >0;

0, ecau x=0.

’
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Hanee, B cayuae a) wumeem: sup |S(x)—S,x)|=]|S(H0)—
O<x<e

—S, (+0) | =1, nosToMy psil cXOAUTCS HepaBHOMEPHO. B ci1ydae 6) Haxonum:

1
su Sx)—S, (x)| =
s<x<3wl *) 2 ()] (1 4+¢) (1 4 2¢) «++ (1 - ne)
B CHJIy Yero psii CXOJAUTCSI PaBHOMEPHO.
ITonb3ysice nmpusHakom Befiepiirpacca, Q0Ka3aTb PaBHOMEPHYIO CXOJIH~
MOCTb B YKa3aHHBIX IIPOMEXKYTKaX CJAeAYIOmHX (YHKIHOHAIBHBIX PSIOB!

(<]

— 0 npH n— o,

139. Y, T, <+
Peme_Hne Haiinem sup ]a,, (x)|, rme a,(x)— oOwuiA ureH psza.
Hmeem: e
sup_ la, (x)| = sup l—_:%?x-; = 13
lx] <+ | x] <4 oo 2

on?

[

1

H JOCTHUTaeTts IpH x, = SIBJISIETCS

— . CrnenoBaTe/nbHO, psin Z
-

2
n n=1 2n
Ma*XOpPaHTHbIM IJ11 JAHHOTO psifia. TaK KaK Ma*KOpPaHTHBIH psiJ CXOAHTCS,
TO HCXOJHBIH psifi, COrJIaCHO npH3HAKY Belepitpacca, cXoauTcs paBHO-
MepHO.

2
140. 1—/%—!_()6" +x7), y<lxl<2
n=1
Pemenune., Jlerko naiita, uro
SUp (" 4 x7) = 2 4 o< 2T,

7<|x[<2

-2
ITockoabKy, K TOMy ke, psax 2—17—_—!.2%1, B cuay npu3Haka [anam-
n

Gepa, CXOAMTCS, TO HCCJENyeMblll PN CXOAUTCST PaBHOMEPHO.

141.2 ¥ ., |x|<a, rae a>0.
n

Ly ¥
n=1 2

Pemenne. MaxopaHTHBIM [ JAHHOrO psija sBJAAETCS AL

.4

2

an n a
ci1yuae X[n}! <Za =T—a°’

an
E {—-, CXOIUMOCTb KOTOpPOro mnpH a << 1 O4YeBHJHAa, TaK XakK B 3TOM
n ] !

n=1

n=]
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Ilycte a> 1. Torma, ofo3Hayas uepe3 S; MocjeNoBaTeIbHOCTb Yac-
THYHbIX CYMM MaKOPaHTHOTO psijida, B CUITY OLIEHKH

a a? a® azn a2n+1
Sﬂ,< 82n+1= N—I—-Tl_-{_.—l[—{— * o0 ._l_.

n—1

nl nl<

a2k+1

<“+2;m=3’
=1

noayuum S, < S. CaenoBarenbHO, MOCAEI0OBATeNbHOCTh S,, Oyayud MO-
HOTOHHO BO3pacTalollel, OrpaHHdeHa cBepxy. A Torja, nO H3BeCTHOH
TeopeMe, OHAa CXOAMUTCSH, T. €. CXOAUTCS Ma*KOPaHTHBIH psil.

\ | x2
142.L1n(1+m), x| < a.
n=2
Pemenune. Mcxonsi u3 HepaBeHCTB

O<1n(l --

x2 a?

x2
nln2n <nln2n

nlnn

)<

2

H CXOJHMOCTH YHCJ/JIOBOI'O psiaa 2 y MaxOpaHTHOro misa AaHHOIo

nintn
¢ YHKUHOHAJIBHOTO, NPUXOJUM K BBHIBOJY O PaBHOMEPHOH CXOAUMOCTH TMpe-

JIOXKEHHOT'O psifia.
VccienoBaTh Ha pPaBHOMEDPHYIO CXOJHMOCTb B YKa3aHHBIX TPOMEXYT-

Kax caenyiomue (yHKIHOHANbHBIE PSJBI:

o0

143. Esmnnx a) Ha cerMeHTe e < ¥x< 2 —e, rae e > 0; 6) Ha cer-

n=1

MeHTe 0 < x < 2.
n

Pemenne. a) Tak Kak YacTHUHEIE CYMMBI Y sinkx OrpaHHYeHHI
k=1

n

2 sinn—;-sin%——lx 1 1
sinf x| = in > < sin % <sin e )’

P ) -3 2

1
a moc/iefoBaTeNbHOCTh — {0 npH n-> oo, TO, N0 NpusHaKy Iupuxie,

psill CXOJUTCSI PaBHOMEPHO.
6) B stom ciyyae ykasaHHad CyMMa He SIBASETCS OTpaHHYEHHOH IO

U
COBOKYITHOCTH MEPEMEHHBIX X M 71, NOCKOJBKY IPH X = — r=1, 2 ..)
n

T

S—..

ko %o
sin —- = n—»—l—oo pH 1 — oo.

sin =—
k=1 2n
CnepoBaresibHO, MpU3HAK [lMpHX/Ee HE NPUMEHHM,
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Bocnonnayemcss kputepreM Komu. B3sB e = 0,1, olieHum pasnocts

S50 () — S, ()| N

1___|Si11(n—[—l)x+sin(n+2)x+

n-1 n—+42
n

sin(l -+ —:z_) n sin (1 +%)

‘sin 2nx . sin 2 sin 1
s | M Bty e T T > >
n

npu mo6om n. CrepoBatenbHo, no Kputepuio Komw, nocienoBarenbHOCTh
CXOAHTCA HepaBHOMEpHO, T. €. HEPAaBHOMEDHO CXOAUTCA MCCIEAYEMBIH DN
(cxomumocTh psima NpH KaxAoM ¢ukchpoBaHHOM X (0 < x << 2w) caeayer
U3 TOro e npusHaka Jlupuxjae, a npu x=0 H X = 2x CXOIAUMOCTb
pAna OueBHJHA).

144. E2nsin3-},;; 0< x< + oo.

1
Pemenne. Ilpn kaxaom ¢uxcupoBanHoM x > 0 umeeM: 2"sin Fiy ™~

2\ 1
~ (‘3_> ~ Tp# 7 — oco. Orciona ciaenyer, yTo, NO NPU3HAKY CPaBHEHHS,

JaHHBI psA cxonutcs. M1 HMCC/eoBaHHA Ha PAaBHOMEPHYIO CXOAMMOCTb
o l
psaga npumenuM Kpurepudl Komm. Ilycth e=1, p=n, x= g7+ loria

.1 1 1
2"*t1sin 5 + 2" singg + ++ + 2" sing; >

lSn+p (x)_Sn (x)lz
>2”+lsin~?l)->s npu n > 1,

T. €. pAl cxonmc;a HepaBHOMEpHO.

sinx « sinnx |
145. 2 TR 0< x< 4 oo

PemeHHe. Tak Kak 4YaCTHYHBle CYMMBI, B CHJY OIIeHKH

n ,
Zsinxsinkx =2‘cos%‘ sm sinn+1 I<2

k=1

1
OrpaHHueHb!, a (hYHKUMOHAJBbHAS IOCAeNOBAaTeLHOCTb (- x) ° paBHO-

1 1
Vit < ——->0 npu n—> oo) H MOHOTOHHO 1O #
n X n

MEepHO 110 x(

1 1 1
—_— —_— 2 >
(Vn+x Vo+1+x VioefxoaF+1+VnFrilFx+Vntx
> O) CTPEMHTCSI K HYJIO NpH 7 -> co, TO, COrJIaCHO NMpH3HAKy [lupHxe,

PAN CXOIUTCS PaBHOMEPHO.
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vl

(=D .
146. ZVn(n—l—x) . 0<x< +oo.
= )W"]
Pewenue. Pan 2 ——— cxojurcs (cM. npuMep 88), a hyHKUIHH
=]
1
T2
X
( 1 7{) orpaHuyeHsl (yucjoM 1) H NIpH KaxXIOM (PUKCHPOBAaHHOM

X > 0 06pasyioT MOHOTOHHYIO MOCJe]oBaTeNbHOCTh. CJlef0BaTeNbHO, 110
npusHaky AGessi, JaHHBLIH psiJl CXOJAUTCSH PaBHOMEPHO.

V' (—D",
x+n’

n=|

147. 0<x<< + oo.

n

Pemenne. [lockoabky Z(—l)" < 1, a ¢yHKUHOHA/NBHAA mOC/IE-
| k=1
1 1
n-+x x-+n
H MOHOTOHHO MO A CTPEMHTCSI K HYJIO TNpPH 71— oo, TO, COIJIaCHO NpH-
3Haky JlupuxJje, psan CXOAHUTCS PaBHOMEPHO.

1
J0OBaTeJbHOCTb PaBHOMEPDHO IO X( -—— =0 npu n-—» Oo)

148. Ecnu psag 2 [.(x) cxoaurcsi a6CONIOTHO H pPABHOMEPHO Ha

[a, b], TO 0Osi3aTeIbHO JIU PAX Z | [ (x) | cxonutcst paBHOMEpHO Ha [a, b]?
n=1

Pemenue. Her, ne obsasarensno. JIeACTBUTEILHO, €CJH, HalpUMep,
fo(X) =(—1)"¢,(x), rTHe ©,(x)— HeoTpuUaTeNbHas1 (YHKIHOHAbHAS
NOCJ/IeI0BaTeJbHOCTh, PABHOMEPHO 10 X W MOHOTOHHO IO 71 CTPeMSIasicst
K HYMO, H DAl X ¥,(X) CXOAuTCs,, TO, MO NpH3HAKY JIMpHXJe, psix
i f.(x) cxomurcsi paBHOMEPHO. AGCOMOTHAS €ro CXOAMMOCTb BhITEKAET
M3 CXOAMMOCTH pafla @, (x). Ho Tak Kak u3 cxomumocTH psga Zcpn (%)

He 00f3aTeNbHO BBITEKAET paBHOMEpHAs CXOIMMOCTb, TO pax X |f,| He
00513aTeIbHO CXOAHUTCSI paBHOMEPHO.

Paccmorpum npumep. Ilyers o, (x) = (1 —x)x" u 0 < x < 1. PasHo-
MepHas CsOJAMMOCTb 3TOH IOCJE0BaTesNIbHOCTH K HYJIO JO0Ka3aHa B IpH-
mepe 121. MoHoTOHHOCTL ee 1o n odyeBHIHA. CJ/€0BaTeNbHO, MO NPH-

sHaky Hupuxae, pan X (—1)"(1—x)x" mpu x€[0, 1] cxomurcs pas-
n=0

HOMEpHO. JIerko BHJETb, UTO 3TOT DS CXOAMTCA H abCOJMIOTHO U CyMMa
ero

S I, ecau x=£1;
(0 = 0, ecau x=1l.

Tem ne nemee psan | (—1)" (1 — x) £"| cXoMTCA HepaBHOMEPHD (CM.
npumep 136).
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149. Jloxasatb, uro a6COMIOTHO M pPaBHOMEPHO CXOASIIUHCS psif
w
n%fn(x), 0<x<1, rze
0, ecn 0 x << 270D
fo (%) == %sin2 (2" Hzy), ecom 2—MHD < x < 2774
0, ec 2P << x < 1,

HeJb3sl MaXKOpHPOBATb CXOASIIHUMCS YHCJIOBBIM PSIOM C HEOTPHIATEIbHEIMH
H1eHamu,
HokasateabctBo. Herpyauo Haiitu, uro

0

, ecsIi % <x< 1
8r (x) = %sinz (2% Hrx), ecmn 27D < x < 27F (=1, 2, ..., n);
0, ecan 0 < x < 270D,
0, ecJu —;—<x<1;
S(x)=1mS, (x) = %sin2 (2*+rx), ecmn 27FTY <X <27F (k=1, 2, ...))
0, ecad x =0,

rae S,(x) 1 S(x)— nocjaeI0BaTeNbHOCTb YaCTHYHBIX CYMM H CyMMa JiaH-
HOTO psiia COOTBeTCTBeHHOo. [laiee,

S (1) — S,(x) =
1
0, e & < ¥ < 1;
= %sin2 (2% 1nx), ecmu 27D < x < 27F (R=n+1, n+2 ..);
0, ecau x = 0.

ITockonbKy 03;11;; l| S(x)—S,(x)]| = n_:lF_l (IIOCTHl‘aeTCH npu - X, = —2375)

CTPEMHUTCS K HYJIO IIpH 1 — co, TO PsiJl CXOAHUTCS PaBHOMEPHO.
A6comoTHasi CXOAMMOCTb psija C/IeAYyeT M3 TOro, YTO IPH (DHKCHPO-
BaHHOM x € [0, 1] oH conepXHT He OoJiee OJHOTO OTJIHYHOTO OT HYJS
ujIeHa.
[lyetb ¢, —uieHsl 4HcI0BOro MaxopHpymwomero psaga. Ilo yciosuio,

¢, > sup |f,(x)]- Tak kak sup |f, (x)l:-——l--- H JOCTHTaeTcsi NpH X =
0<x<1 0<x<l n

l

3 1
= 5—@—2-, TO C, > e Onuako p;mE Py pacXoguTcs, MO3TOMY HCXOA-
n=1
Hbl pAJl HeJb3s MaXKOpPHPOBaTb CXOAAUIMMCS YHCJIOBHIM PSAOM C HEOTPH-
HareJbHBIMU 4JIEHAMU,
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150. Jlokas3aTb, 4To ecau pag > ¢ (X), WIEHB KOTOPOTO — MOHO=

n=1
TOHHbIE (DYHKLHH Ha cerMeHTe [a, b], cXOmuTcsi aGCOMIOTHO B KOHLIEBBIX
TOYKax 3TOrO CEerMeHTa, TO JaHHLIA psjJ CXOAMTCS abCOJIIOTHO M PaBHO-
MepHO Ha cerMeHTte [a, b].
IlokaszarteabcTBo. [Ipunumas Bo BHHMaHHE MOHOTOHHOCTB G YHKIIHHA
©,(X), oueHuM ocrtatok psina r,(x). Ilpu x ¢ [a, b] umeem:

[~

W< D el < D mxlen@) le®l 1)
k=n--1 k=n-1 .

IToCKOMEKY psill C YIeHaMH ¢, (X) CXOAUTCS aCCOJIOTHO NMPU X =a U X = b
t0 Ve >0 dN = N (¢) Takoe, uto Vn > N =

o0 0

Y iw@i<s, Y la®l<t. @)

k=n-1 k=n+1

Tak kak max (| o, (@)], |9, 0)]) <|¢r(@)|+ |9, (b)|, TO, HA oCHOBaHHH
nepaBeHCTB (2), HepaBeHCTBO (1) mpHHHMaeT BHJ

@< S (o @]+ e B))<e,

x¢la, b] k=n-+1

OTKyia ciaenyer, uro r,(x) 30 Ha [a, b], T. e. HcCIenyeMBblHl psiL CXO-
JUTCS1 PaBHOMEPHO.
A6commoTHast CXOAUMOCTb Psfa BbITeKaeT M3 OueHKH (1).

151. Ilyctb a, - co TaK, 4to psn 2,—;‘; cxoaurcs. Jlokasatb, 4TO
n

n=1

1
psn 2 ——— CXOJuTCS abCoOIOTHO M PABHOMEPHO HA JIO0OM OrpaHHYeH-
- Yn
n=I1

HOM 3aMKHYTOM MHOXECTBe, He cojep:kaiieM Touek a,(n=1, 2, ...).

HokasateanscTBOo. Ilycth X — 3aMKHYTOE OTrpaHHYEHHOE MHOKe-
CTBO, He cojepxallee ToueK a, Torpa, B CHIY YCJIOBHS a,—> oo, YX € X
M NpH JOCTaTOuHO GOMbIIHX 71 > N OyleT BHIIOJHEHO HEpPaBeHCTBO |x —

—a,| > ¢, rae ¢ > 0 —dukcuponano. Ilpy n > N umeem:
1 1 1 1 1
= . < .
[ X —ap| | an | * = jan|
an

M 1y
| !—l
1 Qn

1
rie M = sup|x|. Tak Kak npu 1ocTaTO4YHO GOJIBIINX 71 . 7N
xc X | an| ( | — ____)

[ Cn |
Janf(l—,—aMn—[)

paHTHOMY npu3Haky Be#epiutpacca, psa € WiIeHaMH U, (X) =

cxonurcsa. Ilo maxko-

|
~Ta ™ pl ¢ uileHamH b, =

X —ap
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CXOAUTCs1 paBHOMePHO. CXOAUMOCTD psila ¢ ujeHaMu | u, (x)| cienyer u3 Hepa-
BeHCTBA |u, (x)| < D,

152. JlokasaTh, uYTO €M psA D, @, CXoautcs, To pan Jupuxae
n=1

Qn
2 ¢ CXOJIUTCA PAaBHOMEDHO TMpH X > 0.

n=1

1 o
H OKa3aTeJabCTBO. (DYHKHI/II/I x OI'PAHHYEHB!I €IUHHIECH H TIIpH KaXK-

1 1
JoM x > 0 00pa3yloT MOHOTOHHYIO MOC/A€J0BaTeJbHOCTD |— — ———— >

n* n—+ 1)*
> 0) , a paa Zan CXOIHUTCS MO YCJOBHIO; MO3TOMY, IO NMpH3HAKY AGess,

a
pAn 2;2 " CXOAMTCSI paBHOMepHO npu x > 0, yto u Tpe6oBasoCh JOKa3arh.

[

153. ITokasatb, uto (yHKIHA f(X) = 2 Slzanx HenpepblBHA H HMEET

n=1
HENPepLIBHYIO TPOU3BOAHYI0 B 06/1aCTH —oo << X < - co.
Pewenne. @Dyukuunm sinnx, cosnx HeNpepblBHBI B YKa3aHHOH 00-
Jactd. Kpome Toro, psibl

f(x):Esinnx’ f,(x):Vcosnx,

ns o 12
n=1 n=1

B CHJy npusHaka Bedepiurpacca, cxonsarcss paBHoMepHo. [TosTomy, Bo-mep-
BBIX, NouseHHoe aHddepeHUHpOBaHHE MAHHOTO psifia, Mo M. 8°, 3aKOHHO;
BO-BTOpBIX, MO M. 6°, dpyHKUUH f(x) U [’ (x) HEnpepbIBHBHL

+

154. Tlokasatb, uto ¢yHKRUHA [(X) = E ﬁ2 a) ompejesneHa u

N=—o0
HenpepblBHA BO BCeX TOYKAX, 3a MCKJ/IOYEHHEM LEJOYHCAeHHbIX: X = 0,
+1, +2, ...; 6) nepuogHueckas C NepHOAOM, paBHbIM 1.

Pemenne. a) ®Oynkuuu [, (x) = = HeNnpepulBHEI 1NpPU  Bcex

x#=n (n=0, +1, +2, ...). IlpeacraBnss f,(x) B BUIE
1 1
falt) = 3+ ——
1

u o6o3Hayass a = max(|a|, |b|), BuxuM, uro npu Bcex x € (a, b), rue
(a, b) — moGo#t uHTEpBaJI, HE COAEPKALIUNA TOUEK X = 1, QYHKUHUH —Ix-—2
3]
n

H MOHOTOHHbBI TIpH KaxJI0M (bHKCHpOBaH-

(n=+0, |n|>a)

OTpaHHYEHB! YHCIIOM —
\ ] —
(=)
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N _
HOM X € (a, b). Pan Zﬁg (n =% 0) cxoauTcs paBHOMEPHO, TaK KaK ero

yleHbl He 3aBHcAT OT X. Ilostomy, mo npusnaky AGens, psg ¢ uleHaMmH
f.(x) cxonutcst paBHOMepHO Ha (a, b). Tlockonbky (a, b)— npousBoabHHI
WHTEpBAJ, HE COonepXKamuil ToueK x=n, TO pag X f,(X) cxomurcs
K QYHKUHH [ (X) paBHOMEPHO Ha KaM oM 3aMKHYTOM MHOKECTBe, HE COJlep-
xKamem Touek x =0, +1, +2, ... . A Torza, mo m. 6° 3akJaIOuaew,
yTo yHKUHA [(X) HenpepbiBHA B o6nacTi CYIL1eCTBOBaHHSI.

0) IlockonbKy 3ameHa x Ha X -~ 1 3KBHBalleHTHA 3aMeHe IOJ 3HAKOM
cymMMbl psiza n Ha n 1, To f(x 4 1)=f(x), 1. e. byukuua f(x) ne-
puoaMuecKasi C MepHOAOM, PaBHBIM |

155. Tlokasath, uto psig Y (nxe—"™* — (n — 1) xe=@—D%)  cxomutcs
n=1

HepaBHOMepHO Ha cermente [0, 1], onHako ero cymma ectb (QPYHKIHS,
HenpepniBHAsA Ha 3TOM CEeTrMEHTe.
Pewenune. Hmeem:

S, (%) = kgl (kxe—** — x (B — 1) e=k—=1x) = pye—n%,

S(x)=1imS,(x) =0, x¢[0, 1].

n— 0

Takum ofpasoM, S (x) —wuenpepriBHasgs Ha [0, 1] ¢yukuus. Opgxaxo

1 o
sup [S,I (¥) — S (x)| = -, mosTOMY pAN CXORUTCS K CBOEH CymMe He-
x¢[0
paBHowepHo.

156. Onpenenuts 001acTH CyIIEeCTBOBaHHs (GyHKIUU f(x) ¥ Hccaeno-

(o]

BaTh €€ Ha HENpepLIBHOCTb, ecIH a) f(x) = 2 (x—]——;l )n y 6) f(x)=

n=1

Y x-fn (=", _\1 X
L L N ICEDIE =

n==1 n=l1

Pewenue. a) Ilo npusnaky Kowmwn, psx exomurcs, ecam lim|x -

P ]

+% <1, T e mpu |x|<l (u pacxomurcs mpu |x|>1, Tak KaK

B 3TOM CJydae OOILMH 4I€H psAja He CTpeMHTCA K Hymo). OyHkuus f(x),
TakuM ofpa3om, onpereqenHa npu |x|<< 1. Tlpu |x| <r< 1 ¢ysruHo-
HAMBHBIA PsAJ CXORUTCS PaBHOMEPHO, IIOCKOJIbKY CXOAUTCS MaXKOpaHTHBIH

1\n
JJ1s HEro psiji C YJIeHaMH (r + —| . IlosToMy, Ha OCHOBaHHH 1. 6°, MOXKHO
yTBepKAAThb, 4TO (pyHKLmﬂ f(x) HenpeprBHa npu | x| < r< 1, 1. e. Henpe-
pbiBHa Ha HMHTepBane (—1,
X n
6) Pyukuun f,(x) = —+—;L(—n§)— HeNpepeiBHB NpH —oo < X << -} 0o,
a psgx ¢ uieHamu f,(x) paBHOMEPHO CXQIUTCSI Ha Bcelf UHCJIOBOM OCH.
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B camom pmene, mpencraBuB (pyHKumi f.(x) B BHIE

a0 = i (5 52).

2
5 MOHOTOHHBI M OTrpaHHYeHbl MpH

n
aaMmeyaeM, 4To (YHKUHH @, (X) = P

(-]

— 1y
KaxIoM X, a psf Z ( —I—( 1) ) CXOAUTCSI DaBHOMEPHO Ha KaXJIOM

n=1
HHTepBasie (—L, L), B CHJY 4ero psj Z f.(x), no npusnaky Abens, cxo-

JMTCSi DaBHOMEPHO Ha (—L, L). Hoaromy CyMMa psiia fIBJsieTcsl Herpe-
puiBHOH ¢ynkuueds Ha (—L, L). B cuay npousBONBbHOCTH uyHcaa L,
yTBEpKAaeM, YTO CyMMa psjia HenpepbiBHA Ha BCEH YMCJIOBOH OCH.

B) Psin cxomutrcs Ha Bcell uHCJIOBOH OCH. Brluucnass ero cymmy,
noJjyyaem:

Flx) = —)l;, ecan x = 0;

0, ecau x=0.

OueBuzHO, (yHKUHs f(Xx) HempepriBHA 1npd X =% 0 M paspbiBHA B TOUKe
x=0.

157. Ilyctb r, (R=1, 2, ...) — pauuoHa/nbHbIEe ynucaa cermenTa [0, 1].
ITokasatb, yto (PyHKUHA

(<]
!

fo=Y 2% ocrc (1)

k=1 3

ob/najnaer cAeAyIOIUMH cBoicTBamH: 1) HempepriBHA; 2) audbdepeHIHpyema
B UppalMOHAIbHLIX TOYKax W He auddepeHuypyeMa B palHOHAIbHBIX TOY-
Kax unrepana (0, 1).

HokaszaTenbcTBo. DPYHKUMM a4 (X) =|X—r,| HeNnpepbBHEI IIpH
JiobomM x. Kpome Toro, naHHeli (YHKUHOHAJBHBIH psifi, Ha OCHOBaHHH
Ma)XOpaHTHOT'O npu3Haka Belepmtpacca, cXozurcsi paBHoMepHo. Ilostomy,
corsiacHo 1. 6°, ¢yHkuuA f(x) HenpepniBHA.

[lyctp panuoHanbHble yucia uHTepBana (0, 1) mpoHymepoBaHbl, HampH-
Mep, B MOpsiAKe, YKA3aHHOM CTpeJIKaMH B CJeAymnomied TabJule:

1

-l L
3 4

Sl S
///
A

S0 e9 S0 o o !Q‘

W

oo —a— oo
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OueBuzHO, 1Jsi JIOGOTO HPPAIMOHATBHOTO YHCJIA [ M3 TOTO, UTO |{ — 1, | —
- 0, crenyer, uto k- co.

idAx—r, | —|i—r,]
Psn 2 | x kl3k k , Tie Ax - 0, pazo6bpbeM Ha JBe 4acTH
x-

Mo CJeAyIONEMY TNpaBHJAY: B NepBYylO YacTb (I) moMecTHM Te €ro uJeHw,
HOMep KOTOpPBIX YAOBJIETBOpSET HEepaBeHCTBY

i —r,] >|Ax], (2)
a Bo Bropylo 4YacTb (II)— wieHsl ¢ HomepamH, oOnpeAe/sOIHUMHCA Hepa-
BEHCTBOM

|i—r,| <|Ax]. (3)

 Takum obpasoM, HMeeM:

[

2 i+ Ax—ryj—|i—r,i “_2_}_2
Ax - 3F ’
I 11

k=1

OTKYJ4a, YYMThiBas HepaBeHCTBA (2) M (3), MoJyyaeM OLIEHKY

° . Ax — I P
Elz—]—x ry|—|i rkl__zsgn(zg’k r.) < 3 4)

3 e
k=1 Ax -3 I 3

[lyctb Ax — 0. Torma us (3) caemyer, uro |{—r,|— 0. D10 03Ha-
yaeT, YTO psi CrnpaBa B (4) HauHeT «TepsTb» WYIEHBI, BOOOLIEe T'OBOPS,
B IPOM3BOJIBHOM IOPAJAKE; HO, B CUJY 2aMeuaHHsi, CAEJIaHHOrO BhIILE, NPH
CTpeMJIeHHH Ax K HYJI0 U3 YyKasaHHOro psjaa OyAyT YXOmuThb GoJbliHe

3 1
yJeHbl, TaK YTO zgé’* O BCceACTBHE CXOAMMOCTH psja Z 35"
11 k=1
CnenoBatenbno, U3 (4) HaXOAHM:

[}

Fa=Y 20 gy,

3k
k=1

[Tycts x = r,. IlpencraBnsem (1) B Buae

n__

Fo =250l ¢ Z"‘_’k + Y e

k=n-1
OueBuaHo, (HyHKUHSA l%’—, He jauddepeHIHpyeMa B TOUKE X == 7,
a (yHKUUH
n—1 0
| x —rp [x—rp]
Z 3k H 2 3k
k=1 k=n-1

nuddepeHipyeMbl B 3TOH Touke. IlostomMy cymma Tpex (yHKUHMH ecTh
¢bynkuMa He auddepeHuHpyeMas.
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158. [okasarp, uro n3era-pyHkuus Pumana

-]

1
c(¥)= 2=
=1

HenpepeiBHA B o6jacTd x>1 u uMeer B 3TOH oO.nacTH HenpepbBHbIE
IPOU3BOJHbIE BCEX MOPSAKOB.

HokaszarteabctBo. Ilycth x > x5 > 1. Toraa, B cu1y CXOAUMOCTH
psza

YEE (p=0,1,2 .. M

n
n=1

u npu3Haka Befiepiurpacca, 3akiioyaeM, 4TO Dsf

InP n InP n
nx O
n=1 n=

CXOJUTCS1 paBHOMEPHO INpH X > x, > 1. Tak kak, Kpome TOro, (QyHKIHH
n—* HenpepulBHBI B yKa3aHHoOH oOmaacTH, To, no m. 6°, ¢yHKuuH

o

InP n
0 (1) = (=1 1)

n=1

TaK»Ke HeNpepeiBHBI HpH X > X, >1, T. e. npu x > 1.

CXO}U/IMOCTb psana (l) BbITEKAET H3 IIPH3HAKOB CpPaBHEHHA H OLECHKH
x,—1

Inffn<n 2 (xy>1), cnpaBefIMBOH TNIPH JOCTATOYHO OGOJIBLIOM A.
159. Iokasarb, YTO T3Ta-(QyHKLHUS

+oa

b (x) = Z e

N=——o00

onpefieneHa U GeckoHeuHO au(Qepenuupyema npu x > 0.
HokxaszarteabcTBO. CXOOUMOCTb psia BEITEKAET H3 CXOAMMOCTH psifia
c ofmMM u/leHoM e ™* y npusHaka cpaBHEHHs (e~ ™ < e~ wI"lY) 1. e,
¢ynxuusa 0(x) onpenenena npu x > 0.
Jlanee, paccMOTpHM psiz
oo
S e (p=1, 2, ...), (1)

Ne==-——00

The X > Xo >0, sB/somuiicst MaKOPHPYIOMM 0 OTHOUIEHHIO K psdy

+ o0
Z 72p 2= mnx (2)

Ne—=—o

Ilockonbky psa (1), no npusnaky Komm, cxomures, To, Mo npusHaky
Befiepiutpacca, psax (2) cxopurcsi paBHomepHo. CienoBatenbHO, 1o m. 8°,
¢yskuns 0 (x) mo6oe yueao pas (p=1, 2, ...) auddepeHunpyema npu
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X> X, >0. B cuny npousBOJBHOCTH 4YHCJA X, CHAENAHHOE 3aKJIIOYeHHe

npuroxHo npu x > 0.
160. Omnperenuts 0671acTh CYyLIECTBOBaHUs (YHKUMH f(X) U Hccaeno-

00

BaTb ee Ha auddepeHunpyeMocTb, ecau: a) f(x) = Z %—I_’-)_—?; 0) [(x)=

n=1

o0

_E | x]
o n?4-x%°

n=1

X
Pewenue. a) OyHKIHOHANbHAS NOC/TEI0BATEIBHOCTD ~ T TP X~

== —/1 MOHOTOHHO TI0 72 CTpeMHTcs1 K Hy/10. CrenoBarenbHO, MO MPH3HAKY
JleitbHuua, psag cxoauTcs, T. €. (YHKUMA [(X) cCymecTByeT mNpd BCeX
X = —n.

14

Tak kak QyHKUINU (n j_ x)x = 4'_1 w2 HEMPepbIBHEL IIPH X % —1 U psif

’ — n(—hHnr
f (x) A m:

n=1\

B cuay npu3Haka [upuxne, cxogutcst paBHOMEpPHO, TO ModseHHoe aH(be-

pEHIIPOBaHHE Psia a) 3aKOHHO.
6) Psn cxoxutcss paBHOMEpPHO, 1O NpH3HAKy Befepiurpacca, npu Bcex

o X
KOHeYHHIX X. JleAcTBHTE/NIbHO, 3]€Ch m<7ﬁ (A=const) u pan

2

(—oo < x<< +0).
Hanee, BbinmosnHas QopmasnbHOe AHdGbepeHIMpoBaHHE psja, IOJydYaem:

1
2’—1— cxoautcs. CrenoBatesbHO, (GYHKLMA f(X) CyImeCTBYeT IpH BCeX X

[

’ 2 — x|
=YL (e 0) (1)
n=1
2 2
TTockonbKy @, (X) = n annz)fl_:;;l x| <= ;; £ < 2:4 = % NpH 11 > Ny U PSR

. | 2 o
L? cxonuTcs, TOo, no npusHaky Bedepiutpacca, pan (1) cxoautcst paBHO-

mepuo npu |x|<<A. A rToraa, npuHHMash BO BHMMaHHE HeINpPepbIBHOCTD
dyskuMi ¢, (x) npu x =0 M yuuTeBasd m. 8°, 3ak/JIO4aeM, 4YTO IOYJIEH-
Hoe auddepeHnHpoBaHUe psina O) clpaBenTHBO.

JIlna wucciaenoBaHuss Ha auddepeHuupyeMocts psiga 6) B Touke x = 0
paccMOTPUM

00

jm LO—10 _ iy (1B0Y 1)

Axor 40 Ax Axo+0\ AX n? 4 (Ax)?

n=1
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l A1
3mechb psx 2 T (Am? CXOAHTCS PABHOMEPHO IO MPH3HAKY Beitepirpacca.
[Tostomy, no m. 9°,

. \ | 1
AI;TO n2+ BoE 2 — < +o. (3)

Torna KaK CIelyer M3 (2), ¢ ysetom (3) MoxHO Hanucatb: fi (0)=

o= 2 I (0)—-—-Z~—. Takum o6pasom, ¢yHKUHST f(X¥) B TOuke

X = 0 He ,ump(bepeHquyeMa :
161. [Ipu Kakux 3HaAUEHHSIX NapameTpa a: a) MOCJEA0BATEIbHOCTD

[n (x) = n*xe="* ()

(n=1, 2, .+.) cxonurca Ha cermente [0, 1]; 6) nocnenosatenbHOCTH (1)
cxoaurcst papHomepHo Ha [0, 1]; B) BO3MOXKEH NpejesbHBIA mepexoj Moj
3HAKOM HHTerpasa

1

lim S fn(x) dx?

= 00 0

" Pewenwne. a) Eciu x >0, To, ucnonb3ys npasuno Jlonurans, jerko
npoBeputb, yto lim y2xe—%* = 0 npu mobom a. [Ipy x=0 lim f,(0) =
‘ y.—)——*—-oc n-oo
= 0 —oueBHaHO. Ilostomy lim f,(x)= 0 npu Bcex x¢ [0, 1].

n—+ o

6) Ilockonbky
0, ecaua<<ly
lim ( sup nxe—"¥) = Timm—1=] L ecmna= 1;

n+o xc[0, 1] n—+o e’
+ o, ecau a > 1,

TO, HAa OCHOBAHHH YyTBepxKJeHHs npumepa 119, naHHasi mocJsie0BaTe1bHOCTD
CXOJHUTCS1 PAaBHOMEPHO TOJBKO NpH a < 1,
1

B) Tak kak Slim [,(x)dx =0, a

0 e
1

lim \ f,(x)dx = lim ((;1-15 — e " (% 4- _,11)) n“)

n—> oo =00
0

paBeH HYJIIO JIHIIb NpH a << 2, TO MNpeAeabHbId Iepexox MNOJ 3HAKOM HH-
Terpaja BO3MOXKEH TOJBKO MNpH a << 2.

162. Ilokasarb, 4TO mOCAENOBATENBLHOCTD f,(X) = nx(1 —x)* (n =
=1, 2, +..) CXOAUTCS HepaBHOMepHO Ha cermeHTe [0, 1], omHako

lim Sf,, (X)dx = S lim f, (x) dx,

n+oo0 n—+ o
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Pemenue. QOueBunno, npenenabHas ¢yHKuus papHa HyJio Ha [0, 1].
Hanee,

# 0,

lim (sup (nx(1 —x)") = ]im(

n— oo XE[O, 1] n-— o

n \ntl 1
n-+1
TIOSTOMY IIOCJI€I0BAaTENbHOCTb [, (X) CXONUTCS HepaBHOMEpHO. B To Ke
BpeMsl
1 1
limn Sx(l —x)"dx = limn g (1 —uw)u'du =

N+ oo 0 n—>o (‘)

= lim =0
neve (1 +1) (n+2) ’
yTO ¥ TpeboBalIOCh NOKa3aTh.
Haiitu:

[

163. lim Y,

x-+1—0 n=1

Pewmenue. JlauHbifi psin, cornacHo npusHaky Abess, CXOAUTCSA paB-

. (——1)’”‘1 xn (_1)n+1
HOMepHO B o6actH X > 1. Kpome Toro, xllﬁrio n T CEIIT T om !

03TOMY, 1o 1. 9°, BO3MOXKEH Ipele/bHbIA NepeXof I0J 3HAKOM CYMMBIL

(—1)n+t xn
n_ xtJ1°

[ [}

(_1)n+1 xn 1 (__1)n+1

R R

lim
x-+1—0
n=1

1
= 5 In 2.

S
—

164. lim 2 (xn — xn+1),

x=+1—0 n=1
Pemenue. IlockonbKy HaHHBIA DALl CXOAMTCS HepaBHOMepHO Ha [0, 1],
TO MbBl He HMeeM IpaBa NEPeXOAHTb K TIpefeay NOJ 3HaKOM CYMMBI.
[losToMy HaifiieM 3TOT npejes, NpeaBapUTeIbHO BBIYHC/IUB CYMMY JAHHOTO
pana. Mmeem:

lim 2(1-—x = lim (lim (1 — ") =
xX=+1—0 n=1 X+1—0 nooo
. I, eciu 0 < x< 1}
== hm =1.
x21—0 10, ecanm x =1,

. 1
165. lim 2———— )
x>0 2nnx

Pewenne. JlaHHbil psif, B CHIy NpH3HaKa BefiepiuTpacca, exoaurcs
paBHOMepHO TpH X > 0. Ilostomy, mo m. 9°, uMeem:

(-]

Y 1 1
lim 2 3 im L=V 1
x—’.+0 2fl x—’+0 2nnx ”H‘l 2n
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166. lim 2 T e

X+ 00

x2 1 1
Pemenue. Ilockonbky _ S<lip< s e = H psax V 5 CXOJUTCH,
TO, N0 MNpH3HAKYy Beflepirpacca, AaHHBIA psIL CXORUTCS pABHOMEpHO. 3a-
xz
1 4 n2x2

AeJ1y 0 3HAaKOM CYMMBLI:

1im2ﬂ1+n2x2 Z lé

Meuas eme, 4to lim

X — 00

= —3, Ha OCHOBaHWH 1. 9°, mepexozum K npe-

X—

oo

167. 3akoHHO JU TouleHHoe AuddepeHUUpOBaHNE psina Zarctg%?

n=l1

Pemenne. @yHxuuu arctg (n=1, 2, ...) HenpepuiBHO AU e-

0
n2

peHuHpyemMbl NpH | X| < +4-oco. Kpome TOro, psip npoH3sBOAHBIX Em,
n=1

B CHJy NpHu3HaKa Befiepuitpacca, CXORHTCS paBHOMEPHO MNpH | x| < 4 oo.

CnenoBartenbHo, nmo m. 8°, nowieHHoe AuddepeHnupoBaHHE pPsia 3aKOHHO.

o0

1 1

168. 3aKoHHO JIH TMOYJIEHHOE HHTErpPHPOBaHHE psija E( x2n+1 x?rz—l)

n=|\ )
na cermente [0, 1]?

Pewenune. Jlauubli pyHKIHOHANBHBIH psi cxonutes Ha [0, 1] HepaBHo-
MepHO. JleH#CTBHTeNbHO, M1 YacTHYHOH cyMMbI S,(x) u cymMMbl S(x)
psna uMmeeM:

1

Sn (x) = —X 4 xml, S(JC) — { O, ecit x = 0;

1l —x, ecrn O<x <.

BuauM, yto cymma psaga — paspbiBHas GYHKUHUS, TOITOMY psifi HE MOXKeT
CXOJMTBbCS PaBHOMEpHO. TeM He MeHee, NOCKOJBKY

1 o 1 1
! n n— l
0SS(x)dxwz—Q- H Z§(x2+‘ x2 1>dx-—~22n(n+l)

n=1 n=|1

TO NOYJEHHOE HHTEIPHPOBaHHE pSifa 3aKOHHO.

169. Ilyctb f(x) (—co0 < ¥ < 4 o) — GeckoHeyHo auddeperyupyemas
(QYHKLHA H [OC/JeN0BATE/ILHOCTh ee NMPOM3BOAHBIX [V (x) (n=1, 2, ...)
CXOIHUTCS PAaBHOMEPHO Ha KaxKAOM KOHEYHOM HHTepBase (@, 0) K (GyHKIHH
¢ (x). IdokasaTb, yTO ¢ (X) = ce*, rle ¢— IOCTOsIHHAs BEJIHYMHA.
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IlokasaTteabcTBO. B cuny paBHoMepHO# cxonumoctH f™ (x) K DyHK-
uin ¢ (x), Ve >0 JN (¢) Takoe, uto Vn> N(s) Ana Bcex x¢€ (a, b)
CrpaBe/l/INBEl HEPABEHCTBA

¢ (1) —e <[ (%) < ¢ (x) +-¢,
¢ () —e < frth () < ¢ (x) +e,

YwMHoxKast ofe yacTH MNepBOro HepaBeHCTBA Ha 1, BToporo —Ha (x, — X),

TpeTbero — Ha (_xo_2—’_x)f H T. 1., a 3aTeM CKJaJbiBasi pe3yJ/ibTaThl, MOIYYaeM:
\ k
(¢ (x)—¢) 2 (xO < 2 flthy (x) Lo — 2 (xo x)
k=0
<(?(x)+€)z (xo (a<x<xo<b)

Orcloga HaxoJHUM:
(¢ (X) — &) eXo—* << V) (xg) < (o (x) + &) eX™*, unm
|1 (xo) €% — ¢ (x) | < e.

@ (X) = e*~* lim " (x,). (1)
N~ oo
Ho rtak kak, no ycaoBuio, f((x)=¢(x), 1o fim (xo) - ¢ (%,). ITostomy
u3 (1) caenyer, uto ¢ (x) = ¢ (xg)e*—* = ce*, rae ¢ = ¢ (xy) e * = const.
IlockoabKy (YHKUMSA e* HenpepblBHA HAa BCEH YHCJOBOH OCH M CHCTEMY
MHTEpBAJOB MOXHO BbIOpaTb B3aMMOIEpPEKPLIBAIOILYIOCH, TO (QYHKIHS
o (X¥) = ce* Ha BCell YHCJIOBOH OCH.
170. ITycte ¢pynkumu f,(x) (n=1, . .) OlpefieJieHBl U OT'PaHHYEeHbI
Ha (—oo, o) U f, (%) T ¢ (x) Ha Kaxmozw cermenre [a, b]. Caenyer su
orcioia, 4yto lim (sup [n(X) = sup ¢ (x)?

N~ 00
PemeHye. paCCMOTpHM npnvxep [o(x) =e——"" (n=1, 2, ...).
3necy QyHKnuu f, (x) OTaHHYEHEI (exmnuned) v ¢ (x) =0 Ha [a b] Tax
KakK sup f.(x) =e=0C=0* u lime—®—"" =0, TO mNOCAENOBATENHLHOCTD

a<x<h n—+ oo
fn(X) cxomuTcst paBHOMEpHO Ha [a, b]. OnHaKo, OCKOMIBKY  sup [, (x) =
—0 <X

CuieoBaTebHO,

=e—n—m*=1 TO
lim (sup , (4)) = sup & (+)

n— oo

Takum o6pa3oM, OTBeT OTpHIATEJIEH.

§ 5. CreneHeble pagbl

I°. MuTtepBas u paguyc CXOLHMOCTH CTENEHHOTO psAja.
Pan Buza

(o]

E a, ()C __a)n

n=0
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HasbIBAETCA CHIENeHHbIM pPAOOM; @, — KOIhhuyuermsl CTENEHHOTO PAJa,
(oHH He 3aBHCAT OT X), a — (UKCHPOBaHHAsi TOYKA HA YHCJOBOH OCH.
OG6sacTb CXONMMOCTH CTENEHHOTO psija BCerja HMeeT BHJ HHTepBasa
|x—a|< R, rae R—paduyc cxodumocmu crenenHoro psga (R > 0).
Pagnyc cxonumoctn MoxeT ObiThb omnpefesieH no ¢opmyde Komu—A namapa

g = my/Ta,] (A)
U4 1o ¢opMmyJe
R = lim | 2|, (B)
n— oo an+1

€CJIM 3TOT Mpefies1 cyulecTByeT. B caywae, Korpa npemen (A) paBeH HyJIO
wm korna mnpenea (B) paBeH oo, cTenmeHHOH psifi CXOAUTCS HA Beel
YHCJIOBOH OCH.

JlJis BBIACHEHHs! BONpPOCA O MOBEJEHHH CTeNeHHOro psifa B KOHIEBbIX
TOYKAX HHTEpBaJa CXOAUMOCTH CJeyeT IOJIb30BAThbCA NPU3HAKAMH CXOIH-
MOCTH YHCJOBBIX psAnoB (uckimouasi npusHaku Kowwm, [lanambepa u um
10J00HbIE).

2°. OcHoBHBIEe cBOfcTBa cTeneHHB X paxoB. Cymma creneH-
HOT'0 psJia BHYTPU HHTepBaJa CXOAHUMOCTH IIpeACTaBJsieT cOo0OH HenpephiB-
Hylo ¢yHkuuo. DoJsiee Toro, BHYTpH HHTepBajJa CXOLHUMOCTH OHa 6ecKo-
HeyHO AM(depeHLHpyema.

Eciu creneHHOH psif HA KOHIE €ro HMHTepBasja CXOAMMOCTH X = R+ a
pacxoJuTcs, TO CXOQUMOCTb psifa B HHTepBate [a, R -+ a) He MoxkeT OHITh
paBHOMEDHOH.

Ecau creneHHo#t psin cxoiutcs npH X = R -4-a, TO CXOAUMOCTb psiaa
6yneT paBHOMEpHOH W Ha cermenre [a, R - al.

Teopema AGens. Ecau cmenennoli pad cxodumcs 8 mouke x =
= R -+ a, mo ezo cymma S(x) ecmb HenpepoiBHAs cAe8a PYHKYUA 8 IMOl
mouxe, T. €.

M —_ n
SRE = ML SW= 2ok
AHaJloruyHble yTBEPXKAECHHUS CIpPaBe/JIMBBL U J/151 JIEBOI'O KOHI@ HHTEep-
BaJjla CXOAHUMOCTH.
3°. Pasnoxenne dyHkuuu B pang Teinopa. Ecan ¢ysk-
uusi f(x) MoxeT ObIThb pasJsioxKeHa Ha MHTepBase (@ — R, a 4+ R) B crenen-
HOM DS, TO 3TOT psif siBasiercsi padom Tedropa nas GyHKuuH f(x).
s toro utoGer GyHKuus f(x) morsna ObTh pasJoxkena B psj Teilnopa
Ha unTepBate (@ — R, a4 R), Heo6X0qUMO H JOCTaTOYHO, YTOGbI OHA
6bl1a GecKoHeyHO AuddepeHIpyeMa U ocTaTouHbli useH B QopMmyne Tei-
Jopa 1 3TOH (DYHKUHH CTPEMHJICS K HYJIO NPH 71— co Ha YKa3aHHOM
HHTepBase. PasjoxxeHHe HMeeT BHA:

=Y L@ ap, ®)
k=0

®yukuusa f(x), pasnaraiomwascs B pajn Teiiopa, HaspIBaeTCs QHAaAU-
muveckod u ee pasnoxenue (B) eauHcTBeHHO,
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[TpakTHueCKH BaXKHBIMH SIBJIAIOTCS CJy4yau NPeLCTaBJEHHS] OCTaTOYHOTO
yseHa pasnoxenuss (B) (uau ocrarka psiza (B)) B ¢opme Jlarpamxka

(k) (n+1) 0 (x —
( ) f(x) v !(a) (x _____a)k — f (gli 1)(]x a)) (x _a)n-}—l

k=0

u B ¢opme Kouuu

(n+1 —
Ro(y) = L@t he= ) (g (6 — g,

rie 0<b<l, 0<b,< 1.

4°. Tlonarass B ¢opmyne (B) a =0, nonyuyum nsaTb OCHOBHLIX pas-
JIOXKEHHH:

exzz 2 x]< ).
—1)nx2n+1
smx——z ((Qn)-:l)v (x] << o).

III. cosx = 2 (_:Q)n)fzn (x| << o).

n=0

V. (1 4xr=14+ 320D @it D (1 <x< ).

n=1
V. In(l 4 x) = Z(—l)n—l" (—l<x< 1)

5°. Omepauuu HajJg CTeNMeHHBIMH psAgaMH. Psuul

(-]

da,(x—a)" u 20 b, (x— a)"

n=0

BCerJa HMMeIOT OOLIMiI MHTepBaJ CXOAMMOCTH H BHYTDH 3TOTO MHTepBasia
CNpaBe/IUBbI CJEYyIOIHEe ONepalH CJIOKEHHS] H YMHOXEHHs:

» 3 ay(x—ay - p 3 buv—ar = 3 0+ pb) (v —a)
X a,(x—a)"- 2 bu(x —a)* = X ¢, (x —a)?,
n=0 n=0 n=0
rne ¢, =agh, +ab, -+ +++ 4+ a,by; A, p—uncaa.
Kpome sTOro, BHYTPH HHTepBajla CXOAHMOCTH CTENEHHOH psili MOMKHO
nouteHHo JaupdepeHHUpOBaTb M MOUJEHHO WHTErPHPOBaTh; IIPU  3TOM
HHTEpBAad CXOAUMOCTH IIOJIy4eHHOrO TakHM o00pasoM psja COBNaAaeT
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C VHTEpPBAJOM CXOAMMOCTH HcxonHoro psina. CoorercTByroline GHopMyJIE!
UMEIOT BMJ:

[+

(3 ap(w—ay) = 3 (24 1)ty (6 —a)t,

n=0 n=0
g(E a, (x ——a)”) dr = ¥ ;% (r—ayH 4 C.
n=0 n=0

OnpenenuTh paguyc W HHTEPBAJ CXONHUMOCTH H HCCJIEJOBATh NOBeJeHHe
B I'DaHUYHBIX TOYKAaxX HHTEPBaja CXOJHUMOCTH CJEAYIOIHX CTelleHHBIX PSI0B:

171, Y EEED 6y
=1

Pemenune. Ilo dopmyne Kommn—Anamapa umeem:

—_— ] . 2k/QE L 4k
1 —Tim 4/ |3+ D] = lim /% +-4%
n br 00 2k

n—=co

4 2
NOSTOMY TPH — & <X X << — % P/l CXOJUTCS abCOJIIOTHO.
Hccrenyem noaeneHue CTeneHHoro psila Ha KOHHAX HHTepBasja CXO-

4

auvoctd.  Ilyers x = —— . HerpyaHo Bujiets, 4T0 psn

23"—1— (=2)" (—1>n 2<—1>”+ 1( )
n=1

CXOAMTCS, TaK KaK paBeH CyMMe JBYX CXOJSIIHXCS PSJOB.
2 .
Ilycte x = — . Torpma umciaoBoit psf

2
EB”tén‘Q’”,

2 n
l + (_ K .)
" (—2) 3 1
B CHJY IIpHU3HAKa CpABHEHHS, PACXOAUTESA 3 = o >4Tri .
4 o
ChnenoBaTesIbHO, B TOYKe X = — 3 CTENeHHOH DAl CXOIMTCA JiHlb YyC-
2
JIOBHO, 4 B TOUKE X = ———3- — pacCxoauTcCs.

(n)? |
172. 2 o %

Pewenune. Ilo ¢opmyne (B) naxonum:

e @)P@n ) . @rED@n+d
R=lim Ty — im —arne 14

No3TOMY IpH | x| << 4 pslX CXOAUTCS abCOMIOTHO.

e
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.. i} )2 4n
[Ipy x =4 noJsyyaeM YHCJIOBOH Psif 2 a,, rae a,= T—('z ),,)g . To-

n=1
an 1 1
S I . — . or 4TO
CKOMIbKY = l —5- +357; e a, << Q,y;- ITO O3HAYaer, 0
MoCJIeI0BaTeIbHOCTL @, MOHOTOHHO Bo3pactaer. CrenoBatesbHO, OOLIHI
uleH pAfa K HYyJIO He CTpeMuTcsi, T. e. psax pacxoaurcs. [lo stoit xe

NpHYHHE OH pacXoAUTCA H B TOUYKE X = —4,

(o) nz
173. 2 (1 +,17) .
n=1

Pewenune. Ilo ¢opuyne Komnm—Apnamapa HaxoiuM paguyc CXOJH-
MOCTH psia:

n— o0

1 . 1\n
F= 11m<1+71-) =e.
| 1
CnenoBatenbHo, npu |x| << — pax cxonures abcomorHo. Ilpy x = —

. 1 n
rnoJjydaeM 4HCJIOBOH Psifg 2 a,, Tle q,= (1 + 71—) ot HOKH}KBM, qTo
n=1

OOUIMH YJeH 3TOro psia K HY/MO He CTpeMuTcs. J[leHCTBHTENBHO, HMeeM:

1 1 1

/ 1 1
—n+n2ln (l + rT) —n+uz(71- — 52 +O(F)) e_ 5"
=€ —_-

a, =e , N —>00.

1 il L2
Takum oOpasom, B Touke X = — CTENeHHO# pPsj PacXOAHTCH. I'lo Toit xe

1
IIpHYHHE OH paACXOAHUTCA H B TOYKE X = —

!
174. Ef—xn (@>1).
n=I1
Pemenune. Haxoaum paguyc cxommmocta psapa mno cdopmyae (B).
Hmeem:
nlgn+D? . g%l

R =nl—1>r£ a™ (n + 1) :nlirgn‘{- = T

CJeJJ0BaTe/IbHO, NAHHBIA CTElleHHOH pPAJ CXOJAUTCS Ha BCEH 4HCJIOBOH OCH.

o

-\ 1-3-5---(2n——1)px—1)”
17°'Z( 2-4-6-.-(2,1),) ( 5 )

n=1

Pewenue. Ilo ¢opmyne (B) naxogum:

L @n — DIl 21 4-2)I\p
R~_l1m2( @l @i DNl )

11~ 00

_ 2n1im(1 i %%)p — 9.

CnenoBaresbHo, nmpu —1 < X <3 psag cXoautcss abCOMOTHO.
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Ilpu wuccnenoBaHMu XapakTepa CXOMMMOCTH psila B Toukax x = —1
H x =3 noJub3yemcsi npuMepom 90 u mpusHakoMm I'aycca cooTBeTCTBEHHO.

Hmeem:
_ p(p
- (1+2n—|—1) I l_2n+1+2(2n+1)2+0( )

@n — 1)I1\p
rae a, = (=G| - Orcioma, yuuThIBasi YNOMSIHYTble MNpPU3HAKH, 3a-

KJoyaeM, 4TO B TouKe X = —] psigx cxoaurtcst mpu p >0, a npu p > 2
OH cxoxutcsi abcomorHo. CirenoBaTesibHO, B TOUKE X = —I OH CXOZHUTCSH
yeiaoBHO npu 0 < p < 2. B Touke x =3 psg cxoaurcss aGCOJIIOTHO MU
p>2u pacxonm*ca npu p < 2.

2n (nl)?
176. 2(—1 ((2 —1—1)!> X"

Pemenue. Ilo ¢popmyne (B) nosmyuaem:

Y 2n (n1)? @43t \o .. (2n43\p
R“llm((2n+1)x‘ 2”+1((n+1)!)2) “hm<n ) =2".

ITostomy psin cxomutcs aGcogoTHO NpH | x| < 2°.
PaccMOTpHM MOBefieHHE CTENEeHHOTO psina B IPAaHHYHBIX TOYKaX HHTEp-
Bajia CXOAMMOCTH. [/ 3TOrO oépaayeM OTHOLLIEHHE

=1 ] =1 o) >0

11— 00 n—» oo

an+1

__ [ 2t (nN)? \p n
rae a, = (m) - 277, Tlosb3ysick mpusHakoM I'aycca, U3 3TOro OTHO-
lIeHNs] HaXOAWM, YTO B TOuKe X = —2° pax cXoautcsi abGCOJIOTHO TNpH
p>2, anpu p<2 pan pacxoaurcsi. Ha ocHoBanun xe npumepa 90 ycra-
HaBJMBaeM, 4TO B ToukKe x = 2P psag cxoautcs npu p > 0; abCOJIOTHO
cxoxutcs npu p > 2 (nmo npusHaky [aycca). CioenoBaTesibHO, B 3TOH TOUKE
OH cxo;[mc;x ycJioBHO, ecad 0 < p < 2.

171. Em(m-—l) (m——n—[~1)

Pemenne. Jnsa yno6cTBa HCC/eNOBaHUS NPEACTAaBHM psifi B BHE!

i (_~1)n,_1(n~—l—m) n—m—=2)-.. (l—m)mxn-

n!

OueBupHo, psan cxoautcs abcomorHo, ecam m=20, 1, 2, ..., a x—
Joboe; nosToMy janee GyleMm cuutatb, yto m=£0, 1, 2,

Jlisl HaxoXJeHHs pajauyca CXOAHMOCTH npumeHnsieM ¢opmyay (bB).
Nmeem:

njnlz\ =1, rae

Qan

= lim

N~ oo

R = lim

n-» oo an+1
hn—m—1)(n—m—2)--- (I —m)m
n!

.
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Iycrs x = —1. Torga, cocTaBasis A/ad YHCIOBOTO psiia Xy @, OTHO-
ILIEHHE

an ___l_l_m+l+m(m+l) (1)

An+1 n n(n—m)

M NoJb3ysich npH3HakoM [aycca, HaxogWM, YTO B 3TOH TOUKE CTENEHHOH

psil CXOAUTCSl abcostoTHO, ecad m > 0, u pacxoxurcs, ecau m << 0.
[Tyctb x = 1. Torpa u3 (1), Ha ocHoBauuu npumepa 90, 3ak/iouaeM,

YTO CTENMeHHOH psij cxomutcs, ecan m > —I1. CinepoBarenbHo, npu — 1 <

<m< 0 pang cXoaurcsi yCJOBHO,
xn
178. 7 (a > 0).

Pemenue. [lo d)opmyne Komu—AzlaMapa HaXOJ{M:

. 1
— lim Y —-: = lim ——=1,
N~ 00 N+ —_—
aVn

T. € TpH | x| << 1 cremeHHOH psh CXOAUTCA abCOJIOTHO.

[Tosoxum ¥ =1 ¥ K NOJTy4eHHOMY YHCJIOBOMY psiy NPUMEHHUM TIpH3-
Hak PaaGe. Torma nosmyuum:

fimn (<2 — 1) = tima (2 1) = limn (e — 1
nirzn(an+l_ )_‘nin;n< aVn o ):n-lrrzn(en o )—
+ oo, ecan a > 1;
= Ina . lim(ny,) =1Ina - lim L 0, ecma=1;
n—v-oo( T) n— oo Vn—}—l—{-—Vn

—oo, ecau a<< 1,

Tae 1, = V' n+1—1V n. Cnegosatenbho, B Touke X = 1 cTeneHHOM psx
cxoautcst abcooTHO npu a > 1 M pacxoxutes, ecm 0< a < 1.

[lonoxuB x = —1, 3ameuaem, uro npu a< 1 psg pacxoaurcs, mo-
CKOJIbKY OOMH usleH ero He crpeMuTcs K Hy/mo. Ecau xe a > 1, o0,
10 HCCJEJOBAaHHOMY BbIllle, 3aKJIOYaeM, 4TO CTENeHHOH psJ B TOYKE X =
= —1 cxoautcs abCoMOTHO.

(=D n\*
179. 2 T(?) 3

n=I1

Pewmenune. Ilpumenss dopmyay (B), monyuaem:
- ,llf,”le( T 1) =1L

CnenoBatesbHO, mpd | x| << 1 creneHHo# psix cXomuTcss aGCOJIOTHO.
ITycte x=1. Torma, umes B BHAY YyTBepkKAeHHe mpumepa 90, Aas

n
psiaa Z(——l)" b,, roe b, = (%) F:T’ COCTaBUM OTHOLIEHHE

R =1lim

n—+ 0o

An+i
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Sn e(l — )" = e1+n]n(l— -,;%7):

bn+1
l_)
2

Tenepp BUAMM, YTO NO YKa3aHHOMY YTBEPXKIEHHIO PsIA CXOJHTCSL

Ilyctb x = —1. Torma, BocnoJsb3oBaBIIMCh TNpH3HAKOM [aycca, 13
oTHowleHHs1 (1) mosyyum, 4YTO CTENEeHHOH psij pacxonaurcs (31ech p = 1),
Orcrona crneayer, yTo B TOUKe X = 1 HMMeeT MecTO YCJIOBHasi CXOAMMOCTb.

180. Z(l gt +i)x".
n=1

SN—

n
_ el+n(—"r7:'——1 2(n+1)2 ( =141 + O* (__) (n—> ). (1)

=Inn+C+He, (cMm

1
n

Pemenune. Ilockoseky I+Ql__|_..._|_
npumep 85, ra. I, u. 1), 10

llm]/l—}- o SRR —l,;=1imn1/1nn+C+en——

n—+r o N~ 00

Takum o6pasoM, no c¢opmyne Komu—Anamapa, psa CXOXUTCS NpH
|x|<<1. B toukax x=1 u x= —I1_ pag pacxoautcsi, Tak Kak oOLIui
ujied psija Ha OCHOBAaHUM YKAa3aHHOIO BBILIE IPUMepa He CTPEMHTCS K HY.IIO
Inpp 1 —» co.

B+ (=)nn
g1, Y CECIN 4o
n=1
Pemenune. Ilpumensis ¢opmyny Komm—Apnamapa, nosnydaemi

_Il.é J— h .3_.—l__...(:1_)_ Hm .L 4.
n—r 0o .'/n n-—+ oo -/Qk

Orciona cheayer, 4to npu | x| << + PARL cxonuTcst aGCOOTHO.
Tak kak aaa no,unocnenosaTeanocm S, TIOCJIE10BATEJBHOCTH YacTHY-

(=D

nyn
HBIX CYMM YHCJOBOIO psiia 2 (———L—W—)- BBITOJIHSIETCS HEPAaBEHCTBO

n=1

n
| 1 1
Son> 5 2 s TO B TOYKE X = - P} PaCXOJHUTCS. Amnasniornyso B To4-
k=1

Ke X = 3% HMeeM:

1 1 1 1 1 1
O TR T R T

1
= 2 2k 2 %=1 2k —1)"

k=1
CuenoBarenbho, lim S,, = - oco; M0o3TOMy H B 3TOH TOYKe PsiJi PaCXOAUTCS.

n— oo
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=, .
182. 2 —— (psn Ilpuncreiima).
n=1
Pemenne. Cormacio ¢dopuyne Kown—Anamapa, HaxoauM:

. _ ]1m l/ 1)[1/er I _

N~ oo

Nn— oo ./n
Takum o0pa3oM, CTEIeHHOH psifi cxXoauTcs abCco/oTHO mpH | x| < 1.

B Toyke ¥ = 1 mnosydyaeM uHCJIOBOH psii, CXOAMMOCTb KOTOPOTO JOKa-
3aHa B npumepe 88.

B Touke x = —]1 mnosyuaeM psj
B vl - ne+val ~ 1
2 .( )n _ E (=" ) 2 e (1)
"= (49,16, .. =2

[TockoabKY TepBBIA psii cripaBa JeHOHHIEeBAa THMA, TO OH CXOAUTCS. Bropoi
psl Takxke cxoautca. Tak Kak, Kpome 3Toro, psajg (1) cnepa abco/moTHO
pacxXoJuTCsl (KaK rapMOHHYECKHH), TO Mbl NPUXOAUM K BBIBOZLY, UTO B TOUKE
x = —1 JaHHBI CTeneHHOH psf CXOAMTCHA YCJOBHO.

10"
183. 2 - (1 — x)*, rne v (n) — uucao uudp yucaa A.
n=1

Pemenue. Ilo ¢dopmyne Kouu— Anamapa nosnyuyaem:

| . n lgn}+1
2= lim ]/M — 1.
n

n-—r oo

(cm. mpumep 53), T. e. npu 0 << ¥ << 2 cTeNeHHOH Pl CXOAHTCS aGCOMIOTHO.

B cuny HepaBeHcTBa n = 10187 << 10Us71+1  10kn+! = 10n  3akJ10-
yaeM, 4To B Toukax ¥ =0 M X =2 psAA pacXoAuTcs, TaK Kak IPH 3TOM
o0l YJieH psila He CTPEMHUTCH K HYJIO.

Hanucatb pasnoxkeHHsi caefyOIIUX (PYHKIHUHA IO LEJbIM IOJOXKHUTEb-
HEIM CTEMeHsIM IepeMeHHOM X KW HaHTH COOTBETCTBYIOLIME HHTEpBaJbl CXO-
JIHUMOCTH:

184. f (x) = sin (p arcsin x).

Pemenune. OyHKuMA Sin X sBJASETCS aHAJUTHYECKOH HA BCEH YHCJIO-
Boi ocu. DYHKIMS arcsin X TakKe aHa/JUTUYHA, HO Ha HHTepBase |x|<< 1
(cm. mpHMep 197). Ilostomy ¢yHkuMsa f(X) Kak cyneprnosHuus 3THX QyHK-
UMM aHaJMTHYHA Ha uHTepBaje |x|<< 1. Jlerko HaliTu ee pasnoxkeHue
B CTENEeHHOH psii, €C/JH BOCIOJBb30BaTbCA pAaoM TeHJopa M 3HaueHHAMH
npou3BoiHblX GYHKUMH f(x) B Touke X =0 (cM. npumep 130, ra. II,
u. 1). Mmeem:

N (1) (0 — 12) e (0 — (2 —
sin (p arcsin x) = px -+ 2 (—=D%p (* (122 - l;*!*z 2k — 1 ort1 _
k=1

12 e 2% — 1) —
=Px+; e ()
=]
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Ilpumensas c¢opmyay (b), HaxoniuM pagdyc M HHTEpBAT CXOXHMOCTH
paga (1):

e @R R3] .
Re=tml e ry—e | =1

(» %0, 2k 4 1; k& —uenoe).

Ecm p=0 wm 2k +1 (k—uemoe), to psag (1) mnpespauaercs
B KOHEYHYIO CYMMY, HMEIOHIYI0 CMbICA Tpd BceX X (|x|<< o). Onuako
B CHJIy TOrO YTO JeBasi 4acTb pa3/oxKeHHs (1) HMeeT CMBICJA TOJIBKO MpPH
|¥| <1, pasenctBo (1) B 3TOM cJayyae COPABENJHBO TOJBKO IIPH
x| < L.

185. f(x) = chx.

Pewmwenue. Mcnonb3ys pasnoxeHue QpyHKIUH €*, mosyqaem:

[xj<1

oo

G+ s =Y o

0 n=0

NoE

|- B |
chx = 5(e*+ e ) =

n

I

Pajuyc u MHTepBaJ CXOAHMMOCTH HaxozuMm no ¢opmyJse (b):

R=1im%E2 — im 204 1) (20 4 2) = + oo,

n—+ o (Qn)' 1= o0

T. e. IIOJYUYeHHOe pa3/oKeHHe CIpaBefJIMBO NpPH BCeX X € (—co, o).
1

186. Hamucarb Tpu useHa pasfiomenus ¢yHkuun f(x) = (1 4 x)*

(¢x£0) u f(0) =e no nEJLIM NOJOKUTEJNBHBLIM CTENEHAM NEPeMEHHOH X,
1

-~ In(14-x)

Pemenue. Ilpexcraaaa ¢ynkuumo f(x) B Bupe f(x) =e*

M HCMOJIb3Ysl JBa M3 IISITH OCHOBHBIX PasJioxeHHH (cM. m. 4°), mnoJsyyaemt

LY (PR S A Y _E X e
f(x)—e"—(x 3 4+0(x)):el by T o)

x? X8 1 /x? 1 3
—_—e(l——g——]——g———z—}—o(ﬁ)—{—~-2—(4——§—x3+o(x3))—:—8+o(x3))=
x 11 x3

e (1———2~+-2“4x2—1—6—[—- o;-)' (1)

[TockosbKy (GyHKUHS €* aHaIUTHYHA HA BCEH YMCJIOBOH OCH, a (YHK-
mua ¢ (x) = -i— In(l + %), ¢(0) =1 umeer pa3noxeHue

( ___ 1)n+lxn—l
2 n ’
n=1

cripaBe/UiiBoe Ha HHTepBase |x|<< 1, To GOYHRUMA ¥ KaK Cyneprnosuuus
5THX (QYHKUMH pa3jaraeTcsi B psii B OKPECTHOCTH HYJIS TakKe Ha HHTep-
Bane |x|<<1. CaenosaresbHo, pasnoxkeHue (1) crmpaBemsuBo mpu |x| << 1.

187. Onpenenuth HHTEpBaJ CXOJHUMOCTH Pa3J/IOXKEHHS B CTENEHHOH psf

dbyukuun f(x) —_— a) mo creneHsM x; O0) mo cremeHaM OHHOMA
x4 —bx-6 !
X — 5, He IPOH3BOAS CaMOro PasJIOXKEHHS.
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Pemenue. IlpeoGpasoBeBass ¢ynxkumio f(x) A1sa ciaydaeB a) u 6)
X

K BULY a) f(X) (x — 2) (x — 3) ; 0) f(i +9)=¢ (t) (t +t3‘)l‘(t T 2) (t =

= x —5) W INpHHHMas BO BHHMaHHE TO, YTO PajUyC CXOAHUMOCTH CTeleH-
HOTO psiia onpenessieTcst pacCTOsTHHEM OT LEHTPa pas3Jo:KeHHs JO MNepBoH
0co00OH TOYKHM aHAJUTHYECKOH (YHKUMHM HJIH KaKOH-HUOYIb ee NpOU3BOA-
HOH, HaxoAuM:

a) ¥ = 2 — Toyka GecKOHeyHoro paspuiBa GyHKuuH f (x); x = 0 — HEeHTp
pa3/ioXKeHUs ee B CTelMeHHOH psf (MO YCJOBHIO), a mo3ToMy R = 2, U UH-
TepBaJl CXOJUMOCTH OIPeJEeJIsIeTCsl HepaBeHCTBOM | X | << 2.

6) ¢t = —2 —Toyka GeckoHeyHoro pa3peiBa GyHKuMH ¢ (f), a t =0 —
LIEHTD pa3J/IoKEHUst ee B CTENeHHOH psn (no ycjoBHio GyHKuMA ¢ (f) pas-
Jaraetcsi no creneHsam f = x —25). CsenoBatesbHo, R = 2; HHTepBaJ
CXOAHUMOCTH psja [f]| <2, wm 3< x<7.

N
Qn—l
-

188. MoxXHO /M YTBepXKAATh, YTO @, (X) = 2(—1 ”-1m =
n=1
B sinx Ha (—oo, +oo) mpu N - co?

2n—1

Pemenue. Hocxom;xyz (— 1)t (Q_fz:W =sinx Ha (—oo, 4 ),
n=1
a
~ 2n—1

—0<X< = n—1

10, coryiacHo npumepy 119, noc/ienoBaTesIbHOCTb ¢, (X) CXOAUTCSI HEPABHO-
MEepHO Ha (— oo, - o).

[Tonb3ysick pasfioKeHUsIMH 1. 4°, HamucaTb Pa3JOXKeHHS B CTeNeHHOH
PRl OTHOCHTEJIBHO X CJIEAYIOULHX (pyﬂmum

189. sin®x.

Pemenue. IlpeoGpasosas sin®x k Buny sin®x = — (3 sin x — sin 3x)
H BOCNO/Ib30BABILHCh Pa3/IOXKeHHEM QYHKUMH Sin x, Hadzem:

=]

. 3 _1\yn—1 'x2rl“1 —-i
SITX =3 L D™ G 1

n—y (3x)2n~1

(—1) @n—1)!

oL

=
Il

1

(-

(3—3n—1) L.
n— 1 2n—1
Z D gy ¥

ITo dopmyne (B) Jerko HalTH, YTO 3TOT PAR CXOAUTCA AabGCOMIOTHO NpH
BCEX X.

190, —°

(I—x)?
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1Y 1
Pewenune. Tak Kak ( x) =aT—n " AuddepeHIUpY s MOUTEHHO

1 —
pasnoxenue aaa (1 —x)™!, noayyaem: (.1___1_—x)i=21nx”"1 (jx|< ).

x
(I—x)(—x%"

Pewenue. Pasnaras njannyio Apo6b Ha MpocTeline

] 1 1
T T i Fx 4(1—2 +2(1 —x)?
a TaKiKe pesyJIbTaT anILbIJIyLU,eI‘O npumepa, MOXX€M HallucaTtThb.

191.

x —
(1—x) (1 —x2)

H HCNOAb3ys pasjoxenue IV, m. 4°

X 1 3 n..n 1 - 1 -~ n
T—n(—x 4 X (=)« ——-;,;}:, g ) (et Dat =

n=0 n=0 n=0

=+ ¥ @414 (—1yy

=0

ITo dopmyne Komwm — Anamapa HaxoauM MHTepBaJs aGCOMIOTHON CXOXUMOCTH
IOJTYYEHHOTO CTeNneHHoro psfa: |x| << 1.

1
192, TFxF e

Peumenue. Ilpeacrasnss paunyio ApoOb B BHJE
1 1

j— J— —

. 1

) = e = I iahrtr o—bdo—h
N R U t i
_t—Z(x—t x—?)~t—?<1_xt l—x?)’

rae t = ew (cp = 2—;), M MCoJb3ysi pasnoxenue IV, m. 4° a Takxke ¢op-

Myny Disepa e* = cosa - isina, noJgyyaem:

f(r) = 2'717 (t i (xh)" _zZ (xz)n) —

4]

1 \ non+1 g4l 2_2_ n i
= ZZ x" (¢ (1) V§Zx sin(n+ 1) o.

t - n=0 n=0

ITo ¢opmysne Koum — Anamapa HaxoAMM pajHyC W MHTEpBal CXOAHMOCTH
9TOro psja:

7 =Tm /s + Del=1R=1 (x| <.

193. [(x) =

' 1 (1000 2
el Uemy pasha f(1000) (0):

92



Pemenwue. Pasnaras dyskumo f(x) Ha npocTele Jpo6GH M HCIMOJb=
3ys pasnoxenue IV, n. 4°, Haxomaum:
ooy I X —
IO =siraToass 01

o0

! en LNy LNV e
= V(= 4 (1) —520(—1) A =
n=0 n=90 n—=

%2 (cos nx -+ sin (n 4 1)%— sinng) x",

n=9

|

OTKYJa

1 . T .. nxm) nlxn—1coo
(1000) (y) — — 2: : T sin¥E) A
f (x) =3 (cos nw +sin(n + 1) 5 —sin > (7 —T000]]

n=1000
Crnenosarenbho,  f(1000 (0) = 1000!
194. I—chsclor;:z—{—x?' _ _
Pemenue. Ilomaras sina = 22—iz , Cosa = g_—él—_z’ rje z = e, u pas-

Jlarasi J1aHHyi0 1poOb Ha MpOCTeHIlue, IOJYydaeM:

xsina _ 1 1 1
I —2xcosa+x2 20\l —xz 1 —xz)°*

[lpumenHB K mpaBoil yaCTH 3TOrO COOTHOIIEHHs pasJjoxenue IV, m. 4°,
MOKeM HaIucaTh:

xsina _lznn -H_En.
1 —2xcosa--x2~ 2 '@ —2") = x*sinna,
n=0

n=0

OueBniHO, MOMYYeHHBIH PAX CXOAMTCS aGCOMIOTHO mpH [x| << L.
195, In(1 4 x -+ x* + x3).

Pewmwenue. Ilpeo6pasoBriBasi faHHy0 (QYHKUHMIO K BHIY
Inl4+x+x>+)=In(1 +x)+In(1 +x3)(x>—1)

M UCNOJb3ys pasjoxenue V, m. 4°, mosmydaem:

(o]

In(l4+x+x2+x% = Y, (——1)”_15,; + 2 (—-1)”—1{;—”(“‘“1 <x<).
n=1

n=1

Ckya1piBasi MoJyyeHHble psjapl B ofuiell 06JacTH HX CXOAMMOCTH (—I1 <
< x < 1), okoHuUaTeNnbHO HMeeM:

1 _
In(1 4+ x + x2 4 %) ——-Z -—((——1)” 14

n
n==1

+ 2sin(n — 1)-;)x" (—l< x< 1)



Herpyano Bugerb, yto npu |x|<<1 3TOT paAx cxomuTcst a6COMIOTHO,
a B TOuKe x¥ = | CXOAMTCS JIMIIb YCJOBHO (o npusHaky [upuxie).

196. e*cosecos (x sin a).
Pewenue. PaccvatpuBas JaHHYIO (GYHKIHIO Kak

Re (exc05a+ixsina) — Re (exei“)

H NpuUMeHsisi pasnoxkenue I, m. 4°, mMoxkeMm HamucaTtb:

-] (-]

. N gneplne L x" cos na
XCOsa — — .
e cos (x sina) = Re Z — E —
n=0 n=0

Tak kak

Elxncosna[ g]__!

n=0

H BTOpOH CTEMEHHOH PsJ B 3TOM HePaBEHCTBE CXOAMTCA NPH BCeX X €
¢ (—oo, - ), TO MOJTy4YeHHOe pasJoKeHHe CIpaBefHBO IpH |X| << co.
Pa3jioxXuTh B CTeNeHHOH psfx caeaymoumue QyHKIHH:
197. f(x) = arcsin x.
Pemenune. C nomoupio dopmyast IV, m. 4° nmeem:

T EU [ S

X =
nl

['(x) =1 —x%

n=

=1 +2 n— D o (1 x] < 1).

HHrerpupyss 3TOT psX NOYIEHHO (YTO BO3MOXKHO BHYTPH HHTEpBaja CXO«
JUMOCTH), HaXOAMM:

. - (2n — )11 x2n+l
f)=C+x+ 3 g

n=1

Tak kak f(0) =0, to C =0. CnenoBarenbHo,

o @n— DI o4y
arcsinx = x -+ E 3anl @n IR
n=
BriuuciasieM paauyc CXOXHMOCTH IOJYYEHHOrO psijai

. 4n®10n 46
R=wrmrr b




Ilns MccefoBaHHS! CXOJMMOCTH psila B KOHLIEBBHIX TOYKaxX MPUMEHSIEM IpH-
sgak PaaGe. Mwmeem:

. 4n% 4- 10n 46 . 6n -|- bn
]‘m”(4n2+4n+ i ""1) nl_‘ff}4 T dn - 1

3
=5 >1
il
nostoMy npu ¥ = 4+ 1 psix cxonurca abCOJIOTHO.
Takum ofOpa3oM, MoJyuyeHHOe pas3/okKeHHe, B CHJIY TeopeMul AGens,
crpaBeAIMBO TpH | x| < 1, T. €. Bo Bcefi 00/1aCTH CYLIECTBOBaHHA arcsinx.

198. f(x) =1n (x + V1 + #%.

Pewenue. Pa3naras npousBoaHyl0 JaHHOH QYyHKUHH [ (x) =

-1
= (14x*% 2 mpu |x|<<1 B crenenHoil psx

P =1+ &,

n=1

HHTErpyupoBaHHEM IOCJEAHETO IIOJYy4aeM:

n (2n — 1)11x2n+1

flx)=x+ ;1(_1) eonenT 1y T O

ITockoabky f(0)=0, 10 C=0.

Kak u B npeaplaylieM npHMepe, HaXOAMM, YTO TMOJYYEHHOE pa3JfoxKe-
HUe CXOJMTCs abCOMIOTHO NpH | x| <1 M B KOHUEBBIX TOUKax CyMMa psiia
paBHa, no TeopeMe AGens, 3HaueHHIO QYHKUMH [ (x) B 3THX TOYKax. Takum

o6pa3oM, HalHCaHHOE pasnox(eHHe cnpaBeIuBo NpH | x| < 1.
—2x
199. f(x) = arctg TT o

Pewmenue. Hpe,ILCTaBJIHH ¢ysxuHO f(x) B BHIE

arctg T 1 + 4 = arctg 2 — arctg 2x — =e (x),
rae
0, ectd x > — -

?

h—.hit—-

e(x) =

1, ecmn x << — -

M=

(cm. mpumep 370, ra. I, u. 1), u pasaaras B psx dyHkuuio arctg 2x
C TOMOILbIO NMOYWIEHHOTO HMHTErPHPOBAaHHA DAjA [ ee MPOH3BOAHOMH, MO Y-
yaem:

n 2711

arctgl [_4 = arcth—E (—1) T 1ch’”‘l—-~7ce(x).

n=0
AL l
ITockonbky nonyquHbm PR cxoquTcs npu | x| < + (abcomotHast cxo-

AHMOCTb €r0 NpH | X | < 5 YCTaHaB/IHBaeTCs ¢ NOMOLLbIO npu3Haka Hanam-
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Oepa, a B KOHLEBBIX TOYKax —C IOMOLIbIO Tpu3Haka JleiiGHuua), TO B
JAHHOM cJyyae
1

1
0, ecan —7T<¥<73;

1
1, ecan —7g <y <—7.

e(x) =

200. f(x) = arctg 5=
Pewenue. IlpeacraBnss nponssoanyo ¢yHkuuu f(x) B BHIE

’ 1 t

X o
Tie ¢ = V3’ H noaes3ysck dopmynoin IV, n. 4°, Haxomaum:

P ) = S‘ — 1) +2( nyante,

n=0 n=0

OueBuzHo, npH |£| << 1 o0a psga crnpaBa abCOJIOTHO CXOASITCS; NO3TOMY
npu |¢| <1 ux MOXHO cl0xkuTb. MmeeMm:

o0

Foy=Y =l e =

n==0 n

(]

?'% (2] _
s (x| <V'2),
OTKy,ZLa HHTerHpOBaHI/IeM HOJI)"-I&GMI

=Y lEl 2 < v,

n=y0_
IMockonbKy HHTepBasn a6GCO/IOTHOH CXOAMMOCTH psila NOC/JAE€ HHTErpH-
pOBaHHSA HE MEHSETCs, TO IMOJNYYECHHBIH psAJ CXOJUTCS a0COJIOTHO IIpH
x| < V2. B toukax x = + }/2 psix CXOQMTCS, HO TOJBKO yC/JIOBHO. JleficT-

k
1 n R
BUTEITBHO, NOC/I/10BATENBHOCTD 5 —— JOnmpun— o, a IZ (——1)[ 2 ] ! <2
=0
II03TOMY, COLJIACHO NpuU3HaKy JlupuxJae, psax cxoaurcs. AGcomOTHas pac-
XOJUMOCTb psia B 3THX TOUKAX CJeayeT H3 pacXOJUMOCTH IapMOHHUYECKOTO

para. Ho Tak kak ¢yukums f(x) B Toukax x = -+ }/2 He ompesnesena,

TO TIOJYYEHHOE pasJoKeHHe CIIPaBelIHBO TOALKO IpH |x|< }/ 2.
201. f(x) = arccos (I —2x?).
Pewenne. dupdepenunpys pyHkuuo f(x), mosydaem:

F (%) = 1%“*‘ﬂi‘-—<o<lxi<1>

[Tonw3ysce pasnoxkenuem IV, n. 4°, maxoaum:

f’(x)=2(1+ %——;)J!lgx”)-sgnx O<|x|<]1).
n=1
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WHTerpupys NOYIEHHO NOJMYYEHHBIH pAll, HMeEeM:

. - (2n — DI | x |2+l

DtoT psiL, corsacHo npusHaky Paabe, cxonurcsa abconotHo mpH | x| < 1,
T. €. BO Bcell o06sacTH CyLeCTBOBaHHA (QYHKUHH [ (X).

[Tpumeuanune. Pag (1), cornacHo teopeme AGens, mpejacrasJsieT coboii Henpe-
poiBlyio Ha ortpeske | x| <1 dynkumio. PyHkuus f(x¥) TakkKe HelmpepelBHa Ha 3TOM
orpeske. Pasnoxenne IV, m. 4° KOTOpLIM MbI BOCIOJI30BaJHUCh, TapaHTHPYET HaM
cosnajeHHe cymMel psaia S (x) ¢ ¢yHkuueit f(x) B obaactu 0 <<| x| <<1. Kpome roro,

f(0) =S8 (0) = 0. Ilostomy u3 Bcero ckasaHHoro cJeiyer, 4to ¢QyHkuusa f(x) no.a-
HOCTbIO COBMafaeT ¢ cyMMmo# psiga (1).

202, HMcnonb3ysi €AMHCTBEHHOCTb Da3J/IOXKEHHUs
h® o
Fr+h) —F@) =hf (0) 5 () + + -+,
HaUTH TMPOU3BOAHBIE 71-TO TNOPSAKA OT CJAEAYIOMHX (OYHKIHA:

B F=e% 6 () =e*; B)[()=arctgx.
Pemenue. a) Pasnaras ¢yHKuHIO

F)=[(x+h)—fx)=e" @ —1)= Y Denm (1)

n==1
B pAf MO CTeneHsAM A, HaXOJuM:
SN UEED . V@97 0 - n
F(h)==e (Z-——n_h 'Z—m——h ——l)ze" chh, (2)
2 l§] |
n=0 n=0 n=1

n

k n—=k
rae ¢, = Z s ;_1) I, Eix_)_ Y — K03bdUUMeHTH, NOJYyYEeHHbBIE B pe-
2 [‘2—] ]
k=0
3yJbTaTe IMEPEeMHOXKEHHsl ABYX CTENEHHBIX PAAOB. B cumy eIHHCTBEHHOCTH
pasnoxenusi, u3 (1) u (2) momyyaem:

n

N
(e¥)™ = e¥'n! E: U D1 (9,
(n— k)2 b] !
k=0 )

6) IlpencraBnsis QyHKIHIO

a a a ah o a \(n)
e a e [ ___ar pn| <
F(h):ex+h_ex =e* (e x(x+h)_—l)= E -E!-(ex) (1)
n==1
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B BHJEe pAZa IO CTeNeHAM A, HMMeeM:

F(hy=ex <—‘>"“”h"
x2n
%_ - (—1)nan - gn(n+1).cc (n4k—1) n®
L Xenn] (H‘E("l) £l ’Fe)hn='
=e* X ch (2)
© 1Y\ +eann (n+ 1 -k
1\ an —1
rae ¢, = E An—rk, ky Qn, b == =D ni’;n+kn)lk! = ) Qn, 0 =
k=0
—1)n
— <x2nnf k=1, 2 ...).
CpaBuuBaa Bolpaxkenus (1) u (2), mosyuaem:
a \(n) n—1 —h
4 —1 n—kn — k) (n—kF 1) oee (n—1
(ex) —~exn!(x2,f ;—-:oa - )(fln——k)!-{l;!) C—Ditin=23,...).

B) Kak U B npeabiayiux cayyasx, HMeeM:

h hn
F (h) = arCtgm = 2 m(arctg x)(") (1)

n=1

(cuutaeM, uyro 1 + x(x 4 A) > 0). C apyroit cTopoHbI,

(—1)n—1p2n—1 xh \—@n—1)
F ()= E  @n—T) T+ x2)2n—1(1 +'171-_£5) =
xh \—" bt -
=2 1+x2) =2 hnsin%— (l'—l—
n(l -+ x3)n n(l - x2)n
n=1 n=1
Y (D) (i E— 1) k) NP
+2 A x*h nglc,,h , )

n—1

(—1)* sing * (1) (2 e (1FE— )
rae ¢, = Zan—k, by Qn k= (1 x2)"tRpl xR '

=0
in nw
sin —
2

an 0 = T 2
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CpasuuBasa (1) u (2), nonyuaem:

n—1
nl (—-l)ksinw-(n——k)(nwk—-}—l)---(n——l)xk
(arctg )W = —x 2 .
(1 + x®)n (n—F) k!
k=0

3ameTuM, YTO B ABYX INOCJEJHHX CJAY4asix MOJ BbipaxKeHueM (n — k) (n —
—k+1)..-(n—1) cnenyer nonuMath equuuLy, ecau k<< l.

203. dynkumio f(x) = Inx pas3soxuThb B CTENEHHOH pAL MO LEIbIM

TOJIOKHUTEJIBbHBIM CTeNeHsM Apo0u ’%_'—%
PeweHue. ITonoxus %_t TIOJT YYHM: f(t-l—l)s—z_zF(t) %
b + 1| |tl<<1 (3ameTHM, YTO CIpaBeIJIHBO

u obpatHoe yTBepxkaenue). CienoBatesnbHO, Hcnosab3oBaB dopMmyay V,
n. 4°, MOXKeM HanHcarb:

] =l 4+ —In(1 —t) = 22%""’ mzz(""‘) "

n=] n=1

204. Ilycets f(x) = 2 ﬁz . Jloka3aTp HemocpeJcTBeHHO, uTO f(x) f (y) =

n=0
= f(x + y).
HokasateabcTBO. IlepeMHoXKasi psibl z Z 77 TOJTydaem
n=0 k=0
~ x" ly]
F&7f ) =’§)(Z’——I)Tﬂ)
Ho Tak xak (x 4 y)" = kﬁlo cEx Ryt To
ST —
y u+y
nzo( (n—k)!k!) (‘) = f(x 4 y),

yTo H TpeboBaJoCh JAOKa3arTh.
205. Ilycts, mo onpenenenuo,

n x2fl+1 _ (__l)flxzn
sinx = 2(———1) CrpDr HCosx= 2, o

n=0 n==0

. I
Ioka3are, 4to sinx . cos x = 5 sin2x,
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HokasartenbcTBo. IlepeMHOXKas1 JaHHBIE PSAbI, MOJYyYaeM:

b n
i n,on 1
AR g,(_l) i ; @R @ —2hF )1 (1)
Jlerko nokasaTb, 1o HHAYKLHH, YTO
@t conr
& BT — 2 1) =2"(n=0, 1, 2,...) @)

[loacraBass neBylo yacTh TOXAecTBa (2) B Bhipaxenue (1) u yuutniBas
JaHHOe ompejesneHHe (yHKUHMH sinx, moJyyaem:

: (—1)n g2nt102n |
SINXCOS X = Z
n=0

PrEY = & sin 2x,

yTo H Tpe6oBasOCh JOKa3aThb.
206, HanucaTb HECKOJIBKO WIEHOB Pa3J/IOXKeHHs B CTENEHHOMH psn (GyHK-

o 1= (3 ()

N=9

Pewenune. Crnenyer noxo6paTe Ko3h@UIHEHTH a, TaK, YTOOL! BBHIIOJ-
HAJOCh TOXKJAECTBO 1O X:

(] (-] (-]

Za,,x” . Z n’f: =1, rne 2 a,x" = f(x).

n=0 n=0

n=0

D10 naer GECKOHEYHYIO CHCTEMY YPaBHEHHH OTHOCHTENLHO anl
n

— “ ! —
ao—l, zm——m (n—l, 2,...),

i=1
1 1
H3 KOTOPOH [OC/IEJ0BATENBHO HAXOMHM: 0f = — 5, Oy = —75, 03=
1
—_— 24 9 * oo

I1pousBoast cooTBeTCTBYIOLIME JEHACTBHSI CO CTENEHHBIMH psfamH, MOJYy-
YHTb PA3JIOKEHHS B CTENEHHbIE PAAbI CACAYIOUNX (YHKUHMH:

207. f(x) = (1— x)®chV/ x.

Pewmwenune. Pa3narasa ¢yHkuuo chY'x B pPAL MO CTeNeHsM V7c,
noJyyaeMm:

(o] (-]

~ xn xn n+1
f(x)=(1 —2x+x2)2(2—,m= Z 2n)] _22 2! +

n=90 n=0

n=0
- xn+2 X - xn = xn+l
X e N2 N+
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(] (-]

xn+2 3 1 2 1
+E (2n)! =1 _7"—2 ((Qn)r“ @n — 2)1 +(2n—4)l)xn'

n=0 n=232

OueBHIHO, 3TO Pa3/IOKEHHE CIPaBENJIMBO MpPH BCEX X
208. f(x) = In*(1 —x).

-]

Pemenune. Bo3Boas B KBaapaT psk ln(l—-x)=——23‘;, HOJTY-
n=1

yaeM: f(x)= Z c,x"", rae

n=ji

” 1 2 1,1 I
=;1(n-1-1—-1e);e=n-{-l(l""“2“*"37'" +7)‘

. n;,
Tak kak limy/c,= 1, To pasnoxenue cnpaseauso npu |x|<< 1.

n-—oo

209. f(x) =é€*cosx. _
Pemenue. Pasnaras ¢yukuuio f(x) = 19 B crenmennoit pan:

T

?(x) Zx"(VQ)” in —~2(x1/2) (cos - isin )

n=0 n=>0

H 3amevas;, uto f(x) = Ref(x), momyuaem:

f(x)= Z (x Ké)n.cos ':—n .

n=0
=\ — . g e n
TTockonbKY (—x-l—g—’g—)ncosn{ < QQ-n'—!"—')-’j H psif 2 Q—i—,!& CXOIHTCA NpH
n=0

| x| < oo, TO noNyuYeHHOE pa3/IOKEHHE 3aKOHHO TaKkKe IpH |x|<< co.
i 2
210. f(x)=(amx’“") mpr x==0 u f(0) = L.

Pemenue. IlpuHuMasi Bo BHHUMaHMe pe3yabTaT npumepa 197, Ha-
XOIHM:

[ o

_ ;(Qn—l)!!xzﬂ 2 @n— 11t x2n )2__ n
f(x) = (1 +n_1(2n)!l(2n—|- 1)) —( el @n 1) “‘E CnX™,

n=0 n=0

rae

N (@r— 2% — DI @2k — DI (@RI B
n= X, =i @i—ZFneEfn e =
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[lo unAyKUMH JOKasbiBaeM, 4YTO

n

@n — 2i — DI Qi — N 2241 (g2
i —2)T )T —2iF D@D @t

[TosTomy

- 22n+1 !2 n
f(x) = om—f";—)),-xz- (1)

JIerko ycTanoBUTb, YTO 3TOT psAZ cxomurtcs npu | x| << 1. JIjis BeisicHe-
HHS Bormpoca O CXOAMMOCTH psina (1) B KoHUeBBIX Toukax X = + 1 Boc-
nosb3yemcst npusHakom PaaGe:

. a .
11m( ‘e —1)n= limn
n-c \&n+i R+ o

BunumM, gto pax (1) cxomurcss abcoMOTHO TakKe H B KOHLEBBIX TOYKax
uHTepBana cxoauMocTd |x|<< 1. CnenosatenpHo, pasjoxenue (1), B cuay

HelpepbIBHOCTH (YHKUMHK f(x) HA oTpe3ke |x| < 1 u Teopembl AGess, cnpa-
BeAJIMBO Ha yKa3aHHOM OTpe3Ke.

on" 2n(n -+ 1)? =5 >1L

(3 on -3 ) 3

E
211, Ilyctp pa3nioxkeHHe sec X 3amHMCaHO B BHIE secx=2~(2—n’;—lx“‘".
n=0
BriBeCTH peKyppeHTHO€ COOTHOLUeHHe JJjs  KoagduuuentoB E, (uHcen
Dhepa).
Pemenune. HyxHoe peKyppeHTHOe COOTHOILEHHE BLIBEAEM H3 TOX-

JecTBa.
N Ey o (=D
2'(“2@”2 . Zo @n)! L

N==0 N=

il

ITepemHOXKas 3TH psiibl, HOJYYaeM: E c, X" =1, rae

n=(_0

n
_ NV =Y Bk _
Cn — = (2k)! . (2n_—2k)l _— l (n-— 0. 1, 2, . .-)c
Orciofa HaxoauM

n—1

— (=0 E,p _ (=Do71
E,=1, kgﬂ @R ~@n—2k)!  ~ (2n) (n=1,2,...)

3ameHsiss n—k Ha k, nocnenHee COOTHOILIEHHE MOXKHO IPEACTaBHTH TaKXkKe
B BHIeE

n

Z (—DF e,
2R 2n —2B) — 2nl°
k=1( ) (2n ) n
DT0 U ecTb HCKOMOE peKyppeHTHOE COOTHOILEeHHE,
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1
V1 =2ix4 »

212, Pasnoxutb B cTeneHHOH pag QyHKumio f(x)=

(x| < D).
PeweHue. IlpeobpasoBbiBasi janHyl0 GYHKUHIO K BHAY [(x)= (4 -
l

+a) 2=F()=2Z(y), Aaey=1t—x, a=1—¢, U HCIIONB3YA pe3y/ib- '
tar npumepa 139, ra. II, 4. 1, nosayuaem:

Z0 () = (29)"F™ () + "2 )PP () +
+20=DEZI =D (gyy—spe= ) 4 . ..

Orcioaa, yuuteBas, yro F™ (¢2) = (—1)" (—2-'3——1)—” , Haxomaum:

ZO (t) = (—1)"f (0) = (—1)" ((Qt)" i L

—l n—3)!!
(n )(21‘)” 2—#4*

—1 2 —3 n—aq (2n — )11
+n(n )(nm )(n )(Qt) 4(._§n___)_.—-o-).

Cie10BaTeNbHO, CTEMEHHOM psf MMeeT BHJ

Fx) = E(—lﬂZ(") ()

n==0

[Tokaxkem Tenepb, uTo mpH |x|<<1 3T0 passioxeHHe He (POpPMaIbHO,
Jlerko BHeTh, YTO M3 yCI0BUA |X¥|<<1 M NOMOXKHUTETBHOCTH HOJKOpEH-
HOTO BBIpaXKeHHs! BbITeKaeT HepaBeHCTBO |f| << 1. Ilycrb f= cosa. Toraa
f (X) MOXHO NpeiCTaBUTb B BHJE

f(x) =

I
Va — xe™) (1 —xe—") )

Ilockonpky |xe™|=|xe~®|=|x|le*|=|x|< 1, TO, Mo ¢opmyre IV,
n. 4°, umeeM:

1

o 2 nn
(l ......xe:l:la) 2 — + Z ( ,22’1)“) x”e:‘l:[na.

n=1

CanenoBarenbHo, yHKUHS f(x), OyayuH mpou3BeeHHEM JABYX aHAJTHTHYE-
1

CKUX IpH | x| << 1 dynkuuit (1 — xe™) u (1 —xe—) 2 rakxe fBJIf-
eTCA aHaJMTHYeCKOH npu |x|<< 1, T. e. passaraercss B CXOASILMACA NPH
|x| <1 crenmeHHo#l psin, yTo M TpeﬁOBaJIOCb T110Ka3aTh.

3ameTuM B 3akJiouyeHue, 4to PyHKuuMH P, (f) = (—-l)nnf( ) (8)

nonuHomamu Jlexanzgpa (cM. mpumep 136, ra. II, u. 1), Tak uro aanHy0

-1
)

SABJIAIOTCA
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dyHKULIO (KOTopasi Has3biBaeTcsi NMPOH3BOAsiLeH A5 NMOJHHOMOB Jlexanapa)
NpH | x| << 1 MOXHO pa3/ioXUTb B CTENEHHOH psi:

_ Zi P, ({) ",

213. Ilycts f(x) e C*=)(a, b) u |[fPx)|<*(n=0, 1, 2, ...) npu
x € (a, b). dokasarb, uyTo ¢(yHKUHA [(X) pasJjaraercss B CTENEHHOH psif

[(x)= E a, (x — xo)", Xy € (a, b), cxonawmiics B HHTEpBane (a, b).

JJokaszaTteabcTBO. M3BecTHo, uTo eciim Hexoropass (pyHKUHS pas-
Jlaraercsi B CTENeHHOH psAf, TO ToJbKO B pan Teinopa. Ilostomy Gynem
JIOKa3blBaTh, 4To GyHKUHA f(x) pa3Jjaraercsi B psa Teftopa, T. e.

f(x)= E If(_'%'(_x_gz(x_ X0)™ X, Xo € (a, b).

n=(Q

Jlsis1 3TOrO OLEHMM OCTaTOYHBIH YJe. HalHcaHHoro psiaa R, (X), KOTOpbIH
MBI Bo3bMeM B ¢opme JlarpaHxka. HMmeewm:
(n+1) (x5 46 (x — x ¢ (b — a))n+!
| Ry ()] = |t i e =) (o gy | < CO—EE
Orcriona caenpyer, uto |R,(x)|—0 npu n-> co W HE3aBUCHMO OT X €
€ (a, b). Ho Tak KaK cTpem/jeHHe K HYJIO OCTATOYHOTO 4YJeHa OJHOBpe-
MeHHO Cc GecKoHeuHOH JAuddepeHUHpYyeMOCTbIO QYHKUMM [ (X) SBASIETCS He-
OCXOAMMBIM H JOCTaTOYHBIM YC/JOBHEM pasJ/ioxeHuss (YHKUUH f(X) B psii
Teiinopa, To TeopeMa JOKasaHa.
214, Ilyets f(x) € C) [—1, 1] u fW(x)>0 (n=0, 1, 2, ...) npu
x € [—1, 1]. Iokasarb, uto B uutepBane (—1, 1) dyukuusa f(x) pasaa-

raercsi B CTeneHHoH psn: f(X) = }: a,x".
n=0
HoxasateabctBo. Ilokaxkem, uro paHHass (YHKIHA pasjaraercs

B M . f(m) (0)
pan Maxksopena f(x) = —
n=90
B CTEIEHHOH psAL N0 CTeNeHsM X.
[Ipexxne Bcero, npuHHMasi BO BHHMaHHe, 4TO (QYHKLUHA f(x) umeeT mnpo-
H3BOJHBIE BCEX TOpsAKOB Ha cermeHte [—I1, 1], HanumeM d¢opmyny Mak-
JIOpeHa C OCTAaTOYHBIM uwieHoM B ¢opme Jlarpamxka:

k) (0 n+1
Ry (%) = f(x) — 2”’ e Ll e (1)

, 1), T. e. pasnaraercs

OTKYZa, B CHUJIY HEOTPUUATENBHOCTH IPOU3BOAHBIX ¢GYHKUHH [(Xx), moay-
yaeM HEePABEHCTBO

o) G, (D) )
EED ) — Y 5O < f), @)

k=0
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Eciu Gbl HaM yaanoch YCTAHOBHTb CNpPaBeJHBOCTb COOTHOILICHHS
sup [t (£, (x)) = D (&, (1)), 3)

0<]xf <1

To Torga u3 ¢opmyast (l), yuurtbiBas HepaBeHCTBO (2), Jerko G6bl10 GOl
NOJYYHTb OLEHKY OCTaTOYHOTO uYJjeHa

(n+ly (&, n n+1) (g, (1 n
[ Ry ()| = E2 bl et O Gl it < (1) e o,

H3 KOTOpo# cjieroBano Obl, uto lim| R, (x)} = 0 npu |x| << 1. Tlocnennee

n—» 00

o3nayano Obl, 4yTo (pyHKuMs f(X) paznaraercss B psi MaknopeHa Ha HHTEp-
Base (—I, l)

[Mokasem Tenepb CIpaBeNIHBOCTL yTBepA<ieHHd (3). [lyctb 0 < x < 1.
Hupdepesunpys BoipazkeHUe

0 (&, () = (n 4 D (F (9 — }]f(” =t = 0, (1)

o x, rnoJgyvyaem:

0, (X) = (n+ Do, (x) x~"72, 4
re = xf' (x) — \ fk(O) f’(O) AN
Bu () = (0 — Y ¥ —(n -+ D[ (0 — 2 x
k=1 .

Jlerko maiitn, wto oW (0)=0nmpn i=0, 1, ..., n, a i (x) =
= x[/"+2(x) > 0 npu x > 0. Ilostromy, cornacxo npumepy 186, ra, II, u. 1,
HaxoauM, 4to ¢,(x) >0 npu x > 0. A Torza, Kak ciaeayer U3 q)opmym;x
(4), dyHruHA o, (X) ABJASETCS MOHOTOHHO HeyOBIBAIOLIEH.

[Myctb —1 < x < 0. Paccmotpum ¢yHKIHIO

b (0) = (—1) ' (—¥) = (— W%ﬁ<n+2w?;1mu-

(n+1)(f(—x) Ef O l)kxk)),xE(O, 1.

Herpyauo mposeputb, uto ¢ (0) =0 mpu i =0, 1, ..., n, a ¢St (x) =
= xf("+? (—x) > 0; nostomy ¢yHKIHA ¢, (X), comacno yxasaHHomy BLiilie
npuMepy, HeOoTpHIATeNbHa, T. €. GyHkuusa fr+D (¢, (x))u mpu —1 < x< 0
SIBJ15I€TCSI MOHOTOHHO HeyG6hIBarolie.
YuuTeBasi, HakoHel, emle To, yto lim f(*+1 (£, (x)) = f*+D(0) (cymecm
x-+0

ByeT), NPUXOJAUM K BhHIBOAY, uT0 ¢ynKkuus fo+h(§, (x)) sBAseTCs MOHO-
TOHHO HeyO6hwiBalomied Ha BceM ortpeske [—I1, 1] (npu x = 0 nonaracm:
f+h (g, (0)) = fr+b (0)). CaemoBareibHO, COOTHOILEHHe (3) CIpaBei:iBO
YTO H TpeOOBaJOCH JOKAa3arTh.
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215, Jlokasarb, uto ecnu 1) a, > 0 u 2) cymectsyer lim ) a,x"=S,

x-+R—0 n=0
TO ﬁ a,R" = S§.
n==0
JHokasateabcTtBO. B cu.ny yc/IoBHA 2), HMeeM:
00 ]
lim X a.x"= Z a,R"+ lim 3 ax"=S,
X+ R—0n=0 x+R—0n=N-1
OTKYAa
S — Z a,R"=a, (N
n=0

Lad

rae o, = lim > axn
X +R—0 n=N-1

[Tockonbky, nanee, a, >0, 10 a, > 0. ITosTomy u3 (1) caenyer, uto

N N
0 < X a,R" < S. Iocnenuee 0O3HAuaeT, YTO MOCTEXOBATENBHOCTE O, a,R"
n=(0 n=x()

orpaHuyeHa. Ho Tak Kak oHa €lle H MOHOTOHHA, TO, B CHJTY U3BECTHOH TEOpEMDI,

-]
CXOAUTCS, T. € CXOMUTCS YUCJIOBOH psif Z a,R". A rorza, no reopeme AGens,

O6ynem uMetb: lim 2 ax" = E a,R". Orciopa, mnpuHAB BO BHHMaHHE
x—)-R—-O n=0 n=7y0

yciaoBHe 2), HaiaeMm:

> a,R =S5,

n=0

‘4To M Tpe6OBaIOCh JOKA3aTh.
PHSJIO}KHTI) B CTeNeHHOH psf (YHKLHH:

216. SL“’dt

sin £ . int
Pemenne. Pasnaras ¢yHkumio —— (f == 0) B cTeneHHOH psiy ﬂ?— =

(o]

"= 'Z E;zl—)i- i)! (0 < || < o) u uHTerpupys MOCTeRHHH, NOJy4aeMi

t ~ x2n+1
,g‘T = Zo(“l errneary (¥ < o)k
X
tdt
217. S m .
Pew e nHue. Kosdobuiyents a, creneHHoro pfuxa NOABIHTEr AT BHOM

iy

byHKkuuH HaiifeM M3 ToxzecTBa: 1 = 2 Z a,t", Kotopoe JAaeT

n=0 n=0

106



CHCTeMy anre6paHyeCcKHX ypaBHEHHil OTHOCUTENBHO Q:

Ao = ] ak(—l)k+l= l
0 ’ kz' n—=k--1 n-t+1°
=]

] i l
M3 s1oit cucteMbl YpaBHEHHH IIOCJIE€AOBATE/IbHO IIOJYy4YaeM: Q; = DR Qg =

1 1
= Q3 = 57 U T. 1. TakuMm o6pa3oMm, HMeeM:

12 24
X oo
tdt xn+l x2 x3 x4
yln(1+t)“2)ann+1—x+‘4‘_%+§é+
0 n=—=

t
Tax kak ¢yHKUHA ¢ () = (1 7 AHATHTHYHA BCIOAY, 32 HCKJIOYe-

HHeM Touku ¢ = —1 (npu { = 0 nosaraem, uto ¢ (0) = 1), To pazuyc cxo-
JMMOCTH psfa X, a,t" paBeH enuunue. CJleoBaTeNbHO, TaKOH Ke panuyc
CXOZHUMOCTH HMeeT H IIoJyyeHHoe pa3JIoKeHHe.

ITpumenss nounenHoe augdepeHnpoBaHHe, BBIUHCIAHTH CYMMBI CJIEAYIO-
IIMX PSJIOB:

x3 . x8
218. x—E-I_E——.“

Pemenune. Haunnit psan, cornachHo ¢opmyne Komu — Anamapa, umeer
paguyC CXOAHMOCTH, paBHbI exgunune. [lo Teopeme m. 5°, cTeneHHOH psijy
MOKHO MOuYJIeHHO AH(depeHIHpPOBaTh BHYTPH HHTEpBala CXOAUMOCTH. KiMeeM:

1
l —x2fxt— oo = T (x| < 1). Orciona uHTerpUpoBaHHEM MOJY-

x K8

YaeM: X — 5 T — e = arctgx 4+ C. Ilonaraa 3gecb x = 0, HaxonuM
yro nocrositnas C = 0.

OKoHYaTeIbHO HMeeM:

x3 . x8
X—F+F—- = arctg x.

3ameTHM, YTO B KOHIIEBHIX TOYKaX HHTEpBaja CXOAMMOCTH 3TOT PSA
cxoxurcs. Ilostomy, corsacHo Teopeme A6ens, cymma psina €cTh Herpe-
poiBHasg (QyHKuus Ha otpeske [—I1, 1]. Ilockonbky pyukuus arctg x Takxe
HelpepbiBHA Ha 3TOM OTpe3Ke, TO NOC/efHee paBEHCTBO CIPaBeIJHBO TpH
Bcex x ¢ [—I1, 1].

2 4
219. 145+ 55+«

Pemenne. OueBHrHO, 3TOT pPAA CXOIAHMTCS HA BCEH UHUCJOBOH OCH.
OGo3nayas yepes S(¥) CyMMy [IaHHOIO psila, NOYJIEHHBIM JudepeHuHpo-
BaHHEeM €ro MNoJyyaeM:

S(x)+ S (x)=¢€*, S(x)—S" (x) =¢%
Orciona S (x) = ?l(e" +e™*)=chx (x| < ).
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x x? x3
220.Rl -+t sty + -
Pewenue. [TubdepeHuypya NoueHHO psif BHYTpH HHTepBana  CXO-
1 2
apMocTH | x| <1, mosyvaem: 4 + ; -+ %— + -+ =S (x). YmHoxKa7 00€

YacTH 3TOro paBeHcTBa Ha Xx%(x = 0) u moab3ysick dopmydoit V, m. 4°,
HaXoAuM:

1 In(1—
S(r)=—-—2029, 1)

[Ipy x =0 nosaraeMm S = % (x =0 —ycrpaurMasg TOYKa  pas3peiBa
¢bynkuun S (x)). Wurerpupys (1), umeem:

(2)

Taxk kak lim(l’f2+2x.23—|—3x.34+ ---)=O, TO H3 (2) Haxomum: C =

x=0
= —lim 1 xln(l — x) = 1. CuenoBaTeJ/ibHO,
X0
o0 s = X
1.2 2.3 "'3-4 0, ecau x = 0. 3)

Ilpu |x| <1 3TO paBeHCTBO rapaHTHPOBAHO TEOpPEMaMH O 3aKOHHOCTH IIO-
yJieHHOro AU pepeHHpoBaHUs H HHTErpUPOBAHUs CTENEHHOIo psaa BHYTPU
uHTepBasa cxoguMocTd. IlokakeM, YyTo M B KOHIEBHIX TOYKax HHTepBaJa
X =+ 1 3T0 paBeHCTBO IIpH HEKOTOPOM YCJIOBHH CHpaBeAsiuBo. JlelcTBHU-
T€JIbHO, MOCKOJIbKY pacCMaTpUBAeMblii CTEMEHHOHM pAJ CXOAHTCHA B TOUKAX
X = 41, 10, Ha ocHOBaHUH Teopembl Alessi, ero cyMMa sIBJISieTCs Hemnpe-
poiBHOM (yHKIuel Ha cermeHTe [—I1, 1]. Ecin 3Hauenume ¢yHkuuu B pa-
BeHcTBe (3) cnpaBa B TOUKe X = | MOJIOXKUTb paBHBIM €JUHHIIE, TO, KaK
JIETKO BHJleTb, 3Ta (yHKuusa Ha cermente [—I, 1] Taxkke Gyaer HenpepbiB-
Hoi. IlosToMy OKOHuaTesbHO MOXKeM HamucaThb:

X x2 x3
s tagztgat
<x<0 O0<x< I

Il

0, eCJIH x=0;
1, eCJIH x=1.

221. 1% —|—242—|—2 x3+
Pemenue. HeTpyaHo mpoBepuTh, 4To paaHyc CXOAMMOCTH psaga R = 1.
YMHOXKas IIPOU3BOJ(HYIO S (x) = »;4 + é—-}—% « 2x 4 2‘——2——2 e 3x% 4
«(lx] < 1) cymmnl mannoro psiga Ha (1 —x)(x = 1), nonyyaem ypas-
Henne (1 —x)S' (x)= %S(x). OO0wuM pellleHHEM 3TOTO YpaBHEHHS SBJIst
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C

Vl—x

ercss Qynkuua S(x) = (C = const). Ilonaras spece x=0 n yun-

teiBast, ut0 S (0) =1, Haxomum: C = 1. CseznoBatesbHO, S(X)= l

Vi—x
(xl< 1.

CXOIMMOCTb paccMaTpHBaeMOro psila B KOHILIEBOH TOYKe X = —1I Jierko
YCTAHOBUTb, €CJIH BOCMOJib30BaThCsl npumepoM 90; pacxoauMocTb  psja
B Touke X = 1 caenyer u3 npusHaka ['aycca. Takum ob6pasom, cymma psaja,
no teopeMe Alensi, ecTb HenpepbiBHasi (yHKUHs Ha moJycermenre [—I1, 1).

1
Vi—x

TO OKOHYATEJ/Ibli0O HMEeM:

[Tockonbry ¢yHKuHUSA TaK)Ke HenpepblBHA Ha 3TOM IIOJIyCerMeHTe,

1
l+ +2 4x2+2 4 6x+ VT:;HPH *"1 x<1

[IpuMeHsisl NOuJIeHHOE HHTErpUPOBaHHE, BBIYHC/IHTH CYMMBI PSiJIOB:

222, x — 4x* 4 9x* — 16x* - -

Pemenune. OGHUH 4/eH 3TOro psiga UMeeT BHL a, (¥) = (—1)""1n2x",
[TostoMy Jierko HaiiTd, 4TO paguyc CXOAMMOCTH paga R =1

Henst Ha x(x == 0) cymMmy S(x) maHHoro psiza, a 3areM IOYJIEHHO €ro
HHTerpupyst B HHTepBase |x|<< 1, mosyuaem:

S%x—) dr=x—2x*+ 3> —4x*+ ... + C =

_—_(x2___x3+x4_...)'_x+x2_.x3_|_...+C (l—-{x)3+C
JuiddepeHupyss  NOJyYeHHOe  PaBEHCTBO, HaxoauM:  S(x) = ’; l(1+'-; ;‘3)

(x| <1, x=0). Herpyrno Buzerb, uro orpaHuyeHHe x ==0 371ech
MOXKHO CHSATD. :
223, 1. 2x4+2.3x>4+3 - 4x3+ .-
Pemenue. OOwWwuil unen psfga uMeeT BHA a,(X) = n(n -+ 1)x*; no-

sToMy R = : = 1.
lim V' n (n+1)

Takum oGpasoM, CTeneHHOH PAJ CXORUTCA K CBOeH cymMme npH x| < 1.
[Tounenno wuHTErpupysi paccMmarTpHBaeMblii psif B HHTepBaje |X|<< 1
ABaXJBI, MOJydaeM:

[a((swar)=xtegprt —Fra=rZ-F+0

rae Cy, C, — noCTOsIHHBIE HHTErpUpoBanus; X = 0.
HuddepeHuupyst paBeHCTBO (1) amBaxkibt M yuuthiBasi, yto S(0) =0

OKOlYaTebHO Haxoqum: S (X) = 2 T=o3 (x| < 1)

224. Tlokasatb, y4TO psAf Y= 2 xnz YAOBJIETBOPsiET ypPaBHEHHUIO
n_0

xy'+y —y=0.
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Pemenune. OyeBunHO, AaHHBLI psA CXOAHTCA IpU BCeX X € (— oo,
-+ o0) u mousieHHo auddepenunpyeM JmobGoe uncao pas. [lanee, HMeeM:

{4 ’ \? Zxn—1 - n
Xy +y =(xy) = ’L(;IJ%)T=Z(:1)2
n=0

n=1

=Y,

yTo M Tpe6oBaJOCh MNOKAa3aTh.

Ilosb3ysick COOTBETCTBYIOIIMMH pa3J/IOKEHHSIMH, BBIYHCJHTbD C YKa3aH-
HOH CTeNeHbI0 TOYHOCTH CJejylollHe 3HaueHHs (YHKIHiL:

225. sin 18° ¢ TouHocTRIO N0 107°°,

Peurenune. Ilomb3ysce pasnoxeHHeM OGYHKIMH SinX B CTeleHHOH
PR, MOXKeM HanHcaThb:

-]

6 a1 ® __ (—D"* g2a—a
sin 18° = sin 5 = @11

Tak Kak 3TOT psAn JeHGHHIEBA THMA, TO OCTATOK psJa He MpeBHIAET MO

aGCOMIIOTHOM BeJHYMHE NepBOro M3 OTOPOLIEHHBIX uYJeHoB. IlosToMmy, Kak
7’ - 13
CeAYeT H3 HePaBeHCTB =7z << 107° < zpms, /U1 TOJyueHHs! pesyJbTara

¢ TpeOyeMOH TOYHOCTBIO JOCTATOYHO B3SiITh TPH Y/eHa pasnoxeHus. Mmeewm:
3 b

. T T T . ox n2 i
Slnl—o-f\zm"—mlo:}+5!10§-—-'1—6(1—-666+T2~10 )==0,30902...

226. tg9° ¢ tounocteio go 1073,

p [AE) (m\*
emreHHe. B cu1y oneHkd Rg= T(§6) < 0,0005 (f (x) = tg x),

¥ )
JJIS1 TIOJTy4eHHs] NpUOJIMKEHHOTO 3HAueHHUst tg2—0 C YKa3aHHOH TOYHOCTbHIO

JIOCTaTOYHO B3ATb JBa UJieHa pas3ioxeHUs (YHKUHH tgx B cTemeHHO# psn
(cM. npumep 253, ra. I, u. 1). Takum oGpasom,

o T T n ow n? \
tg9 =tg§6~~27)+-————3.203—-2—0(1 +%)_0,158...

T .1 o
227. Hcxons M3 paBeHCTBa — = arcsin-5-, HaHTH YHCIO © C TOU-

6 2
HocThio nio 1074,
Pemenue. Ilonb3yemcsi pasnoxenueM ¢yukuun arcsinx (| x| < 1)
B creneHHO! psin (cM. mpumep 197). Mmeewm:

1] @n— i
arcsm“z“‘?z"*‘gzawnl CnI D"

N==1

Ilockonbky 1) ocratok jnaHHoro psiza R, OlLEHHBAeTCA CJEAYIOLIHM
obpasom

00

2k — N1 @n + DN
R, = ( < ,
" k..—;-n 23k+1pl 2k 4 1) 323042 (nf I @20+ 3)
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@n + DI i
CFTor T en g < 19
T

n>4, T0 JJIs NOJNyYeHHs NPUOGJIHMKEHHOTO. 3HAUEHHs YHC/IA & C Tpebye-

2) HepaBeHCTBO 6 BBIIOJIHSIETCSl  NpPH

MOl TOYHOCTBIO JOCTATOYHO B3SITb O YJIEHOB YKa3aHHOT'O pa3J/IO2KEHUS:

T 1 1 3 5 35
=75t +1m0 T me T w9239,

otkyaa = = 3,1415 ...
228. [Tonb3ysch ¢opmydoit In(n 4 1) = Inn 4 2 (2’1;_ i +3 e ’{1 Ty -+

+ ), HaliTH In2 u In3 ¢ ToyHocteiO JO 1078,

Pemenne. IlokaxkeM cHauana, Kak noiayyeHa srta ¢opmyna. Pas-
1
naras yskund In(l -+ x) # Iny— B cTeNeHHble pAfbl N0 CTENEHSM X,

a sareM ckJaipiBasd MX B oOuweil obsacTu cxoauMocTH (| x| << 1), Haxoxum:

l_l_ 3 ]
=2+ 5 +0e), M)

1
[Nonaras smech x = 571 NOJydaeM yKasaHHYIO (opMyay.

Haiizem Tenepr coorsercTBylOIIME uucsaa k uiaeHoB psazna (1) aas Bbiuuc-
JieHusi npubamkeHHbIX 3HaueHH#t In2 ¥ In3. C 3Tof mebio OLEHHUM OCTa-
TOK R, storo psga. Hmeem:

L2k 5 2k+3

2x2k+l
Rk=2<2k+ I+ %13

S@TENA=5)"

£ o)

Orcioga cnenyer, 910 €CIH X = %(n = 1), T0 R, < 107° Hauunasi c k =5,

1
a e X = (n= 2), 10 R, < 107® Hauyunasi ¢ k= 3. Takum oGpasom,

L, 1, 1 I 1
1“2z2(’3" T 81 T T 15300 T 177147) = 0,69314...,
In3-0,69314 +2 5 + g7 + ags) = 1,09860...

229. C noMmombl0 pa3ioXeHHA NOAbIHTErpaNbHbIX (YHKUMA B pAAH
BBIYHCIHTE ¢ ToyHOCThIO A0 0,001 cienyromune HHTerpanbi:

1 4 1 foco 1 100
o - dx dx In (14 x)
a) \e*dx; 6) \e* dx;B) \ — =) \ ——: A 5-—-—-——-dx;
) | )| e [y A ) TS

€ fx"dx.
0

Pemenwue. a) Ilonbaysce dopmynoit 1, n. 4°, naxomumi

1 Y (—1)7 x2n
e = Y S (x| < ),
n=0
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OTKYZa
1 o

—x% (=D
(58 * dx—nZOn!@nJrl)‘

[Tosyuennrift pspg JefiGHULEBA THMA, MO3TOMY, €CJAH AJIS MOJYYEHHS MpH-
G/IMKEHHOTO 3HAueHHsl JAHHOrO HHTerpasa B3fiTb R YJIEeHOB psaa, TO IO-
rpelHOCTb He mpeB3oiineT (& - 1)-ro qJIeHa pana.. M3 storo ycnosus Ha-

XOIHUM HyXHOe yucjo k. Hmeewm: CE (2k =5 < < 0,001, otkyna k> 4.

CneznoBaresbHO,
1

—Xx2 ~ _1 l I l

06) Ilonb3ysce ¢opmynoit I, nm. 4° u pasnarasi NOABIHTErPANTbHYIO yHK-

0< |x|< + oo. HHTerpY-

l 00

l ——
LHIO 10 CTENEHAM — , ToJIyyaeM: e * E ’
X n! x"

pysa STOT pﬂ,ll INIOYJIEHHO, HMEeM.
4 |
L 1
‘S‘ex dx-—2+ln2+2( 2ﬂ)n(n—l—l)!2ﬂ
2 n==1

OrpanuyuBasich £ uieHamu psina, MOJIyyYaeM:

4 .
1
Se" dx~2+1n2+2( 2n>m.

n=1

Hs ouenku ocratka psiza

0

n—§-1n(n+ l)!2n(1 —Qﬁ)< (n + D! 2°+T (n 1)(1 —Jr—m-[_

: 1
tEeEnEEs T )< aEmwe e (L
1 1
+2n+4+(2n+4)2+ "’)<0,001

cjlenyer, 4To JJISl MOJNYYEHHS] pe3yJbTaTa C YKa3aHHOH TOYHOCTBIO HYXKHO
B3aTb Rk > 3. Takum obpasom,

- 2
527 di =2 40,6931 -+ 4 + o+ gogg = 2,834
2

(vmu 2,835 — ¢ H30BLITKOM),
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B) 371eChb X > 2, MO3TOMY NOABIHTErpaibHYI (YHKIHIO pa3Jaraem Io
|
CTENEHAM -~ Hmeem:

- 1 N
a+o= 5145 = NS x>,
n=
OTKYyJIa
(=1
+x‘ ..-J(3n+ TR

n=0

o >
2

[Tockonbky psin seii6HUUEBa TUma, TO AJA HOJIleeHHﬂ pesyanaTa C yka-
3aHHOH TOYHOCTBIO JOCTAaTOYHO B3:ITb uyHcao k (k=0,1, ...) uJeHOB

PAila, YIOBACTBOPSIONIES HEPABEHCTBY r3p— ;) srrs < 0, 001 KOTOpoOe JaeT:

k > 1. CnegoBaTesbHO,
+ 00

dx 1 1
2S ——=§—m+ T =O,118-n

(uv 0,119 — ¢ u36BITKOM).
r) Ilockonpky 0 < x << 1, TO nopbIHTErpa/bHYIO (PYHKIHIO pa3Jjaraem
IO CTEeNeHsAM X, Nosb3ysch gopmysoi 1V, nm. 4°. Hmeewm:

1

1 o
de (=D22n— DI 4y .
s = (1 B =) e

0 Nn=1

. \ (—Dn(2n — DI
= ] —l—Zi G (@n+1) S. (_1)

[TonyyeHHBIH psii CXOAUTCS JORBOJBHO MemjeHHo. s yCKopeHHs ero
CXOIMMOCTH BBIYTEM pSl, CYMMY KOTOPOTO JIerKO HalTH, Hampumep paj

(-] 1
1 n (2n— D! V2—1.
T"'"E("l Cm dnt4) OS 2

n=1

Torpa nonyyum:

V2 3 (—Dn (2n — !
S=5 +5+; 2 COIE S @)

OTOT PSR CXOAMTCS 3HAYUTETbHO CbicTpee, yeM psif (1). eficTBUTEbHO,
€CJTH J/I BLIYHUCJIEHHs JaHHOIO HMHTerpaJja B3siTb k, NEPBbIX 4/IE€HOB psija
(1) Tak, uToGBl A/s OCTaTKa psijga Cblia CpaBelIMBa OLEHKA

(=D (2n— DU (2k, - D)1
l Z‘ (2n)l!(4n—}—l) I< (2k1+21)” (4k1+5) <0 001

n=~ky+-
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TO k; > 36; eCau Ke IpeNJOXKEHHBIA HHTerpas BLIYHCIATH C TOH ke
TOYHOCTBIO C MOMOWBIO psina (2), TO, KaK CJaefyeT U3 OLEeHKH

3 (2ks -+ 11!
4 (2k, + 211 (‘21k2 + 5) (kg -+ 2) < 0,001,

JJIS1 3TOTO JOCTAaTOYHO B3ATH Ry (ke > 6) mnepBhIX usieHOB psaja (2). Takum
0o0pa3oM, HCNOJb3ysi pPaBeHCTBO (2), MmoJsydaem:

1 V2, 6 3 1,1 5 7 ! 33\
Smp+ 50+ (= s 5 — s+ 5175 — 513 + 3agn) = 0,927

n) IlpeoSpasoBLiBaem HHTErpaj K BHIY:

100 100

\ 1—-—-—-——n(lx+x)dx S Inxd 4~ S—~1n(1+ )dxa
10 10 10
100 00 -
= 4 In?10 + S ( o)l )dx
10 n=1

1
31ech Mbl BOCIOJIb30BAJIUCh pa3jioxeHHeM (yHKIHH ln(l + ?) no cre-

NEeHsM —:;(ixl > 1)
HnTerpupysi noyJIeHHO psifl, HAXOMUM:

100

“In(14 % (=11 1
lé "—_x dx 11‘12 10 + ’221 nzlon ( 'i—o—ﬁ) .

[ockonbky 3TOT psAR JefiGHHIEBAa THIA, TO U3 OLEHKH OCTaTKa €ro

1

(k4 1)2 10k+1(l - 10k+1) < 0,001

HAXOAHM YHCJIO R NEepBHIX YJEHOB Psifia, HYXKHOe JJIsi NOJYy4YeHHs] pe3yJibe
Tata ¢ yKasaHHOH TouHocThio. HerpynHo npoBeputs, uto k > 2. Ilostomy
100
In (14 x)
— dx = 7,95279 4 (0,09 — 0,002475) = 8,040...
10
e) Ilpeacrapassi mogsHTErpaNbHyI0 GYHKIHUIO B BUIE X* = ¢* In* y pas-
Jaras ee B CTeleHHOH psin mo creneHsaM xInx (x > 0), MoxkeM HamucaTb:

n n
x* = Ef—;—?-—x WHTerpupysa 3TOT psA IOYIEHHO, ITOJyYaeM:

n=0

00

1
(xxdx._ Xx"ln"xdx.
;

n-—o

114



Vurerpupysi mo uyactsaM, HMeem:
1

Im,n=5x'"ln"xdx=——

1
nitlagrwlnn—lxdx:_ﬁ—'ilm,n_].

[Tonaras B moJiyueHHOH peKyppeHTHOH (opMyJsie mocjefoBaTeNbHO N == |,
2, ... , HaxoluM:
| 21
Im, 1 =--;;;_T_—1'Im, 05 1m,2=‘ m7m,o; see

[m. n>= (——l)n———"-'—z(m_r{z_ 1) Im, 0.
Tak kak

1
1
Im, o= X" dy = ’
m § w1

—1)a nl (=17 n!
TO Im,nm(%—_l—_—l)—n—a, otkyzaa I, p= N
Takum o6pa3om,

fxx dy = (="

(n _|_ 1)n+1 ¢
0 n=0

Kak ciaenyer H3 OLUEHKH OoCTaTKa pala

\ (=1~ , 1
k;.}-l EE A 0,001,

AN BBIYMCJIEHHST JAaHHOro HHTerpasna c TouHoctbio Jo 0,001 pocraTouHo
B3ATb YeThlpe NEPBHIX ujeHa 3Toro psga. Torga nosyyum:

230. Hatith ¢ Tounocteto jmo 0,01 AJMHY AYrH OXHOH MOJYBOJHH
cHHycouzsl y = sinx (0 < x < «). '
Pemenne. Hnuna S ykasaHHOH JyTM BHIPAXKAETCs HHTETrpajioM

S = S V14 cos? x dx. (1)
0

IIpeo6pa3oBriBasi MOALIHTErPANbHYIO (DYHKUHIO K BHAY
1

V1+4cos®x= l/%(l + —:l;cos.?x)z
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1 1 .
H 3aMeyasl, 4To -glcos 2x| < 3, pasynaraeM ee B CTENeHHOH psj no cTe-

NeHsM —;- cos 2x, ucnonbaya dopmyay 1V, m. 4°

—_— 3 . (—hn@2n—nIt
V14 cos?x = V—Q-»(l + ; ST e — €08 Qx). )

WHTerpupysi sTOT psii NMOYIEHHO, IOJYyuyaeM:

f ViFeszde =) & (w+2< &), @
0

rage

I, = S cos” 2x dx. 4)
0

[TounenHoe uHTErpupoBaHHWe psina 31eChb 3aKOHHO, TaK Kak psif (2), mo
npusHaky BelepluTtpacca, cXoquTCs paBHOMEPHO MO X, a PsJ (3) CXORMTCH.
Hurerpupys B (4) no uacTsM, HaxoJHM:

1, = % S cos® 1 2xd (sinx) = (n— ) ,_o—1,),
(1]

n—1
otkyaa I, = — l,_, (n=2,38, ...). Ilockonrky Ily=m=, a I; =0, 10
o . , @n— 1N
U3 MOJYYEHHOH peKyppeHTHOHl (opMyJabl mnoJaydaem: [,, = o
lgn__]_"—’-'-o (nzl,z’ -'o)o
Hcnonb3yst ator pe3ysabrar, U3 (3) u (1) OKOHYAaTeNbHO HMEEM:

_ 3 O (4n— DI (20— D1
S—“V?(1+Z An)11 327 (211 )

OueHuBas OCTaTOK MOCJIEAHErO paja

[

Z (4n—DI! @o— DI _ (4 + 3! 2k D!

= am)rE 2a)l] 3%+ 2k + 2)11 (4k 1 )11
@k +7) (2k+ 3) 1 1,1 _
X(H‘ 9@ L8 @D T "')<6—-'§_2k+2(1+“9‘+ﬁ+ )—
5 :
BERLE

M VUMTHIBasi, YTO0 a6CoO/IIOTHAs IIOTPELIHOCTb NpPH BbIYHC/IEHHH JAaHHOTO
MHTerpada He JosikHa mnpeBbiaTh 0,01, 4HC/IO nepBbIX uI€HOB pana k

3 5
HaxOQUM M3 HepaBeHCTBA = ]/3 CIToRRE S 0,01. 210 naer £ > 1. Cre-

JIOBaTeJIbHO, S == V%(l - 4_18) = 3,92...
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§ 6. Paan thypue

1°. OcHoBHbie onpexenenusa CucremMa PyHKUHH

1 nX . TX knx krx
—2_“, COST, SlnT, o--,COSl ,Sln l—’ s 00
onpele/seHHass Ha oTpe3ke [—I, I], HA3BIBACTCS OCHOBHOU MPU2OHOMempU-
4eckoli cucmemotl. dra cucreMa GYHKIHUI OpTOroHaJbHA Ha OTpe3ke [—I, [].
[Iyctb f(x) —vinterpupyemas Ha [—I/, I] ¢yHkuus. Hucaa

! !
1 k 1 .k
=T_S_[f(x)cos—’;fdx, bk=7£lf(x)sm———f
(k=0,1,2, ...)

Ha3BIBAIOTCA Koaghpuyuenmamu Dypve ynkyuy [(x) no ocHosrol mpuzo-
HoMempuuecKoll cucmeme.
TpuroHomerpuueckuil psig

a°+ E(ak cos——~ -+ b, ink;f)

Ha3bBaeTcsi padom Pypee Gynkuuu f(x). B gacTHOCTH, ec/in dynxuus f (x)
yeTHas, To ee psaj Pypbe UMeeT BHA:

(=]

kux
929+2ak cos-j—,

k=1

psanx ®ypre HeueTHOH (PYHKLHUH HUMEET BUJ:

k=1

DyHKIHA f(x) Ha3LIBACTCA KYCOUHO-HeNnpepui6Hol Ha cerMeHrte [—I, /],
ec/li OHA HeMlpepbiBHA B KaXJOH TOuke X € [—I, [], 3a HCK/roueHHeM, ObITh
MO2KeT, KOHEYHOro 4YHCJa TOYeK, Tle OHA HMMeeT pa3pbiBbl MEpPBOro poja.

dyukuua f(x) Ha3bBaercs Kycouro-eaadkou Ha cermente [—I, I], ecan
5Ta (PYHKUHUS KYCOYHO-HENpephIBHA M HMEeT HEeMpPEpPLIBHYIO IPOH3BOAHYIO
f"(x) Ha 3TOM cermeHTe, 3a MCKJIOYeHHEM, CBLITb MOXKET, KOHEUYHOTO YHCJ/a
TOYEK, B KaXJ0H M3 KOTOPBIX NPOM3BOJHAsi MMEET KCHEUHBIE OJHOCTOPCH-
HHE npeliesibHble 3HaueHHUSI.

2°. Teopema o pasnoxeHuu. Ilycte KycouHo-rsiazkasi Ha cer-
mente [—I/, /] ¢yHKuMa f(x) nepHoLHMUeCKH C IEpHOAOM 2/ npoloJKeHa
Ha BCIO GecKOHeuHYK npsiMylo. Torja TpUrOHOMeTpuUuecKHH psl Dypobe
¢QyHKUUH f(Xx) CXOZMTCA B KaxKIOH TOYKE X € (— oo, -+c0) K 3HAYEHUIO

2 (F(x —0) + [ (x + O)).
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Ecnu ana HenpepbiBHOH M KyCOYHO-IVIaAKOH Ha cermeHte [—I, /] GyHK-
nuu f(x) BbImosHSIeTCs1 paBeHCTBO f(—I) = f(I), TO ee TpUroOHOMeTPHYECKHII
pai Pypbe CXOAUTCS PaBHOMEPHO Ha 3TOM CETMEHTE M CyMMa psfia .paBha
¢byHKUMH f(x) B KaxA0H Touke x € [—I, [].

O nupdepeHuHPOBAHUHU U UHTETPUPOBAHHUH PAAOB
®ypoe. Ilycte ¢ynkuua f(x) u £ce ee NpoH3BOJAHBIE JO HEKOTOPOToO
nopsanka m (m > 1) HenpepbiBHBI Ha cermMeHTe [—I[, [] U YyJIOBJIETEOPSAIOT
yCJIOBUSIM

F=D=F0, F D=7, ..., (=D =F"(0.

ITycts, kpome Toro, ¢yHkuusi f(x) MMeer Ha cermedre [—I, I] KyCOYHO-
HenpepblBHYIO NPOH3BOJHYIO Nopsiaka m - 1.
Torpa: 1) cxomutcs 4uC/I0BOH psA

Y (&) a + Lo

k=1

2) psan Dypbe Tako (YHKIHHM MOXKHO M pa3 NowleHHO AudbepeHuy-
pOBaTh Ha YKa3aHHOM CerMeHTe.

Pan ®ypve unrterpupyemoii mo PumaHy Ha cermenre [—I, /] ¢yHKUMH
f (¥) MOXHO HHTErpHpOBaThb IOYJIEHHO ‘Ha 3TOM CerMeHTE.

4°, PasnoxeHue B psix Pypbe no ApyruM opToroHaJb-
HbBIM cHcTeMaM. B maremarnueckod ¢H3HKe 4acTO NMPHUXOAHTCS HMETh
JeJI0 ¢ OPTOrOHAJILHBIMH TOJHHOMaMH.

1
1) Ioaurnomor Yebviuesa T, (x) = —z=r cos (narccos X) OpTOrOHa/NbHLI Ha

-] O l
nutepBasie (—I1, 1) ¢ BecoBoit ¢yHKuMeEH Vi T. €.
1 — x2

-§1 Ta ()T () 7 _ { 0, ectn m=£n,

J, Yi—a Q;—,:—t:i, ecau m=n.
1 dn(x®— I)n
2) HMoauromor Jlexardpa P, (x)= 5— x T ) OpTOTOHANbHHl Ha

orpe3ke [—I1, 1], T. e

pe 0, ecau m == n;
| P Pu@adx=1 " _
Y 52 SCH m=n.

3) Hoauromor Abeas — Jlazeppa L, (x) = Z—: C-i%c:—iz—)

CTBOM OpTOrOHaNbHOCTH Ha uHTepBasne (0, 4+ oco) ¢ BecoBoi (pyHKIMEH e~
Takum obOpasom, uMeeM:

e
_ 0, ecnu m = n,
S e~*L, (x)Lm(x)dx={1, ecau m=n,

0

00/1a1aI0T CBOii-
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x? x3

e? 2
dan
4) Moauromor Hebouuesa — Spmuma H, (x) = —- :xn onpefeseHsl

Ha BCell YHCJIOBOH OCH M JJIs HUX crnpaBejiuBa ¢opMmyJia
+2 0, ecntu m=£n;
S ¢ TH, (%) H,, (x) dx = {1/5,;
n!

, €CJIH m = n.

Passoxuth B psift Pypbe B yKa3aHHBIX HHTEpBaJax CaeAyolue GyHKIHH:
F(x) = {A, ecmn 0< x <
0, ecin I<x< 2,
rae A— nocrosinuasi, B uHrepane (0, 20).

Pemenune. Kak Buaum, paHHas QyHKUHS KyCOYHO-TVIaJKas, MpPHYEM
TOYKa X = [ —TO4Ka paspeiBa mnepeoro poxa. [losTomy, corsiacHo Teopeme
0 paanoxkenud, ¢yHKuHUA [(x) MOxeT ObITh mpeicraBneHa psjaoM Pypbe.

[lepuonnueckn (¢ nepuogoMm 2/) mpoponkas ¢yHKuuio f(x) Ha Bcio Gec-
KOHEUHYIO TPSMYIO, MOCTPOHM (PYHKILHIO

A, ecnn 2RI<x<(2k+ 1)1
*(x)= -g-, ectu x = ki,
0, ecan (2 — 1)< x<< 2k,

rae k=0, 41, 42,
CorniacHo ykasaHHOM Teopeme, (yHKUHS f*(x) coBmagaer B KaxmoH
TOYKe x¥ OeCKOHeYHOH NpsiMoil ¢ ee cxopsuMmcst psiaoM Oypbe:

f* (x) = + Z a, cos = b, sin =,
n=1
rae
1 l 2
a, =4, a,,=—l—S f* (x) cos — n == Sf(x)cos Y dx =
= 0
l 1
— 4§cosﬂ‘i‘dx— 0; b, = Hlf* (%) sin ¥ dy =
=4 51n“_’i."dx=——(( 1)r+ 4 1),
0
CrenoBarebHo,

A A . 2n—1
*
[*(x) = o ?Zn_lsm — T

NpH BCeX X € (—oo, -+ o), a

fr)=45+ 2“22n_, 2Ly

Tonbko MpH O< ¥ < 1 I< x < 2L
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232. f(x)=|x| B uHTepBane (—m, x).

Pemenne. Dra ¢yHKnus HenpepbiBHa Ha (—m, ) H HMEET KYCOYHO-
HEIpepbLIBHYIO TNPOM3BOAHYIO BCIOAY, 2a HCKAwOYeHHeM TOukH x = 0. Ilepu-
OJIMYECKH (C MepHoaoM 2w) NpOJOJKHB (YHKUHIO f(X) Ha BCIO YHCJIOBYIO
OCb, MOCTpoUM (yHKLHIO [* (X) = |x —2kx|, eciu |X¥ —2krw|< =, rIe
k=0, 41, 42, ... . Iloctpoennasi pyHKUHSA YIOBIETBOPsIET TPeGOBaH HAM
TEOpPEMbl O Pa3JIOXKUMOCTH B CXOAsiiuicsa K Hed pan Dypee.

[lockonpky ¢yskuus f* (x) vernas, 1o b, = 0;

a, = % S f (%) cos nx dx = —’2;(5 xcosnxdx =—1§l-2-((———1)”— 1), ag==.

CJ1e 1oBaTeILHO,

(-}

4 €0s (2k+l)x(

Im(x):"g‘—;;;_nJ TREF T — o < X< + ),
=0

oo

_m 4 cos k4 1) x
f(x)—"f‘“?.__; e

—n << X< T).

233. f(x) =sinax B HHTepBane (—, n) (a— re 1es0e).

Pemenue. Ilo panHoit ¢yHKumuE noctpouMm QyHKIHIO f*(X) =
= sin(a(x — 2kx)), ecam | x — 2kx | << = u f*((2k + 1)7:) =0(,k=0, +1,
+2, ...). STa GyHKUHS SBASETCS KYCOYHO-TJIAAKOH IIpH |x—2k~c)< .

Kpome Toro, 7(f*(xk"‘0)+f* (X 4 0)) = [* (%), rre x, = (2k + 1)

TOYKH pa3pbiBa INepporo poja ¢yHkuun [*(x). Ilostomy QyHKIHIO f* (x)
MOXKHO pas/oXHTb B psn. Pypbe, CXOAAUIMHCA K HeH B KaXJIOH TOUKe

YHCJIOBOH OCH.
B cuny neuetHocTH ¢yHKuuu f* (x), Kosdduuuents a, = 0,

2 . . 2 (—1)nt!
by == S sinaxsinnx dx = —7;72—:——— sinar (a # n).
Takum oGpasom, uMmeem:
2 sin na nsinnx
f*(x) = —1) g (12 < ),

2sin na

fo)= — IR (1] < w).

234. f(x) = x B uHTepBaje (a, a -+ 20).
Pemenune. Pynkuus
x| X—2lk, eciu 2R+ a< x<a+2i(k+ 1)
f*(x) = a1, ecau x=2k
(=0, +1, +2, ...), nocTpoeHHast Ha OCHOBAHHH JAHHO# QYHKUHUH H COB-
najamlouas ¢ Hed B uHTepBase (@, a -+ 2[), aBasercs 2[-NepHOAHYECKO,
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KyCOYHO-TJIalIkoH. Kpome TOoro, B Toukax paspela X, = 2/k BbINOJHSCTCSA
paBeHCTBO

* (%) = “(f* (X, — 0) - [* (%, + 0)).

[TostoMy ¢ynkUHS f* (X) passoxuMa B CXOASIIMACA K HEH B KaXKJOH TOUKe
X € (—oo, +oo) psin Dypee.
Hanee, umeem:

1 a+
1 k
4, =2(a-+1D), ak=—1—5 *Weos T dr =1 [ fcosHrax=
—/ a
42 /4
= L xcos Ty — Lginkap, — ] 5' (x)sm—dx
=7 ) Feospdr=gsinT, b= ) =
iy
= laS Fysin® dy = — 2 cos®™ (=12, ...)
=T T =y o (k=1,2, ...

Takum o6pazom,

f*(x)::a»l-l—I—Q;E%Sln‘* (@a—x) (|x]<< ),

(=]

f(x)——a+l—1—21 ﬂisin-l—(a—x) (a< x<<a-+2)).

n=1

Pas/ioxuth B psn caepyiouiue nepHoauueckue GyHKIHM:

235. f(x) = sgn (cos x).

Pewenne. [lannas ¢yHKUMA KyCcOUHO-HenpephiBHA (TOYKH pa3phIBa
X, TepBOTO pojia yJOBJETBOPSIOT ypaBHeHUIO oS X, = 0) H uMeeT KyCOUHO-
HENPepPLIBHYIO NMpou3BoAHYI0 [’ (x) =0 npu x =% x,. Kpome Toro, ¢yHKuusa

[ (x) nepuoanyHa ¢ mepHoaoM 2w U f(x,) = é—(f (%, —O0) + f (x,-+0)). Cue-

JI0BaTeJIbHO, OHA MOXKeT ObIThb pasjoxeHa B psax Dypbe, CXOASWHMACA
B KaXJ1OH TOYKe X YHUCJOBOH OCH.
YuHuTHIBasE YETHOCTb PAcCMaTpUBaeMOil (DYHKIMH, MOJYYaEeM:

b,=0, q,=0 =%Ssgn(cosx)-cosnxdx=
0

= cosnxdx——11 sm~- (n-—l 2, ...

2
E

2
2
S‘ cosnxdx-—;
“ 0

o]a—a

Takum o6pasoM, HMmeeM:

:ilus

sgn (cos x) = 2 % sin = - " cos nx =

cos(k+1x, —o < x<< + 0,

oo

_ 4V (=DF

T n 9k -1
nk—-o +
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236. f(x) = arcsin(cos x).

Pemenue. HerpynHo npoBeputh, uTO 3Ta (DYHKUHUA HENpepbiBHA Ha
BCEH YHCJIOBOM OCH H HMMeeT KYCOYHO-HelpephIBHYIO IPOH3BOIHYIO (OHA He
auddepeHHpyeMa TOJABKO B TOUKax X = k=, rae k— uenoe). Kpome toro,
oHa 2w-mepuoanueckas. CnenosatesnbHo, ee psAn Pypbe cXoauTca K Hel
B Ka)X/Joif TOUKe X € (—oo, -}-o0).

[IpunyuMasi BO BHHMaHMe YEeTHOCTb JAHHOH (YHKIMH, HaXOLUM:

ki

bo=0, 4= 2§ (5= ax =0,
0
an=%§(—g—x)cosnxdx=—%-«"—lzl——%——f—l) n=12 ...)
Hrak,
arcsin (cos x) = -—%2 W COS 11X =
n=1
4 2%k + 1
Zcoﬁz(kfm)x (oo < ¥ < +eo).

237. f(x) = (x) — paccrosHHe x¥ 10 OJHKaHIIEro LEJOTro YHCa.

Pemenue. ®ynkuusa (x)— uerHasi, uMerowast nepuox 7 = 1; B oc-
TaJbHOM €e CBOHCTBAa aHAMOTHYHBI CBOHCTBaM (yHKUHUM arcsin (cosx), pac-
CMOTpPEeHHOH B mpejbiAywieM npumepe. Ilostomy

1 1
2 2
b, =0, a0=4§ xdx_—:? (S cos2¢cnxdx=S(——lﬂ)zni,—_l-Z
(n= 1,
Takum oGpasoM, nmeeM:
2 4n — 2
(X) = 1T w2 cos(énn__ 1)2) i (‘ xl < 00)‘

n=]

238. f(x) =|cosx|.
Pemenue. OueBHAHO, AaHHasi (pYHKIMS HeIpepbiBHA B KaXKIOH TOYKe
X € (—oo, 4-00) U HMEeT KYCOUYHO-HeNpepbiBHYIO NPOHU3BOAHYIO BCIOAY, 3a

T
HCKJIIOYeHHEM TOUeK X = -5 + k= (k— nenoe). Kpome TOro, onHa nepu-

onuyna (mepuon T = =). ITosTomy ee pan Pypbe CXOAUTCS K 3TOH QYHKUMH

B KaXJAOH TOUKe X € (—oo, o).
YuuThBasi YeTHOCTb (DYHKIHH, HUMEEM:

T

2
4
b, =0, ao—-~5 cosxdx = —-,
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a
2

—1yn+1

an—_-zig COS X - COs 2nx dx = —4—£—21)—- (n= 1,2, coe)e
T § T 4n?% — 1
CrenoBaresbHO,
2 4 (—1)n+1 cos 2nx
lcosxl=;+;2 T (%] < o)
n=1

©o

239, f(x) = Yo" 2% (1o | < 1),

sin x
n=1

Pemenne. Ilockonbky
nilan)x|  \Vnlaln| ]
< Tsinx| H; ]~ T

TO, COTJIacCHO mpusHaKy Beliepmirtpacca, AaHHBIA pSI CXOAUTCS PaBHOMEPHO

Ha KaXJOM CerMeHTe, He colepxkalleM ToueK x = kn (k—wuenoe). Tak

sin nx k
KaK, KpoMe TOro, QyHKLHH —s— ' HenpepeIBHbI TIPH X & km, TO, IO H3BeCT-

HOHl TeopeMme, (yHKUHA f(X) HenpepblBHA NpH X == Rm.
AHaJIorMYHO MOXHO TIOKa3arb, 4TO (GYHKIHSA

n Sinnx
sin x

(-]

ncos nx - sin x — cos x « sin nx
f’ (X)= a’ T2
2 sin? x

n=1

TaKKe HenpepblBHA NpH X == k. KpoMe Toro, Kak cjelyeT U3 paBEHCTB

= 3 ansinnx
. . n Sin nx . n=1
lim f(x) = lim o' ——= = |im ——

x—+kn X-+kn sin x x-+kn sin x
n=1

EI na”* cos nx
N n=1 —
= lim Y = na” (—1)n+bk= gk,

x-rkm n=]

X = km — TOUKH yCTpaHMMOrO paspbiBa GYHKUHH f(X).
Takum o6pasoM, nepHonHueckast QyHKUIHUS

& X) X == kr;
P ={ 4 o x L n

pasnaraercs B cxopswuiics K Helt Bcroay psa Pypoe. Mmeemt

©0

*(x) = 2 si:;nx (sin(n—2) x - cos2x 4 cos(n — 2) x « sin 2x) =

n=3}1
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n —2 \ n
=.—2 sm(r;mx)x_l_ 22 a”cos(h—1)x ==

n=:1 n=1
= —a -} aZE " Ssl:lnnxx -+ 22 a™ cos (n — 1) x.
Orciona Haxolum: i -
f* (x) = 1—|—221 T—c0s(n—1)x=
n——l

= 2+2a21 T—3 COS 71X,

240. Pasnoxwurs B psag Pypbe dyHKUHIO f(X) = secx (— g— <x< —z) .

Pewenne. Kak u B npeapinymux npuMepax, CTPOUM %-nepnounqe-

CKYI0 (PYHKIHIO ¥ (X), paBHYIO Sec X, Ha CEerMeHTe [—— 7} , {"J Cpasy na-
XO/lHM, YTO

Sty nla
Qu
=

=2 In(1+V3),

8
b, = 0; QG =7T) Tosx

8s‘cos4x =§(IH(I+V§)——%V§)

Cos x

Hna Bouucaennss Ko3hGUIUEHTOB @, TNpH 7 > 2 BHIBEIEM COOTHOLLE-
HHe, CBs3bIBalollee @, U a,_ . ViMeewm:

™ kid
s T
__ 8 S‘ cos (4n — 8) x __ 8 S cos 4nx - cos 8x dx
Gns = cos X dx = n cos X +
0 0
ki 1\’5
ST in 4 in 8 16 4 4 4xd
sin 4nx - sin8x , sin 4nx - sin 4x cos 4x dx
+?§ cOS X X=a,+— S cos x —
IGT in2 4 4
sin? 4x - cos 4nx
) e v =a =t (1)
rjac
64T
B,,:——;S sinx «cos2x +sin4(n — 1) xdx =
0
_ (=) 512V 2(n—1) .
— x(@n—1)(4n—3) (4n —5) (4n—17) (n=1,2,...) (2)

124



Y3 pekyppentHoii ¢opmyanl (1) cnenyer, uro a, = a, + (32, a; = a; + P,

ay=ay+B2-+p0s, G=ar+P3+Ps ..., a —ao-}-ZBZl (n=1,

o)y Qi =ay 4+ 2 Bayi (n=0,1,2, ...). Pasnaras apo6b (2) Ha
=0 .

MpocThle NpoOH, HAXOIUM:

n n

812 1 1 1 |
”"_2@25_— T E(Si—l‘_&——s"&—-s"'&'—?)"
=1 i=1
16 (=hHm T
= 5—— Sin ((Qm — I)T) ,
m=1

n aan
16 1
v,,:pr%H—_—;Z—l( i3sm((2m+3) )

Takum 00pa3oM, OKOHYATENLHO MOJYYaeM:

f*(x) = % -+ 2 (@o + u,) cos 8nx + 2 (@ +v,)cos4 (2n 4 1) x,

n==1 n=0

—oo < X< +o0; secx = f*(x), ecnu -—%< x<~}.

241. Oyuxuuo f(x) = x* pasnoxuts B pan Pypee: a) Mo KOCHHYCaM
KpaTHbIX Ayr; 6) MO CHHycaM KpaTHbIX AyT; B) B HHTepBaste (0, 2x). [losp-
3ysiCb 3THMH pa3J/IOXKEHHsIMH, HaHTH CYMMBI pSIJIOB:

gﬁ g S Z(2n—1)2'

Pewenune. B ciayyae a) ¢ynkmumio f(x), paccMaTpuBaeMyio B CHIy
yCJIOBHA TOJNBKO Ha cermMeHre [—m, w], MEpHOAHYECKH (C NepHoAoM 2x)
TNPOJOJIZKMM Ha BCIO YHMCJIOBYIO OCh. TOrjJa nosyuynM HenpephiBHYIO H KYyCOY-
HO-IVIafKylo QYHKIMIO f* (x), coBnajaromylo ¢ pyukuuei f(x) npu |x| << =
H pasJjarawoomylocs B pag @ypee TonbKo 1o KocHHycaM. [lia Koagduuu-
€HTOB @, b, UMeeM:

2n? 2

T 1
2 .o 2 4
b, =0, a0=?§x di ==, a,= n—§x cosnxdx:—-_(--—1)"71—2

n=12 ...).

[lostomy f* (x) = -’? + 4 2 -(:—1-)%38—'3‘ npu BceX X € (—oo, +o0); x* =

n=1

2 —1)7 cos
=5+ 42g-——)nzﬂcTOJIbKO npu | x| <™

n=1
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JIJs moJIyyeHHsi passioxeHHs B cayyae 6) ¢dyHKuuio x?, paccMatpHsae-
mylo Ha unteppane (0, =), npomo/mKuM Ha mosaycerMeHT (—w, O] HeueTHbIM
o0pa3oM, a 3aTeM TaK MOCTPOEHHYIO (PYHKIMIO NMEPHOAHYECKH (C MepHOIOM
2w) NpOJOJ/IKHM Ha BCIO YHCJIOBYIO OChb. B pe3ysbTate nosyyuMm ¢yHKIHIO

| x — 2kx | (x — 2kx), ecm | x— 2kn | < m;
f*(x)={ 0, ecid X = (2 4+ )=
(, I =0, 41, 42, ...), onpeneseHHyI0 BCIOAY Ha YHCJOBOH OCH H YJIOB-

JIETBOPSIIOLILYIO BCEM YCJOBHSM TeOpeMHI M. 2°.
BoiyuciuB Kos(hHIMEeHTHE

2 ¢ 2 4 n
a, =0, b,,=—;§xzsinnxdx=7(—-—1)"+1+R——n-3((——1) —1),

MO2KE€M HallHucarb:

)= 3 (=1 (=1 =) sinnx (%] < o),

n=1

2= i (%f (—1yt A (=1 — 1)) sinnx (0. < x < 7).

n=31

Hakownen, B cayyae B) no ¢yHkuua f(x) = x*(0 < x < 2x) cTpoHM 2r-
nepuoauueckyro ¢yHkumioo f* (x), cosmajaiomyo ¢ ¢GyHKuueH f(x) =
ToJbKO Ha uHTepBasne (0, 2x) M B Toukax paspeiBa X = 2k=m (k — 11eJ0e),
paBuyio 2=2 Torza pas kosdduuueHToB a, u b, QyHKuHH f* (X) HETPYIHO
TIOJIYYUTD BbIPaXKEHHUSI:

T

a"—'al? Sf*(x)dx-_ ‘S f* (x)dx = ~§x2dx——8“

2

T

a, 1 ‘Yf*(x)cosnxdx_—- S f*(x)cosnxdx————
b, = ;lt-j f* (%) sinnx dx = -:‘_(5 x®sinnxdx = —47“ (n=1,2,...)
CinenoBaTesbHO,
fr ) ==+ 4r§°°2;’”—4wgs‘“,,’”‘ (1x]< ),

o

2 ©0
xzz%ﬂ_+42cosnx_4‘23mnx 0 < x < 2x).
n=1

n
n=1
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Ilonaras B nepBOM cayyae x == H x = 0, mosyyaeM COOTBETCTBEHHO

AN (“1 jrtl q
e =% = {5+ CKJanbiBas NOYIEHHO 5TH JBa CXOAALIMXCS
=1 n={

=

1 n2

hd 2n— 12 — 8"

n=1

242, Pasnoxutb B psj Pypre PpyHKUHUIO

pada, HaxooHuM:

x, emO<x<l;

f(x)={ I, eum l<x<2;
3—x, ecan 2< X< 3.

Pewenne. aa Kosdouunenros ®Pypre ¢yskunu f*(x) ¢ mepuosoM
T =3, cosmagaroieii Ha orpeske [0, 3] ¢ dyHKumeRr f(x), Jierko HaHTH
BbIpaXKeHHs:

3
2

g 53 f* (x) dx = %§i*(x)dx= ~§—ﬁff(x)dxm

Lad

=%§xdx+ —g—jdx—l—%S(B—x)dxn%,

2

a, = -5 f* (x) cos == thx dx = ~—5)f* (x) cos —= 2" = dx =

wlw&-——-:w]oa

§f(x)coswdx fnﬁ (cosm;n—-l) n=12 ...0

b, =0 (B cuny uetHoctH QyHKUMH f*(x)).

Hrak,
1 — cos-2--'-l-1-t
f*(x)::%—-—-% o 2 cosQnm (| %] < ),
n==1
l——cosgﬂf
f(x)= -23— :2 p- 3 cos 2”3""(0\x < 3).
n=1

HOJIbsyHCb dopmysiamH COS X = -l— (z+2), sinx= —1— (2—2), rae z=

= ¢"* 0 Z = ¢~ NoNy4nTh pasnomeﬁm B paj Pypbe cnezxyroumx $yHKUu:
243 cos*™ x (m— LeJioe MOJNIOXKHUTEJNBHOE YHCJIO).

Pemwenue. Ilonbsysace ykasanueiMu ¢opMyJsiaMH, a Takxke (GopMyJioi
6unoma HrbloToHa, MOXKeM HamMcatb:
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! . I
2m 2
Cos™ X = (24 2" = & E Ck 2%m—h =
k=0
2m

LNYCE (cos2 (m — k) x 4 isin 2 (m — ) x) =

T Am
k=0
m m
LY 0k cos2(m—kyx =2 LY cm
= Im 2m cos (m - ) X = 4m + 22m—1 2m COos Qkx-
k=0 £=0

3xece Mbl BOCIOJB30BAJHCh ToXAecTBOM Ck = C2"~k a takxe uer-

HOCTbIO (DYHKIHMH €OS 2kRX U HeyeTHOCTBIO (yHKUHH sin 2 (m — k) x.
g sinx )
244‘ I—Qqcosx+q2 (lq|< l)
Pemenne. Ilpumenss ykasanHole B NpeablaylleM NpUMepe (opMy.ibl
H pasJsarasi JJaHHylo JpoOb Ha npocTeiillye, MOJydYaeM:

gsinx . 1 _ 1
F—2gcosx+q*  2i(1l—q2) 9 (1l—gqz)’
ITockombky [gz|=|gz|=|¢q|<< 1, TO cnpaBeA/UBHI Pa3/JOKEHHUS B CTe-

neHHvle psasl GyHKuud (1 —gz)™ u (1 —g2)™! no creneHsm gz u ¢2
COOTBETCTBeHHO. kMeem:

g sin x Z =y einx — p—inx
l—-2qcosx+q Z)—-‘E:oq"——-————% Zq"smrzx
n=jy N= n=1

YTO H TpeOOBAJOChL BBINOJHHTD.

245. In(1 —2gcosx+ g% (|g]< 1).

Pewenune. [Huddepennypyssi AZaHHYI0O (YHKIHIO 1O X U NOJb3YSACh
MPEABIIYLIIM PasJIoKEHHEM, no.nyqaevx

(In (1 —2gcos x + ¢%)), = 2 Zq"smnx otkyaa In(l —2gcosx + ¢%) =

n
= —2 Z qn— cos nx 4+ C. Ilonaras sugech x = w, HaXOAUM:
=]

In(l 49 = Y21+ +c

N=]1

Orciona, B cuiy dopmyant V, § 5, crenyer, utro C'=0. HtaK, okoHua-
TeJIbHO TI0JTyYaeM:

In(1—2gcosx 4 g% = ——22 inzcosnx.
n=i

246. Pasnoxuth B psax @ypbe HeorpaHHYEHHYIO NEPHOAUYECKYIO (yHK-

LHIO f(x):lnlsin%'.
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Pemenue. Ilycth O<e <X —2kn <2 —e, THe ¢ >0 u kb —
uesioe. Torza creneHHOH pAX
zﬂ.
Yz, (1)
n=1

rae 2z = e”*, CXOQUTCSI NMPH BCEX YKAa3aHHBLIX X.
Jlanee, moka)KeMm, 4TO

. X 1 —2
sm—2~\ = Re(ln —2-——) (In1=0). 2)
JeficTBUTENIbHO, TOJ/B3YSCh H3BECTHBHIM PABEHCTBOM

A o

H MpeAcTaBleHHeM W = |w | (cos ¢ - £ sin ¢), Ile @ — HEKOTOpoe KOMILJIEKC-

In

si i
1H2

HOe YHCJO, ¢ — ero apryMmeHT, Re Inw = In|w|, noayuaem (nosoxus w =

___,1—2).

2

Re(lnI;Z)=ln l/l——:——go—s’f (4)

CpaBuuBast coorHoweHusi (3) u (4), nonyuyaem (2), yto U TpeboBajoch Io-

Ka3aTb.
Takum o6pa3oMm, Hucmo/b3yss (opMmyay (2) H pasnoxeHHe OYHKIHH

— In(1 —2) B psx (1), nveem:

o0

. X 2n cos nx
Inlsm-é-l= —ln2——Re’§—;=——ln2—-z — .

n=1

Tak Kak YyHC/I0 & MOXKHO B3Tb KaK YrogHo MaJjieiM, TO OTCIOAA CJIeAVeT,
4YTO IIOJIYYEHHOE pa3JoxKeHHE CIpaBeAJIMBO IIPH BCEX X =~ k.

247. Pasnoxutb B psax Pypee dyHxuuo f(x) = Sln ]/I ctg%ldt
0

(—r < x < @)
Pemenue. Ilpoussognas ¢yukuuu f(x), paBHas

1 x 1 X . X
f'(x) = Q—In,ctgyl—;: é—(ln'cosg, ——lnlsm§|>,
ABJIETCA 2%-MIePHOJHYECKOH (DyHKIMeH 1 Ha HHTepBasax 0 < | x| << = MOXKeT

ObiTh npexacTaBieHa psfoM Dypre. [eficTBUTENBHO, HA OCHOBAaHHH TIpEAbl-
AYUIEr0 IpUMepa NUMeeM:

00

lnl sin-%l =——1n2——2 Coznx, X == 2kx,
n=1
ln,cos%l=——ln2—2ﬂtfoﬂc, X # 2k 4 1) =.
n=1

b 6-171 129



[Tostomy, ecnn x == k= (k — nenoe), To

7 () =4 Z 1 — (— )7 COS 1y — 2 cos (’an_-—ll)x.

WuTerpupys nosyueHHBIH psiji MOUYJIEHHO, HAXOIMM:

X oo ©o

_{\Ycos@n—Dx,  \Ysin@r—1)x
f<x>—52 o —1 dx—z Gn—12 °

0 n==1 n=1

248. Pa3znoxutb Bpaj Pypre dyHKIHN x = x(s), y =y (s) (0 < s < 4a),
JIalolie napaMeTpHuecKoe TIpeACTaBJeHHe KOHTypa Kpajpata: 0 < x < a,
0 < y < a, rae s— jpaMHa AYTH, OTCYHTAHHAS TIPOTUB XOJIa YacCOBOH CTPEJKH
or touku O (0, 0).

Pemenune. PaccmarpuBaemble (YHKUHH ONMUCHIBAIOTCS CJIELYIOLIUM
o6pa3om:

s, ecmd 0 <s<a; 0, e 0<s<a;

a, ecan a < Ss<< 2a; s—a, ec/M a < 8 < 2a;
X() =1 30—s,ecmu 2a<s<3a Y6 =1 a  ecan 2 <s< 3a;

0, ecau 3a < s < 4a; 4a—s, ecau 3a < S < 4a.

Hanee 3HaueHust GyHKUHHA X () U y(S) MepUOTUYECKH TOBTOPSIOTCS.
OueBupHO, AAaHHble QYHKUMHU HENpephIBHBI, KYCOYHO-AHddepeHpyeMbl
H 4a-nepuonuyHbl. CjieoBaTebHO, HX MOXKHO pas3/iOKHUTb B CXOZASILHMHCH
K Hum psan Dypse.
Kosdpunuentsr Oypbe pyHKUUH X (S) CAenyIOliHe:

4a

§l“§x(3)d3”“a an=§15(§3005-—-d8—l—a5c05 S ds +

||

a,

+S (3a—s)cos ds) P 2(1“(—‘1)n) (COS ~'_1)

a

b,,=2~la(§ssm-—ds+ag sm—ds—l- S(Sa——s) sm ds)

2 .
= 5 (1 —(—1)Y) sin 5.

Takum o6pasoM, HMeeM:
— a (2n—1)=s Ve (2n—1)ns)
T N e ]
n=]1
AHAJIOTHYHO HAXOHLUM:

a ' @2n—1)=s . (2n—1)=s
ye)=g—m z(2n——l)2( o SR — (—1yrsin L),

n=l
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249. Kak cnexyer mpofo/XKMTh 3aJaHHYIO B HHTepBaje (0, %) Hernpe-
pbiBHYIO (YyHKUHIO f(x) B HHTepBaJI (—m, @), 4TOOBI €e pasjoxKeHHe B PsA

dypue uMeso Bun: f(x) = 2 a, cos(2n——l)x (—r< x< n)?

PewmeHne. HOCKOJIbe b = 0, T0 PyHKuua f(x) — uerHas, T. e. ee
c/elyeT NMPOROJIXKUTL B HHTEpBall (——1: 0) yernbiM oOpa3oM. [lanee, 3ame-
yas, YyTO B JAHHOM pa3/IOXKeHMH OTCYTCTBYIOT WJIEHBl Qg, COS 27x, 3aKJio-
yaeM, 4TO

Qon == 72‘- Sf(x)cos2nxdx-0 n=0,1, 2, ..)
0
Pa36uBasi 3TOT HHTerpan Ha JBa:

™
T

7: 2
S [ (x) cos 2nx dx = S f (x) cos 2nx dx -+ S f(x)cos 2nx dx
0 0

w,u— N,?-I

M INPOU3BOASI 3aMeHY: B IIEpBOM HHTErpaje x = --(* —yYy), 8 BO BTOPOM

= -l— (* 4+ y), nomyvaem:

T

(f (’""““)WLf ( ))Cosnydy 0, wm

H

S [ (x) cos 2nx dx (-—-2——

OL—"a:—a

Sf(x)cosandxz(:Ql—)fj (f(—;— )+f( ))cosnydy 0.

Orciona cnenyer, 4To

T

flg+5)+ flg—3)) cosnydy =0,
J(G+8)+ 1G5 —4)

T. €. hyHkuus @ (y) = f(% ) -+ f( A ) siBJIsieTcsl HeueTHoH. OHaKO
dyHKIMA ti)(y) OYEBHIHO, YETHAsl; MO3TOMY (I>(y) = 0.
Hrak, n0JXKHO OBLITH f( +y) = ——f( y) (——11:< Yy < =), WId, ecJH

» F(m —x) = —F(x).

CiefioBaTeIbHO, T'paduK "TaK MOCTPOEHHOH (YHKUMH JOJKeH ObiTb CHM-

BepHYThCS K TeEpeMeHHON x no ¢opMyle x = -

o T
METPHYHBIM OTHOCHTENbHO NpsiMOit x =0, a TOUKH X = 1= 5 JOJIXKHbI GBITh
LeHTpaMH CUMMeTpuH ero Ha uHTtepBanax (0, =) u (— =, 0) cooTBETCTBEHHO.

2
a) [0 KOCHHYCaM HeyeTHbIX AyT; 6) 1m0 CHHyCaM HEYETHHIX AYT.

250. Oynxkumo f(x) =x(—n——-—x) pas3JoXUTb B HHTEpBAJIE (0, %)

5* 131

1 4



Pemenue. a) PaccmorpuM 2r-nepuoauueckyio ¢yHKumo f*(x), Koro-
pas B uHTepBaje (— w, w) OINpefessieTcsl CAeAYIOIHM o0pa3om:

rf(x), ecJIn 0<x<%;

'

[(—x), ectt — 5 <x<0;

() = <
[*(%) (x__ﬂ)(x__.g.), eCJTH g<x<'ﬂ;

(x-l—vr)(x-}——g—), €eCJIx ——w<x<-—--g—.

OueBnjHO, mocTpoeHHasi GYHKLUHSA HenpepblBHA B KAXKIOH TOUKE X YHC-
JIOBOH OCH M MMeeT KYCOYHO-HeNmpepblBHYI0 NpousBoiHylo. Kpome Toro,
oHa yetHa U ee koabduuuentsr Oypre as, (n=0, 1, 2, ...) paBHHI HYJIIO,
TaK Kak

Qon = —71:— S f*(x) cos 2nxdx =

Tl

f¥(x) cos 2nx dx =

ale
QQ’};‘

——
—

% x(—;-—x) cosznxdx+%S(x—w)(x——;‘-)cos2nxdx=

oc-—’}tol:-i

w
2

5
— _: (—D" y(—g'~ ——y) cos 2ny dy -+ %(——1)"S(y—%)ycos 2nydy = 0
0

o3 10| A

T
(B 3M M 4-M HHTerpazax Mol TPOM3BENH NOACTAHOBKH: X = 5 —J
T
x=5+y COOTBeTCTBeHHO) .

Takum oGpasoM, ¢yHKuUMs [*(x), coBnajaiomas B HHTepBaje (O, -g)

¢ ¢ynkuneii f(x), Moxer ObiTb pasJioxkeHa B psax Pypbe TOJBKO IO KOCH-
Hycam HeueTHRIX Ayr. Kmeem:

b, =0, ag—1 = % S‘ f¥(x) cos (2n — 1) xdx =
0

QMM’ a

._—_-%( x(lg——-x)cos n—1)xdx -+

+§ (x —m) (x——z;)cos 2n— 1)xdx)=

' 2 1)n _
- (2n_1)2(1+w(2n )) =12, ..).
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Pasnoxenns ¢ynkumit f*(x) u f(x) umeoT BUA:

f*(x)=——22ﬁ(l +22in(:—ll);%)cos(2n—-l)x (Jx]| < o0),

f(x)= 22(2:1 IE (1—[—( )) )cos(Qn—l)x (O<x<%).

6) ITockonbKy B passoxeHud Pypbe AOJNXKHBI OTCYTCTBOBATH KOCHHYCHI,

to ¢yHKuusa f*(x), coBnajamolias B HHTepBase (0, —g) ¢ (QysKuHe# [ (x),
HeuetHa. Kpome TOro, Ho YCJIOBHIO, JOJMXKHO OBITh

T

—i— S f¥(x) sin 2nxdx = = S [*(x) sin 2nx dx -
0

f*(x) sin 2nxdx = 0.

2

w,:—!(_.—‘-—jﬂ

ITpousBensi 3ameHy BO BTOPOM HHTErpaje x = ——('n: Y), @ B TpeTheM

= % (= + y), no.ny;mM:

b2n=-2—_l—)f—ls (f*( —%)—f*( ))smnydy 0, uau

o222 ({1 ()= (5 44 om0

U3 IABYX INOCJICAHHX paBEHCTB HaxOoJWM, 4TO

T

b= 1) ({5 =) =7 (5 + 4)) smngay =o,

OTKyZa cJeiyer, 4To (YHKLUS f*( 5 y) f* (g-—{— %) yetHass. Ho Tak

KaK oOHA eule M HeuyeTHasi (YTO OYeBHMAHO), TO [* (El;—-y-)—f* (%—]—

+%) = 0, wIH, BO3BpallAsCh K IepeMeHHOH X, MOXKeM 3amucaThb: [*(x) =
= f¥(= — x). ['eomeTpuuecKH 3TO paBeHCTBO O3Ha4aeT, yTo r'padHuK (YHKIHU
f*(x) B mnntepBane (0, =) CHMMETpHYEH OTHOCHTEJNBHO NPSMOH X = ; .

Takum o6pazoM, fjis NOCTPOeHHs T'pa i HKa GYHKUHH f*(X) C yKasaHHBIMH
CBOMCTBaMH cJ/eayeT, BO-NePBbIX, Ipaduk (GyHKuHUH f(x) 3epkaibHO oTOGpa-
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o T
SUTb OTHOCHTEJbLHO IIPAMOH X = b} B HHTEpBaJ ~2- , ’C) » BO-BTOpBIX, TakK

nosyyenHuiit B uHrepBasne (0, =) rpaduk ¢yHKumu f*(x) orobpasuth Heuer-
HbIM 06pa3soM OTHOCHTETBHO TOUKH x = 0, Kak LleHTpa CHMMETpPKHH BCEro rpa-
¢uka, B uHtepBaa (— =, 0). Toraa mnsi KoadhduunentoB Pypre nosyunm:

Uy =0,=0, by =0, byu_y == | [*(x)sin(@2n—1)xdx =
0

_—_% x(%—-x)sin@n—l)xdx—{-

e N

+'32:“ §(___.x)(x—~c)sm(2n—l)x¢1x

3
_ 2 4 (1) _
”W(I“Lm)) (n=1,2, ...).

CnejoBatesbHO, pa3/ioxeHHe GYHKIHH f*(x) mMeeT BHJ

2(—1 8 .
[*(x) == 2((2,(1 )1)2 T ) sin(2n — 1) x.

251. ®yHKUuA f(X) aHTHIEpHOAMYHA C TEPHOJOM =, T. €. f(x 4 =)=
= —f (x). Kakoii ocobGeHHocTbiO oOjazaer psg Pypbe 310l GYHKUHH
B MHTepBasie (—mw, =©)?

Pemenue. Ilpepnonaras, uto maHHass (GYHKUHS pas/ioxuMa B psif
dypbe, ¢ y4eToM ee aHTHIEPHOJHYHOCTH, NOJYydaeM:

=1 {twac=—L{iatmar=—L jwa=—,
—r —% 0

OTKyJa caenyer, uto a, = 0.
Janee, Haxoaum:

™
e

1
an=';

-—T

f(x)cosnx dx = —% S f(x 4+ =) cosnxdx =

2%

S [ (x) cos nx dx = (—1)"*Ha,

0

(=)t

T

(3mech MBI HCTOJIb30BANH PaBeHCTEO f(x -+ 2x) = f(x)). CnemoBarenbho,
@9, = 0. AHaNOTHYHO YCTaHaBJUBaeM, 4to b,, =0 (n=1, 2,

252, 3Has Koadpduuuentol dypve a,, b, (n =20, 1, 2, ...) HHTerH-
pyemoit ¢dyHkuun f(x), uMmerouiedl nepuox 2w, BHIYUCAUTD KO3(DPHULHEHTH
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dypve an,, b, (n=0, 1, 2, ...) «cmewennoiy bynkuuu f(x 4 h) (h=
= const).
Pemenue. YuuTbiBasg 2x-NepUOAUYHOCTD H HHTETPUPYEMOCTb (DYHKIIHH

[(x + h), nmeem:

T n-+h
c'z_,,=% Sf(x—}-h)cosnxdxz~11T S‘ f (f) (cos nt cos nh 4~
- —n-th
+ sin nf sin nh) df = a, cos nh + b, sin nh,
n-+-h
7),,—_:; Sf(x—{-h)smnxdx=~:? S. f (£) (sin nf cos nh —
" —n--h

—cosntsinnh)dt = b,cosnh —a,sinnh(n=1, 2, ...; a,=ay).

253. 3Hasi Ko3(puuuentel Pypre a,, b, (n=20, 1, 2, ...) uHrerpu-
pyeMoli GYHKUHH [ (x) C IEpHOAOM 2w, BBIYHCJHTD Koa(pcpnuuembl Dypre

A, B, (n=0, 1, ..) GOyHKUIHH CrekoBa
x-+h
1 .
frn(x) = 5k S [ (§) d&.
x—h

Pemenue. Psg ®Dypoe
—‘;i+2 an €os nx - by sin nx ~ f (x)
n=|

2r-nepuofMYecKon MHTerpupyeMoi GyHKUHH [ (X), coraacHo m. 3°, MOXKHO
Mo4JeHHO HHTerpupoBarb. IlosToMmy, HHTErpupysi €ro TIOWIEHHO IO X
B mpejesax oT X —hA jo x -+ h, nonyuaem:

"0 L 2 ( - sin nh cos nx + 7, Sin nh sin nx) = fn ().

Orciona Haxogum: A, = a,, A, = ‘—Ii;t sinnk, B, = lﬁ'ﬁ sin nh.

Pasnoxurs B pon ®ypbe no nosuHomam YeOwiepa:

254, f(x)=x%, x€(—1, 1.

Pewenue. I/cho;mm U3 OoOLIero npeAcTaBaeHUss (YHKLHU pSAAOM
Dypee:

;8
4

x3 == anTn (x)y (l)
n=0
rae a., —Kosppuunentel Dypre, nopsexkauue onpepeenuo. as ux
BbIUUC/IEHHS] BOCHO/NIB3YyeMCSl CBOACTBAMH OpTOTOHAJBHOCTH  IOJIMHOMOB
|
UeGbiieea Ha untepBaie (—I1, 1) ¢ Becom Viperh YMHOXKHB 00e 4acTH
— X

paBeHcTBa (1) HA BeCOBYIO (PYHKLUHMIO M INpOHHTErpupoBaB mo x € (—I, 1),
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B CHJIY YKa3aHHOT'O CBOMACTBA ¥ HEUETHOCTH (YHKUIHH X°, MONyuuM: a, = 0.

[anee, ymHOXKHMB 0ofGe wuacTu paBeHctBa (1) Ha %(m= 1, 2, ...
H [IpoMHTErpupoBas no x € (—I1, 1), HaiigeM:
+1 ST ()
X3T 1y (x . Tmam
Vi—z X = g1

—1

J'ns1 BBIYMCJIEHHS] MHTErpasja BOCHO/Ib3YeMCSl SIBHBIM BBIPAXKEHHEM IIOJMHO-
Mo3 YeObillleBa U Mpou3BeaeM MOACTAHOBKY arccos x = £. Toraa nonyuum:

0, ecitu m=+1, m=3;

T

3 .
T+ €CIH m=1,

1, ecnu m = 3.

2m 3
am = — | cos®tcos (mf)dt =
0

Takum o6pasom, mpu x € (—1, 1) x* = -'Zi T (x) + T4 (x).

255. f(x)=|x]|, x€(—1, 1).
Pemenue. Kak u B npenbiaymieM npuMepe, NpPeACTaB/sieM JaHHYIO

N
¢byukumio B Buie: |Xx|=a,+ }_, a.T, (x). IlocnemoBarenbHo yMHOKas

n=1

. 1
o6e yacTH 3TOro paBeHCTBAa Ha Vg U uHrerpupya mo x¢€ (—I1, 1),
— X
T o
a TakXKe YMHOXKas Ha 1—/1—”‘—2 H uHTEerpupysa mo x € (—1, 1), nosyyaem
— X
(MONB3ySACh NIPH 3TOM CBOHCTBOM OPTOIOHAJIbHOCTH IOJHHOMOB):
' +1 1
o — 1 (xlde 2 xdx 2
T 7 ) Vi *JVIi-x =’
o Vi—x J VIi—x
+1 w
m ' om
angn_ Ixfcl()/sl(mar:cosx)dx=-ﬂ— S lcost‘cos(mt)dt—_—;
-1 - 0
x [ 0, m=1;

= m*1L

2 T

__2m 2m . mmn
= ?Scostcos(mf)dt——ﬁ—j cos f cos (mt) dt = l ome1 €05 5
0 T

Hrak, npu |x| < 1 MoxeM Hanucarb:

9 | 9\ 4k (ks
|Xl=%+ % 2 —am—1— T ¥
=1

Paznoxurp B psg ®Pypve no nonuHoMam Jlexanapa QyHKUHH:
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0, eciu —1 < x<0;
256. f(x) = { 1, ey O<x< 1.

Pemenne. Mmeem: f(x) = D a,P, (x). TTostomy

2+ 1 S f(x)Pk<x>dx-—2k+‘§Pk<x)dx=

Q=

2k+1§ 1 de(x®— 1)k gy = et 1 dk—1 (x2 — 1)k |

— 72 kR dxk = Tokr+IR] dxk T 0?
0
=7 Si(x)Po(x)dx———~ (k= cod)e
k=1 (42 1)k |
OcraeTcsi BBIYHCJIHTD d(;k_l ) |0. OueBuzHO, npu Jawob6oMm k> 1

B TOYKe X == ] 3TO BbIPaXKeHHE PaBHO HyJ/O. [IJI1 BBIYHC/IEHHS S3HAYEHUSA
ero B Touke x = 0 Bocrosb3yemcsi ¢opmyJioli 6uHoMa Hpelotona:

(% — 1)F)t—h = (i‘, Ci (_1)1x2k~—-21)(k——1) —
=0

k1
1< -

= f‘- Ch(—1) (2k —20) 2k — 21 — 1) + v+ (— 2l + b+ 2) xk—2+1, (1)

M3 5T0r0 COOTHOLUEHHSI CJIefyeT, 4TO €C/JH R — YHCJIO YeTHOe, TO MpH

x=0 cymMma (1) paBHa Hy/MO; ecau k= 2m - ] — yucjo Heqemoe,

To B Toyke x =0 cymma (1) paBHa C2m+1 (—1)™+2m(2m —1)... 3 - 2.
Takum o6pasom,

__ (4m+3) (—=1)m 2m)! m=0, 1, 2, ...).

Aom = O, Aom41 = 22m+-2m| (m - 1)!
CaenoBare/ibHo,
I N (—1)m (4m + 3) (2m)!
-4+ 3 Slndmb e p

m=0

257. f(x)=|x| mpu |x|< 1.
Peme}me Kak u B npegpinymieM npumepe, HamumeM: f(x) ==
+

'—v apPr (x), Tae ak——Qk;_ lelPk(x)dx.

k 0 —1
Ilpn k& =2m 41 umeeM agmyy =0, TaK KaK B 3TOM CJyyae INOJBIH-

TerpanbHass ¢yHkuus HeuetHa. [lpu k= 2m NOJILINTErpaJibHAsA (PYHKUUSA
yeTHa, NO03TOMY

1

_ 1 _ 4m+ 1 dzm (x2 — 1)2m .
do =9 Aom= 5o (2m)!5 dxm dx =
0
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_AmF 1 [_armmi(r—1)em]l gemee(x2  1)2m ')
T 22m (2m)! dx2m—1 0o dx2m=2 o) =

4 1
= g (2 — DP9 g (m =1, 2, ...,

Anpjiornuno npojenaHHoOMy B npumepe 256, MoxeM Hamucarb!

((x2 — 1)2myem=2) |, _o = (—1)m+HCo " (2m —2)!

HraKk, OKOHuUaTeJbHO HMeEeM:

00

(—1)m (4m =+ 1) @m —

f(x)=—5— B (m— D (m D)

2)! P2m (JC)

Pasnoxutp B psag ®@ypre mo monudHomam Jlareppa L, (x) npu x >0
chaenymomue (pyHKIUH:
258. f(x) = e™%,

Pemenune. IlpexcraBum ¢ynkumio f(x) B Bume [(x) = ) anLn (%)
n=0

H HCNOJb3yeM OpTOTOHAJIBHOCTb mosnuHHOMOB Jlareppa Ha mnonyocu x >0
¢ BecoM e~ *, Tlomyunm (n> 1):

+o | o0
. _ L e dft (xeTX) _
an = S e x(l+a)Ln (x) dx = T S e—ax —dn dx =
0 0
d 1 1 1
1 n— (xne—x) dn— (xne—x) )
— | p—ax —ax
n! (e T den % ta Se T dxn L dx
0
[lpojon:Kasi MHTETPHUPOBAHHE IO YACTsIM, HAXOXHM:

+oo
n
a, = %—!- S xre—(+a)xdy,
0

ITpuMensisi K TOCJEHEMY HHTErpaly TaKiKe METOJ HHTErpUpOBAHHS 10
yacTaM, nocdje f1-ro 1iara noJiyyaeM:
-0

an an
a, = W J e—(+axdy =-(T—f——a)m (n = 1, 2, .. )

I
HPHHI/IMaﬂ BO BHHMaHHE €Ile, 4YTO Q, =-l_—!-——?l y OKOHYaTeJIbHO HMEEM! -
o0
—y

1
””=l+a (wa

Lp (%),
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259. f(x) =x"(n> 1).
Pemenue. HNmeem:

4o +oo
a, = S x"e~*dx =nl; ap= S" = (5:: Ldx =
0 0
1 de—1 (xk ) i drk™1 (xke™x)
xke™x - xre
=‘T(x TR T nanl dxk 1 d)
k 0 T
=(__"Tll_n(n_1) oo (n—Fk+1) s xte *dx =

=,’:_:(_1)kn(n—l)~ (n—Fk+41), ecm 1 <kgn,

Ecan xe &k >n, 10 a, = 0. Takum oGpa3som,

f(x) = Z( kk!(gﬂ)  Le (%)

Pa3nioxuts B psaa @ypse no nonnHomaM UebbieBa — dpMUTa CJIEAYIOLIHE

byHKIUH:
260. f(x)=—1, eciu x< 0, u f(x) =1, ecsiiu x > 0,

Pemenue. HannmeM HCKOMOE pas.nomeﬂne B BHJAE

f(x)= 2 arHy (%),
o~ k=0 0
rae a =—1—/’f,'2—1_: S e 2 f(x)Hx() dx—_—.%% S'e_—2~ Hp (%) dx +

— OO

w2
e S T H (9 dx, ag=0 (k=1, 2, ...).
T 0
[Tonb3ysich AIBHBIM BRIpaXKEHHEM TNOJIHHOMOB [ (X) ¥ MpOM3BOAS B mep-
BOM HHTerpaje 3amMeHy X Ha — X, NoJyyaeMm:

oo X2

L (—Det 2 )‘k‘”

2 — —
o= A (Sdk(iixk )dx_ (IT/(RI)W)(

x=0"

_x_)(k—l)

JIJ1si BBIYMCJICHHS1 3HAYeHHUs! BBbIPAXKEHHUS (e 2 |x=0 paccMoTpuM (yHK-
x2

umio u=-e 2 . B3sB mpousBOAHYIO, 3aMéyaeM, YTO 5Ta (PYHKIHS Y[OB-
JeTeopsieT augpepenunaibHoMy ypaBHenuio u’ - xu = 0. IlpuMenss K sToMy

PaBEHCTBY (IJOpMyJIy -Heﬁ6HHH8, no.n_yqaeM:
n—1

un 4 2 Cfl—l xR)yn—1—k) == (),
k=0 '
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IMonaras 3mece x =0, wumeeM pekyppeHTHylO ¢opmyay: u® (0) ==
= —(n—Du"20) (n=2, 3, ...). Ilockoabky u(0)=1, «'(0) =0,
TO OTCIOJA HETPYAHO moayuuth: u®) (0) = (—1)/QI— 1!l ¢ =1, 2, ...),
u?+h (0) = 0.

Takum ob6paszom, ecan k= 2/ -+ 1, To agryy = (—1)t! V% @ —1ntl

2
(=1, 2, ...), g =— ]/—{; ecau ke k=2, To ay =0.
CJ/lejoBaTe/IbHO, OKOHYATEJbHO MOXKEM HAIMHCaTh:

_ \ (—)iT @2
I 21 ox 1

=0

H21+1 ()C).

Pewenune. Kak u B npepsiayiieM mpuMepe, HMMeeM:
oo - .
Vo= x(e ) X Von (e )
k=2, 3, ..
(=172 —2)! .
2["2(1_1)!.1/'2—“ (l"" 1, 2, ...)’

ar

x=0?

Qo1 =0, ay =

[TosTomy passioxkeHue NPEACTaBJsSETCA B BHIE
2 (=D (21 —2))

x| = V—.-I- = [19; (X).

%] ® ;::'12'—-2(1-1)!1/2:: 2 (%)

262, f(x)=e"%.
Pemenwue. BpuHcauM Ko3(pUINEHTH Pas/OKeHHUs

Ao "

1 a (*T)(k) =0
I eee—— —dx - oo ofe
a Vo j e e dx ( , 1, 2, )

e 00

Hnterpupys mo uacram, Hosyyaem:

— X\ —1) |4 — X2\ (k—1)
ak=—l—_—_(‘e"‘”‘(e 2) l +a§ e“’"(e 2) dx) (k=1, 2, ..),
V 2= —co e
HIH a, = aa,—,. llomaras B 3To# pekyppenTHoit ¢opmyde k=1, 2, ...

H IIpuHUMAasds BO BHHMaHHE, 4TO
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C 2 L =L ey &
—aX— — —_— (x4a - -
Qy = ﬁjve ‘4’dx=-_.je2Jr 2 dx =
]/21t_°° 1/2::__9°
’azf’ e #2 a
i 5 ~ T dt=e?
= — e 2 =
Vo= !
a
nonyuyaem: a,=e? a* (k=0, 1, 2, ...).

Takum o6pasoMm, OKOHYATeJbHO HMEEeM:

a? o«
e =e? kgo atH, (x).

§ 7. CymmupoBaHue psapos

1°. HenocpencrBennoe cymmuposaunue, Ilycts Tpebyerca
NPOCYMMHpPOBATh CXOAALUIMHCA pPAX

S u, (1)

n=1

IpencraBasieM 4, B BHLE Un = Upyi — Uy, TAC Upyj = S, + vj, Sp— nocJe-
JIOBaTeJIbHOCTb YACTHYHBLIX CYMM JaHHoro psiga. Toraa, ecan limu, = v,

N+ oo
TO

du,=1imS,=v, —uvj.

n==1 fl=r 00

B ToM cayyae, Korja oOMH 4jI€H psia MMeeT BHA
1

un—

T 8nlnti vt Gpim
Te a4, =a,+kd (k=0, 1, ..., m), d=const, 10
1
vn _ Y
md  Q,ap4qi *** Anem_i

2°. Metox CcyMMHpOBaHHS pPAAOB, OCHOBAaHHHLIH Ha
teopeMe Ab6enqa Ilycre psan (1) cxoaurca. Torza ero cymmy MOXKHO
HaliTH TO (opmy.e

o0 (-]
Du,= lim D) ux"
n=0 x=+1—0 n=0
3. CyMMHpOBaHHEe TPHITOHOMETpPHUEeCKHUX psagoB Ecm
CymMMa CTEIIEHHOr'o psjaa

°31
2 ut, z=¢x
n=0
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n3BectHa u papHa C (x) 4 iS (x), 10
dlu,cosnx =C(x), X u,sinnx=3S(x).
n=0 n=1

Hacro GbiBaeT mosie3HbBIM psaf

00

2n 1
—=In;y— (In1=0),

n=_.~1

cxoxsuuiicss npu |2| < 1, 3a HCKJ/IIOYeHHEM TOYKH 2 = l.
Hafitu cymMbl psifoB:
| 1 1
263. ;3 3ty T st
Pemenue. HerpynHo Buzerh, uto OOIIMH 4YJI€H 3TOTO psija i, paBeH

1
A1) (ng2) TAC Wucaa n, n + 1, n+ 2 o06pa3yloT apHPMETHYECKYIO

nporpeccuio ¢ pasHocteio 1. ITostomy, corsacHo m. 1°, mosyyaem:

-+ 00

o I .
S= 2.;1 TR TGy = limo,—uy,

o1
2 n(n+1)
a limov,==0, 10 S=74-.

o0

1 1 1 1
26401.2—2'3+3.4——4.5+.00
" (_])n+1
Pemenue. OOmuit useH JaHHOro psja a, = CEE CrenoBa-

1
TeJIbHO, MO MPH3HAKy CPaBHEHHs, Paf aGCOIOTHO CXOAHTCA, HOO | @, | ~ —

MnpH 1 —»- co,
Paccmotpum cteneHHO# psj

1

Tie U, = — (m=2; a,=n). Ho Tak kak v;=—,

= xn+1
f(x)= 2__1”———(”‘*‘ -

OToT pAX aGCOMOTHO CXOoAMTCA NMpH |x|< 1 H, Kak JmoGol creneHHOH
psg, BHYTPH HHTepBasa CXOAHMMOCTH HMEET IPOHM3BOIHYIO

oo

’ . xn . 1
f(JC)—- IT—,IHT—;—}E.
n=

HHrerpupysi o6e yacTH NOJY4eHHOrO PaBeHCTBa, HAXOJHM:
f(X) =(1—x)In(l —x)+x+C.
ITockonbky f(0) = 0, To orcioga crenyer, yto C = 0. Hrak,
[@)=(1—x)In(l —x)+ x.
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Kak BuauMm, 31ech BNOJHE MPUMEHNM METOJ CYMMHpOBaHHs psinoB AGeas
(oM. . 2°). TlosTomy nmeem:

] o0

VD im Y= lim (1 — ) In(l—x) + 1) =
— n(n+1) L1t vt nin+1)  xo 40
=2In2—1.

n
265- ,12_1 GF a1y

Pemenue. Ilpencrapnss faHHBIH CXOAAWMUCS Psifi ¢ NMOMOUIBIO METOAA
HeormpeJiesIeHHBIX K03(h(hUINEHTOB B BUJE Pa3HOCTH ABYX CXOJSIIUXCS PSI0B:

n
S= §<n+ NEP I g FTOETE

1 1
'“2‘”{-“1 (nFDH(r+2

TNIpEMEHSIEM METOJ HeNOCPeACTBEHHOrO CyMMMpOBaHHsL JIJig Kakioro H
JIByX TOCJTENHHUX PSOB HMeeM:

. Y 1 . 1 1 1
Jim ) FFOGTy am ((?3““?) +(T"€) +

—

+“'+(N—ll—2 "‘qu-s) 3

. 1 (1 1), (1 1
A‘:’:E wrery = im((—3)+ (5 =)+
1 1
+"'+(N+1 _N+2) -2
1

Caenosatesibio, S = T

1
266. Z PRTE (m — HaTypasbHOE 4YuCIO).
ro=]

Peurenue. Ilpeo6GpasoBbiBasi 4acTHYHYIO CyMMY S, psila K BHALY

= Y () - (S - T

k= k=1
m n-{-m
__I_(E L _ 2 1
T m * k)’
k=1 k=n-1

noayyaeM: S=1imS§, =

N+ 00
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1 1 |
267 to 3ty stss
Pemeﬂue Hpmao;m JIAHHBIA P K psAY

‘%((1{2 "'21-3)"‘(31-4 "4{5)+"')=‘21‘S'

raie S —cyMMa psla, pacCMOTPEHHOro B mpumepe 264, nosyuaem:

I 1 ! I
o3 tsrstse T =2—5.

268, Y. nzl”‘:j

n=
Pemenne. IlpeoOpaszoBbiBasi psii K BULY

S—__E nz-l——lzzn('TiF_f)—

n=2 n=1
H UCHOJIB3Ysl pe3yJbTar npuMepa 266, Haxoaum, uto S = g—..
' 2n—1
269. ) e
n=l1
Pewenue. Pasnaras obuuii useH p;ma Ha npocme Jpo0OH, HaXOIUM:
2n —1

nt(n - 1)2 'n(n+1)+ ar—el n+l)2’
rne A=4, B=—1, C= —3. Tak Kak

[

Eﬂﬁk—f)—:l’ 2711?2—%1’ 27{_%1)—2'=%i——1,

n==1 n=1

o0

2n—1 - 2 4
TOEm—? 37t.

n=|

210. E 2n+ 1)

PemeHHe Ilpencrapnsisi yacTHUHyl0 cymMMy S, psiia B BHJE

n

"2( 2k+1) 2’;(%——(2—#7-1-5‘&)):

=

2n-4-1

1
=2(1— Y 7]
k=n-1
M Tnoap3yach npumepoM 86, ra. I, 4. 1, Haxomum: S =1imS, =
=2(1—In2). T
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22”(n+1)

Pemenne. [duddepeHuupys CTeneHHOH psj

n=1_

(2x)n+l

= 2xe*
n!

NIOYJ/ICHHO, noJyyYyaem.

(2xe™) = 2 (n+])2n+1xn ,

n=0

fl
OTKyJa, noJarast x = 1, HaxoAuM: E (’H_ D 3e?,

n=0

1
272, )-l n?(n—1)2% (n+ 2)2°
Pe m e H ne. OOWHA uneH psajga pasﬂaraeM Ha HpOCTbIe 11p0614

1 3
nE(n 4+ 1)° (n+2)2=_zm+ 4 (n+2) +Ez'2+ (rz+1)2 + 4(n—[—2)2=

— 1
“ 2+ 2 + 4n? +(n—f— 1)2 +4(n—1—2)2'
Cymmupysi psinbl

(-]

Y ey =1 ;—i—=—%? Y =% b

n=|\ n==1

2 A . S
(n+2) 6 e

. 1 w2 39
OKOHYATeJbHO HAXOAHM:

_ln2(n+l)2 n+2:" 4 16"
(=1)"n
273. 2 1S

n=0

Pemenue. SaMeqaﬂ YTO 3HAQUYE€HHE CTEICHHOIo psaa

Y (e _ (e 1Y (bt
~ Ten Dl E —enr z e

=—2-(xcosx——-smx) (|x|< oo)

npu x =1 coBmajaer C JaHHHIM YHCJOBHIM PSOM, HMEEM:

~ —1)n ’ 1 .
Té;—_ﬁ-%l— = ?(COS 1 — Sin 1).
==()
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(="
2174. E n4n—2°

n=2 .

1
Pemenune. Pasnaras apo6b 7T —5 Ha TpoCTEle, MOXeM HaluCcark,

4TO
(_l)nxn—l _ ~1- (—1)nxn—3 (—-l?”x""‘z
n4+n—2 "~ 3 n—1 3x3 n--2
n==2 n=2 n=2

=%1n(1 —l—x)—gl—ﬁ(——ln(l +x)+x—--’—‘;— +§) O<|x|<1)

Orciona, npuMeHsisi TeopeMy AGensi, HaXORUM:

o0 ®0

—nr (—Dmn=t 2. 5
2n2+n—2—x{1{20n" min—y — 32—

n=20

Pemenue. Hmeem:

En;’txl"n 2 ol xn+2( ) %-4'

n==0 n=>0 n=0

+L2ﬂn!x—ez+2}:nlyn—l(=%)' (1

n=1 n=l

HuTerpupys mocselHUR psl NOYJIEHHO, HaXOIMM:

RS R T AP
n=1 n=0

0 n=\l

Orcioga audbepeHIIPOBAaHUEM MOJYYaeM:

0

Z n2yn 1 — oy (_/ i I) (2)

n=1

Haxkonen, nmoxcrasnssg (2) B (1), umeem:

8

Bl (E 2 1) (2] < )

(—=1)" 2n®+ 1)
@n)! g

276.

n=>0
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Pemenne. IlpencraBnsisi maHHBIH psig B BHIE CYMMBl JABYX CXonfd-
HUXCA PANOB:

N (=), —1
S = Y i ¥ +2 L= (x) < o)

n==1

M 3aMeuasl, YTO CyMMa BTOPOrO psila paBHA COS X, BbIYHC/IEM CyMMy Mep-
Boro psxa. Mmeewm:

o0

—1\nxn
F0) =Y, i = e (),

n=|]

(—Dnaxin=1
rae ¢ ()C) = ——&7—:——1)'— .
n=1

I/IHTerpprﬂ TMOYJIEHHO 3TOT PsiJ, HAXOJHM:

(]

(-]

— V(- XM X
S(P(x)d == ( 1) Gn—nr — -Q—sinx,
n—l
| S X
oTKyna ¢ (x) = — 5 sinx — cos x.
CnenoBaresbHO, f(x) = ———g- (sinx 4+ xcosx), a

S(x)-—-(l——gi)cosx——-g-sinx (|x] < o).

n2xn
211 2(2 n4

Pe m eH ue. Ilyetb x> 0. Ilonarass x = y?, umeeMm:

00 e

= @ T~ & @nF = yS1(4),

[

rie S;(y) = %_2"—1:)17 HuTerpupysi 3T0T pAA MOY/IEHHO, MOJyYaeM!
2n—1
S Sl (y d./ = !/ Z (QZy_J[_ l)l %82 (y)v (1)
2n—1
rae S:(y) = (—2%75,—
=1

AHanoruyHo Haxonum:

2n |
S&@@-f Y, = 55 Ch o~ @)
(cuutaeM, 4TO MpaBasl YacTh STOTO PaBEHCTBA paBHA HyJIO npu y = 0).
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Hudpdepennypys ofe wacTH paBeHcTBa (2) HO Yy, HaXomuM (yHKIHIO
Ss (y). Touno Tak ke Haxoaum yHKUMIO S, (y) u3 ypaBHenus (1). Oxou-
yateJibHO HMeEEeM:

00

(2:4{”1): = % ((x + 1) Shl/l-/ix —ch V)_c) (x>0

n=0
(3ametuM, yTo B Touke X = 0 mnpaBast yactb 3TOH (OPMYJbI, HA OCHOBAHHH
TeopeMbl AGesss (cM. m. 2°), paBHa ee TIpeleJbHOMY 3HAYEHHIO [1pH

X - -+ 0).
IIpn x < O BbimosiHsieM aHaJOTHYHBbIE BbIKJAJKH. B pesyJbraTe mnpuxo-
JUM K TakOMYy OTBETY:

o«

¥t =11l +1)S‘“V_-——cos1/1—x), x < 0;

= 0, x = 0.

3

C IIOMOIII.b}O nousieHHoro auddepeHIUPOBAHNS HAATH CYMMBbl DPSIOB:

(=D
218. 2 n@n—1) °
Pe m e H ne. JuddepeHunpya NaHHBIA psif NOYJIEHHO JBAXKbl (B HHTEp-

Bajie CXOAMMOCTH CTeNeHHOH psii MOXKHO MNouseHHO auddepeHnHpeBaTh
Jo6oe YHCJO pas), HaXOAMM:

1 \ n— - 2
f<x>-2§_] (—1y=txze=h = o2 (x| < 1)

Orcioa Moc/1eJ0BaTebHEIM HHTETPUPOBAHHEM MO X JABAXKAbl [OJYYaEM:
f'(x) = 2arctg x 4 Cy, [ (x) =2xarctgx —In(1 + x?) + Cyx + C,.

[Tockomery f(0) = f'(0) =0, T0 C; = C, = 0. CienoBaresbHo,

(—=1)n"1xn 2

——— = r —In(1 4 x3).

2 TR =1 2x arctg x — In (1 4 x%)
n=1 ‘

Tak Kak JaHHBIA CTEIleHHOH ps/Jl CXOAUTCs Ha KOHLAX HHTepBaJa CXo-

aumoctH (x = + 1), 1O, coraacHo Teopeme AGessi U HeNnpepbIBHOCTH IPaBOH

yacTH, MOXEM YTBEPXKJATb, YTO IOCJejHee COOTHOILEHHe' CIPaBeiJIMBO NpPH

x| < 1.

N a@td) - (@t (n—1)d)
279. Y, ) Lt ¥ (d > 0).

Pewenne. 3amerum mnpexie Bcero, 4to ecMu a = —Nd, rpe N =
=0,1, 2, «v., TO 1aHHbIi paA ¢GAKTHYECKH [IPeACTaBJAET KOHEeYHYIO
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cymmy. CnelopatesbHO, B 3TOM CJyyae Pl CXOAUTCS INpPH  BCeX
X € (— oo, -4 o) U HMEeT BHJ

—Nx B D e (Ve = (1 — ¥ — 1.

Hanee, ecau a =+ —Nd, to no c¢dopmyne I, § 5 Jerko Haxoaum
KHTEPBAJI CXOUMOCTH STOTO CTEMEHHOTrO psija: x € (—1, 1). IlosTomy mipu
|x|< 1 psnp, cyMMy KOToporo ofo3HaunMm 4Yepes S(X), MOXKHO IMOUJIEHHO

nH(I)@epeHquOBaTb Hmeem:

S =4+ 55 e+ SR 30 ko (1x1< D)

VMHOXKass o6e yacTH 3Toro paseHctBa Ha (1 —x), mosyuyaeM aude-
peHIMAIbHOE YPaBHEHHE OTHOCHTEJIBHO HCKOMOH CYMMBI S (X):

(1—08®=35+7Sk.

O6uiee pelieHHe ypaBHEHHMS] HMEET BHI:
a

S(x)=—14+C(|1—x]) ¢ (C= const).

Tak Kak MHTEpBaJ CXOJMMOCTH CTENEeHHOrO psjia OnpejiensieTcsi Hepa-
BeHctBoM | x| <1, T0 |1 —x|=1-—x. Kpome Toro, S(0)= 0, mostomy
C = 1. CnenosatesibHO, OyleM HMETh:

a

SK=(1—x) ¢ —1 (Jx|<]1).

Ocraercsa HCCJIEN0BaTb CXOIHUMOCTDL psifia B KOHLEBbIX TOUKAaX HHTEpBaJa
CXOJIHUMOCTH.

[Tyctb x= —1. Torza mosyyuM YHCJOBOH 3HAKOYePeAYIOLIUHACS psif,
KOTOpbIH, KaK CJeAYyeT H3 OTHOLIEHHS

a, (d—a)l a(a—d) _a@+d---(@@a+ (n—1)d)

Ont: I+ = +d(a+nd)n » Gn = d-2d---nd

(cm. npumep 90), cxomurtesi, ecau d > a.
IIyctb x = 1. Torga nmosiyyuM 3HAKONMOCTOSIHHBIH YHCJIOBOH p;m, KOTO-
phili, KaK cJelyeT H3 HAaNHCAaHHOTO OTHOILIeHHMs M npu3Haka laycca, cxo-

aurcs npu a < 0.
Takum o6pasoM, ucxoist U3 Teopembl AGessi, MOXKEM YTBepXJaTb, 4TO
a

. CyMMa JIaHHOTO CTElleHHOTO psifia B TouKe X = —I| papHa 2 ¢ — 1, ecu
d >a, a B Toyke x = | paBHa — 1, ecan a < 0.
C NOMOLIBI0 NOYJEHHOTO HHTEIPHPOBAHHS HAHTH CYMMBI DPSIOB:

280. > n2x"L,
n=|
Pewenune. ror creneHHOH pan cxoqurtcst abcomOTHO mpH |x| << 1,

. n -5 )
H60 paguyc cxomuMocTH ero R = limy/ n~2 = 1. Hurerpupyem creneHHOH

N =+ 0o
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PAR mo X ABaxnbl (BHYTPH MHTepBasa cxoaumoctd |x|<< 1), cuuras, uto
x + 0: ‘

1
S(YSS()C) dx)dx= 2 X"+ Cyln|x| 4 C,,
) n=1|
rre S(x) —cymma panga, a C; u C, — npoH3BOJIbHEIE TOCTOSIHHBIE. Y YHTHL-
Basi PaBeHCTBO E X" = -I%x (] x| < 1), u3 nmpeanocJiegHero COOTHOLIEH U

n=1

AudpepeHUUPOBaHHEM N0 X HAXOJHM:

1+ x
S@) ==z (IxI<1).
3aMeTHM, YTO oOrpaHuyeHHe X == 0 Mbl CHSUIH 31€Chb MOTOMY, YTO CyMMa
CTeneHHOro psja mpu x = 0 paBHa eAVHHIE.

N @n 4 1) x2n
281. 20 e
Pemenune. OGosnauas cymmy sToro psfa uepes S(x) (|x|< o)
M MHTErpuUpysi psill TOYJIEHHO, NOJyyaeMm:

(seax=Y 22 1 c=xe 1c.

n!

n==0
Jnddepenuupys no x obe 4acTH 3TOrO PaBeHCTBA, HAXOAMM!
S(x)= (1 + 2x¥)e* (|x] < o).
Hcnonb3yst meron AGensi, HalTH CyMMBI CJeLyIOMUX DsJIOB:
1 1 1
282. l—3 +5—+

Pemenue. PaccmoTpum cTeneHHOH psf

[

Y (15 =S

n=0

Jlerko HaiiTH, uTO OH CXOAMTCS abco/moTHO mpH |x|<< 1. Ianee, BuauM,
UyTo B TOYKe X =1 CTeneHHOH pfAL COBNajaeT CO CXOAAIWUMCH (B CHJAY
npusHaka JIe#i6HHua) aHHBIM YHuCJIOBbIM psfioM. CilenoBaTtesibHO, IO Teopeme
AbGensi, 6yneM HMETh: .
[ | 1 .
1-—'2—'—}-7 _m+ coo = lim S(X).

x-+1—0

Ocraetrcst HaittH S (x). duddepeHnupys psi MOYJEHHO, NMOJSYyYaeM:

') =Y (—1y*" = (%<1,

n=0

150



OTKYyJZa
—1

dx 1 1 14+ x
s ={rrm=3hm—s ==
[Mockonpky S(0)=0, 10 C = V- . CaenoBaresbHo,
I+ x 1 2x—1 n
S =gy T3y Ty

ITosTtoMy OKOHUYaTesbHO HaxoiuMm: | — T -+ = 15 + e = -;3- In 2 4-

-+

T
3V3 1 1.3 -3:5
283.1—“'—2'—}"2.4 2 4 6-—}—--‘

Pemenue. Ilockompeky npu |x|<<1 chopaBessuBo pasJioeHUe
(cm. § 5, opuyary 1V)

1
-5 —1)7 2n— 1!
(1—{—)62) 2 =14 ( )(Q(n;l“ ) x2n

n=1

H JaHHBIA YMCJIOBOH psili, B CHJY INpu3Haka JleiOHuna, cxomuTtcs, TO, IO
TeopeMme Aless1, nosyyaem:

1
1'3 1‘3'5 2 2 l
—gtrg gt = lim (144 2=,

xX~+1—0 §

1 l 1.3 1
284 1+5-gtgg -5+
Pemwenune. CxoaumocTb s3TOro psina mokasaHa B mpumepe 197, Tam xe
MBI MOJIYYHJIH pasJioKeHHe

e on — NN 2n+l .
x+2( Tl ey~ eresing (1x]<1),

1 .
H3 KOTOpOro cjaenyet, uto | +-2— . %-1-%-‘-2 . -:_)__}_ R “3‘*
Hafitu cyMMBl c/ieayrolpX TPUTOHOMETPHUECKUX PSIOB:

985. Z sinnnx .

N=—
Pemenue. PaCCManHBaEM 3TOT pPsAX KaK MHHMYIO 4acCTb CTEIE€HHOI'o
psina

[+

n 1
2 zn =1n(1_2) (z=e* 0<|x|<m),
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rie nox Inz moHumaem Ty ero BeTBb, A/ Kotopoil In 1= 0. Torpa Gymem
HMETh:

[

Sx) = 2 Sir;nx = ImIn (l_—l-—z> = arctg lx =
n=1 tg ?
M —

-—2—56, ecd 0 < x < =

T X x
5— , e —w < X< 0.

Tak xak ¢ynkuma S(x) 2z-nepuoanuna u S (kx) =0 (k — uenoe), To,
HCIOJIB3YS TOCJENHHH pe3yJsbTaT, MOXKEM HamucaTb, YTO

2k +1)n —x ,
S(x)={ 5 , ecn 2kn < x < 2(k 4 1) w;

0, ecd x = 2km.

N sin2 na sin nx w
286. 2 ——-——n—————(0< a<?).

n=1

Pemenue. IlpencraBnsis JNaHHblii psii B BHAE CYMMBI TpeX CXOAd-
IIHUXCS PSIIOB:

_ l-i sinnx 1 {i sinn (2a+x) 2 smn(x—.‘Za)
T2 4 dad 1

n=1 n=1 n=1

H HCHOJB3ysl pe3yJbTaT Npelbliyllero npuMepa, HaXOIUM:

3 inr = 5 S (9 = S 20) = S(r—2),

Hanpumep, npu x € [0, 2x) umeem:
r0, ecid x = 0;
—z—, ecid 0 << x < 2a;

, €cJH X = 2a,;
Z SN2 12 in e = 4 S
n 10, e 20< x<< 2w —2a;

‘——-g—, ecin x = 2x — 2a;

-—;1—:, ecyu 2w — 20 < x < 2r.
{

Hanee, B cuny 2w-nepHOAWYHOCTH CYMMbI 3TOrO psiiia, 3HAYEHHS €ro IOB-
TOPAIOTCS.
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[
5 COS nX
287. Y (—1yS28%
n=2 w
Pemenune. PaccMaTpuBad psjl Kak JIeHACTBHTEJbHYIO YacTb CYMMBI

psia

VG e, —n<r<n)
n=2

MOXKeM HamnHucaTthb:

[} -]

¥ e S

[Tpa ycaoBuH, uTO 2z < —1, NOCJENHMH psAN TPeACTaB/IseM B BHAE
CYMMBI JBYX CXOASILUIMXCS PsiLOB: .

0

N
n=1

n=2 n=—3
i(zln(1+z)+1 z 19—“;—2)
CrenoBateJbHo,
N () ! In (1
2(—;,)—2{—()?—”{-:7Re(zln(l+z)+1.__.2i_"(z—l—z))___
n=2

1 1 . .
- T2_(1 — 5 COSX—X smx) (e* £ —1).

3aMeTHM, 4TO OrpaHHYeHHe Ha OTBeT (e'* = —1) 3/echb MOXKHO CHSITh.
IleiicTBUTeNbHO, ec/n e* = —I1, To cos nx = (—1)". Ilpu stom mbl moJy-

YaeM YHCJOBOH psf 2 F_l:—l , PaBHBIi i} (cMm. mpumep 268). C nmpyroit

n=2

1 1
CTOPOHBI, ecJu cos nx = (—1)", To - (1 — 5 cosx —xsin x) ‘Z- . Hrak,

co

(—1)n cos nx 1 1 :
— T =7 1 —3 COSX —Xxsinx

n=2

npu Bcex X € [—=, =]. Janee, B culy 2w-NEPHOAHYHOCTH CYMMbI 3TOTO
psla, 3HAYeHUs] ee MOBTOPSAIOTCH.

. Cos nx
288. 2 Ly

n=0
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Pemenne. Jlerko naxomum, 4ro

2 — = ReE zr;‘ = Ree® = Re egcos xHisinx —
n n

n=0

= ¢ ¥ cos (sinx) (| x| << o).

Haiitu cyMbe CeAYIOLIUX PSLOB:

((n—=1N2 o ron

289, 21 i (0.

—

Pemenue. uddepenuupys 3TOT pAf Mo X ABAXKAbl (B HHTEpBase
CXOIMMOCTH |x|<< 1) M yMHOXaf BTOPYIO NPOH3BOAHYIO e€ro na 1 —x?
1ocJie  HEKOTOPHIX mpeoOpa3oBaHUH pPANOB  NOJydaeM nucb(pepeﬂuua.nbﬂoe
ypaBHEHHE OTHOCHTEJBHO HCKOMOHA cymmbl S (x) psapa:

(1—x*8"(x) —xS'(x) —4=0.

ITpousBogsi B HEM 3aMeHy HE3aBHCHMOIO IepeMEHHOro X no QopmyJe
{ = arcsinx, nDpuxoiuM K ypaBHeHHIO S”(f) =4, H3 KOTOPOrO HaxXoIuM;

S(t) == 2t2 + Clt + Cg (Cl’ C2 = COHS'().
Tak kak S(0) = S’'(0) =0, To orciona nosyyaem:
S(x) = 2(arcsinx)® (Jx| < 1).

HetpynHo HaiTH, 4TO YMCJOBOH psX

2 ((n —DY? 4n
T @2a)l

n=1

SIBJISIOMUACA 3HAYeHHEM JAaHHOTO CTeNEeHHOro psfa nmpu x = +1, B cuay
npusHaka ['aycca, cxonutesa. A Ttorna, mo Teopeme AGesst M Ha OCHOBaHHH
HeNnpepuLBHOCTH (yHKuuH 2 (arcsinx)® Ha cermente [—1, 1], Moxem
yTBepKIaTh, uto S(x) = 2(arcsinx)® npu |x| < I.

|

290. ¢
I T GINGF) T GFDGIOGED

Pemenue. Ilpexne Bcero ycraHaBnupaeM 06J1acTb CXOZUMOCTH. s

n!
3TOro, 3aMeuasi, YTo OOWHMHA uJeH psga aq, =
’ » pAA GFDGEFD - x )

(x #= —k, k—mHarypanpHOe) HauMHasi C HEKOTOPOTO JOCTATOYHO 6onbmoro
HOMepa MMeeT OIpele/ieHHbIH 3HaK, NpHMeHsieM npu3Hak [aycca. meewm:
a, x x ]
= 1+ — et Orcrona, B Cuy TPHBEAEHHOTO NpU3HAKa, /e
JYEeT, YTO Psil CXOAUTCA TOJBKO npu x > l.

Haiinem temepr cymmy S(x) mannoro psiza. C 3TOH 1eJBIO NMpPEeACTaBHM
oOLMi YJieH psiia B BUAE

1 n!
a"=x~1((1+x)<2+x) Ty ey

(n 4 ! .
—(l+x)(2+x)---(n—l—x)) (n=2,3, ..)
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H BHIYHCJHM YacTHUHYIO cyMMy S, (X) paccmarpuBaeMoro psiaa:

21 3!
Sa(x) = x+1+x—l((l—f—x (l+x)(2—l—x))+
( 31 . 4! 1
) T\ TF9eFs " TF9 6B

( n! (n - 1! )) .
S Ve e ey oy e S { gy oy )
1 (n+ D! 1 (n-+1)a,
—1 =D Fx0CFx) - --(n+x x—1  x—1 °
[TockosbKY psif CXOAMTCS, a WIEHBl psja MOJOMKHTENbHBl H MOHOTOHHO
yGHIBAlOT, TO, B CHJY npuMepa 14, crnpaBeajuBo cooTHoweHue lim (n 4=

n- oo
+ l)an = O. “HpHHHMaH €ro BO BHHMaHHE, H3 Hpeﬂblﬂymero IIOJIleaeM:
S (1) = limS, (1) = —— (x> 1),
= 00
ai aji ay

291.

a2+x+a2+x 'a3+x+°" npu ycjaosud, yto x >0, a, >0

1 o
(n=1, 2, ...) u pan E —— — pacxoAsIuiics.
n
n=1

Pewewnue. Ilpencrasiss oOwwuii uiaed b, (x) psga B BHIeE

— 4183 ... Ap
bn (x) — (az + x)(as + x) e (an+1 + JC)
1 aag ... Qp . 403 ... Gpij ) _
o x ( (a2+x) (a3+X)...(an+)C) (a2+X)... (an+1‘+x) (n 2’ 3’ "‘),

HaXOQMM 4YacTHYHYI0 cyMMy S, (X) AaHHOrO psja:

1 ({ ajas a,a,a4 ) ( a,Q,a4 —
Sa(0) =g +x+x((a2+x @F 9@+t T\ e D

_ a,05a30, ) e ( a:a;3 ... a, _
(a3 + x)(ag + x) (2, + %) (a3 + x) (ag + %) ... (an + X)
G183 ... Qn4i )) _ 4 _l ( 85
(aa + x) .. an+1 -+ x) Qg + X a; + x
_ 418 ... An+1 —

(@2 + x) (ag + %) + -+ (An+41 + %) ) (r=2,3, ..).
QyQ3 ... An4i _
Tax xax 0< (@y+ %) (ag %) <+« (A1 + %)

: < ln (cMm. npumep 4, . I,

— > l )
<1+a2)(l+a) ( + an+1 l+x2—£—
g=2

Y. 1) H pin C MNOJOXKUTENbHBIMH UJIEHAMH MOXKET DPAacXOAMTBCH TOJBKO

a,a . a +1
K OecKoHeyHoCcTH, TO lim 12> = (, ClenoBa-
Y e (az @t 0 @it D A

TeJbHO, S(Xx) = lim S, (x) = %

N~ oo
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292. 5 x2+ )\4+1 xs-{— .-, ecau a) |x|<l; 6 |x|>1.
PemeHHe [IpencraBasis yacTHUHYIO CyMMy psila B BHIE
1 1 ) 1 1 1
Sn(x?=_2'((1—x'—l+x)+(l—x2_1+x2)+ il
1 1 1 1 1
+( 2”—1+x2”))=“2_(1—x+(1~x2 l+x)+

l —x
1 1 ! ! 1
+(1—x4——1+x2)+ +<1_x2”_1+x2”‘1)-—1+x2”)=
_ l( 1 x2n—1 |
- 9 1___x+ x2+1 x4+l +“’+l_x2n‘l+x2n)’
nostyyaem:
S 1( 1 S x2" !
n ) =g T TS0 — = — )
OTKyJa
S ! Zall
a (X) = i *-x_l—}—x2nh | genti®
Ilostomy, ecam |x|< 1, T0 limS, (x)——:x_—;. Ecin xe |x|>1,
N~ 0o
to lim S, (x) = L.
N> 00 l—x
Té_;c’ ecyH | x| <1;
CrenoBaTesbHO, CymMMa psaga S(x) = I

T— eom x| > 1

nt1
293. 2 (l—x':)c(l——-x"'*-l) , ec a) |x[<1;:6) | x| > 1.

n=
Pemenue. PaccmarpuBas yacTHunyio cymmy S, (x) psna
x x?

x2 1
Su(%) = T3 (l+x T T e T 7D T T F @ F oD T

xn—1
o )
H 3aMeyasi, 4To

xn—1 x4 xn
IF+x+ x4 F ) (I x4 oo 27 L x4 eee - xn71
14+ x4 oo - xn1 B
-+ R —— n=2, 3, ...),
NoJy4yaem:
S, (x) = x2? I+ x4 oo fxn7t x2 | — xn
n (¥ _‘(l——x)z. I+ xF - Fx¢ (1—x2 1—xntl*
Orciona cimenyer, urto ect |x|<<1, 10 S(x)=1im S, (x) = —xzx)g

N~ o

Ecmu xe [x|>1, To S(x) = limS,,(x)=-(lTxx)2-, rie  S(x)— cymma

n—r o

psana.
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§ 8. HaxoxpaeHuMe onpefieNeHHbIX MHKTErpanos ¢ NOMOILLIO PRSoB

C nOMOILBIO  pa3/10XKeHHUs NOJAbIHTEr paJbHOH QYHKUUM B psill BbIYHC/IHTD
CJeAyIOIHe HHTerpaJsIbl:
1

o | e £ VTR,

0
Pemenune. Ilpu |x|< | cnpasegnuBo pasnoxeHue

) (21 — 1)11 x2n+3

—_— —1
nE+VI+d)=x+ ) ( @)l @1 1)
n=1

(cm. npuvep 198). PasgenuB mounenHo 5TOT pag Ha x (x %= 0) u npous-
TerpHpoBaB ero B mpenenax ot 0 o 1, noayunm:
1

me+VIF® ,. - (—1)7 (2n — 1!
§ x de =1+ 21 Gl @n 1) *

1
295. S 2 n(l — x9) dx (p >0, ¢g>0).

0
Pemenune. [lannpiii uHTErpas, BooOile TroBoOpsi, ABJASETCS HeCoOCT-

BEHHbIM; IIO3TOMY

1 l—e,

fx”"‘ In(1 —x9) dx=lim S x~1In (1 — x9) dx,
0 eg=>—-40 €
r*+0

[Tockonpky mpu 0 < x < 1 cnpaBensnBo pazioxkeHHe

qn
ln(l—x‘i):-——__]x—n—, TO

n==|

1—33

S x1in(1 —x9) dx = Z

€g n=

NP _ (1 — ¢,)0ntP _ 2 gntp
n(gn -+ p) ngn+p

. (1 —ep)?t? N o V(=)

& ngntp _slgn(qn+p) — (1 —e) Z “nign+p) °

3ameuast, yTo 06a CTENMEHHBIX psla CXOATCS IPH e = e, = 0, Ha oc-
HOBaHMH TeopeMbl AGeJisi, HMeeM:

1 )
. Gk
p—1 . — p 1 —
(Sx In(l —x9)dx a,l-i-Toel E FYrTEY
- P (1 — &)%)
e,lin-lo(l €) Z n(gntp) * (1)
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B cuny paBHOMEpHOH CXOAMMOCTH 3THX DSIIOB M CYHIECTBOBAHHSI KOHEU-
HuIX npenesioB lim ¢f =0 u lim ((1 —e,)9)" = 1, u3 cootHowenus (1)

gg—+-10 eg—+—4-0
BBIT€KaerT, 4To

1 o

- 1
Sx" 111'1(1 -—x‘l)dx=—zm.

0 n=1

1
296. | Inx - In(1 —x)de.

0
Pemenne. C nomoiibl0 OJHOKPATHOTO NPHMEHEHHS! METOJA HHTEIpH-
pOBaHH{ MO YacTsAM NPHUBOJAUM JAHHBIH HHTErpan K BHIY:

1 1 1 1
fimx . —ndr=—{n —ndr— {mrax+ [ T2 ()
0 0 0 0

Cunras, yto 0<ej < ¥ < 1 —¢e,, 3anuceiBaeM COOTBETCTBYIOLHE pasvio-
JEeHU B CTENeHHble PALBL:

1n(l—x>=——2~ 1nx_._2<l—~x>"

n=\

In(l—x _ 2 (1._x)n—1,

T1—x
Tak kak
1—e&,
Slnx In(1 —x)dx = lim S Inx . In(l — x)dx,

e,—rio é1

To U3 (1) NMOYIEeHHbLIM HHTETPHPOBAHHEM CTEIEHHBIX DSJIOB, Ha OCHOBaHHH
TeopeMbi AGesisi, nosydaem:

(=]

(1 — gy)n+l — eftl

1
§lnx- In(l —x)dx = el,fio PYCE) -
eg~=+—-+0 n=l\
O (L— el — AH & e (1 — e
* nl n ) N Z ’

OTKYyZa, KaK M B MpelblAyLleM TNpuUMepe, CJELyeT, YTO

1 o .
1 1 3
Inx - ln(l—x)dx=2) ——v— ) —5=2—
§ rtgln(n+l) n—l
+
xdx
297- S mo

0
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Pemenue. Ilonaras { = e—2"* nosyyaeM OJMH M3 HHTErpaJOB, Bhi-
YMCJIEHHBIX .HAMH B IpeJblAyIleM IpuMepe:

+ o0 !
S xdx _ __I_S‘ In tdt
2T | _—411:20 I—¢°

+o |
S‘ e2ﬂ:x__1 =—QT.
0

[TosToMy umeem:

298. PaznoxuTb MO UeJNBIM MOJIOXKHMTENBHEIM CTeNEHsIM MOAYJAS R
(0 < k<< 1) noaneiti araunmuueckuti unmeepaa 1-ro poda

T

2
de
F(k)=§ Vi—Rsinte

Pewenune. Ilockoneky k?sin®¢ < k<< 1, TO 3aKOHHO passioXeHHe
(em. dopmyay 1V, § 5):

o0

=14 Y ——— k¥sin?q. (1)
b2 sin? 2n)lt
V1—F2sin® ¢ o (2n)
nu . — 1!
B cuny ouenku k2”u51n2"<p <~(2—'z§m)—!k2” < k¥ u cxoaumocTH

el

paga X k%, pan (1) cxoaurcs paBHOMEpHO (MO TMpH3HaKy BeitepiuTpacca)
n=l1

no ¢. Kpome Toro, usensl pspa (1) sBAsOTCA HeNnpepbBHBIMH (YHKIHSIMH,

NIOSTOMY, MO OJHOMY H3 CBOHCTB (PYHKIIMOHAJBHBIX PSOB, paccMmaTtpuBae-

MBI (PYHKLIHOHAJIBHBIA Pl MOKHO TIOYJIEHHO HMHTerpupoBath. Hmeewm:

]

@n — )N

2l k2

sin®* ¢de.

OQ’jw‘Iﬁ

F(k) = 5+

n=l1

Orciona, nmoJab3ysch pedyJabTatom npumepa 98, ra. 1V, 4. 1, okoHuaTesbHO
HaXOJ[MM:

Ft) =% 1_}_2((2?2”)!1!)1!) g |

299. Bripasuth IJMHY AyTH aJumMnca x=acosf, y=bsint (0<
<t < 2%) ¢ NMOMOLILIO psna, PacloJIOKEHHOIO IO LEJIBIM IOJIOKHTEbHBIM
CTENeHs M 3KCLEHTPHUCHTETa.

Pewenue. [Jauna S ykasarHOH IyTH BbIpaxaeTcsl HHTEIpajioM

T

2

S = 4§ V a®sin®t 4 b?cos®t dt.

0
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ITpeoGpaszoBeiBast MOABIHTErPATbHYIO GYHKIHIO, HAXOIHM:

T T

2 2
S=4| VaPcott ¥ oPsintidt = da | VT—FsiPtat, (1)
0 0

TAe & — JKCLEHTPHCHUTET 3JHnca (@ > b).
[lonb3ysce pasnoxeHueMm

o0

1 .
AT (2n — 1)1 x2n
(1=x)2 =1— ) e (x] <),

n=l|

CpaBelJIMBOCTb KOTOpOro InpH |X| << 1 BeiTekaer H3 ¢opmydsr IV, § 5
(3aKOHHOCTb €ro mnpH x¥ =+ 1 cuexyer us Teopembt AGesist), M noJaras
B HeM x =esint . (e|sinf| < 1), u3 (1), yuuteiBas npumep 98, rua. IV,
4. 1, OKOHYATEJbHO MOXKET HAalMCaTh:

(=]

_ @n — DI\? e2n
§=2ra 1_2( @l ) @n—1) |*

n=\

Jloka3zaTb paBeHCTBa:

JokaszareabcTBO. [lpeacraBiaas MOXBIHTErpaIbHYIO (HYHKUIHIO
B BHIe
{ e~*lnx  ect x>0

1
X%~ 1, ecin x=0,

pasjiaraeM ee B CTelneHHOH psAL MO CTemeHsM x Inx (cuuraeMm, yto X In X,
npu x = 0 paBHfIETCA HYJIO):

1 —1Iyn
—-:2 (-—n—!l-x”ln”x (x> 0).

Tak kak atoT pyHKUHOHANBHBIN pAN, B CWJIy INpu3Haka Befiepuirpacca,
CXOAMTCSI PaBHOMEPHO HA KaXJIoM KoHeyHoM mnpomexytke (0, A), To ero
MOXKHO TOYJIEHHO HMHTerpupoBaTh. kmeem:

00

Slix— == Z (=1" §x” In" xdx,
0 0

xx nl!
n=>0

OTKyZa, Ha OCHOBAaHHU npumepa 229 (e), mosydaeM HYXHYIO Gopmy.Jy.
+-00 -

P 1 (—Dnnl
301. S e~*sinaxdx = ~ Y, K —r——qg¥t],
) 2 & n T
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HokasateanbctBo. Heco6cTBennbiii vHTETpan /(a) B JieBOH 4acTH
AHHOTO PaBEHCTBA TaK e, KaK W IPOH3BOAHLIH OT HEro HHTerpal

o0

I' () = S e—** x cos axdx,
0

B CHJly MaxKOpPaHTHOTO Tmpu3HaKa Befiepiutpacca, paBHOMepHO (MO mapa-

MEeTpPY @) CXOJHTCSL.

YunteiBasi 3TOT (PaKT M BBINOJHAS B MNOCJEJHEM HHTerpase OJHOKpaT-
HOe VHTErpHpOBAaHHE IO 4YacTsAM, noayyaeMm auddepeHiyalbHOe YpaBHEHHE
otHocutesbHO ¢ynkuud I(a): 21’ (a) + al (a) — 1 = 0. OGuee- perueHye

€ro nuMeetr BUA:

at at a at

— —_—

I@=Ce *+ %‘e_ * SeT da (C == const).
0

[Tockoseky 1(0) =0, To C = 0. CaexoBaTesibHO, HMeeM:
28
Ia)=5e * Se‘ da.
0

qt at

——

. a
Paaiaras o¢yukuuu e u e! B crenennbe pAAbI, U3
COOTHOLLIEHHS TIOJyYaeM:

(_])n an a2n+l
l@)= *Z I P A Ty oy B

n=0 n=0

[TepemHOXKas1 psifibl, HaXO4HM:

1@) =5 Y, (—1) ba*,
n=0
rjae

n
=L (=D
b, = 4n Z @Cm+ D —m!tml *

INockosbKy, € ORHOM CTOPOHHI,

n

1
1 NP (—=1)m
EOS(I'—!/) dy = 2 @m I D —ml ml

m=0

(3necy mpumenena ¢opmyJsa 6uHoma Hetotona), a ¢ apyroi,
1

§(1 -_yz)ndy— 4" (2n+ 01

6 6171

nocJyieAHero

(1)

@)
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(cm. mpumep 101, ra. 1V, u. 1), 1o H3 (1) H (2) cenyen

(=1 n! n
I(a)= 22(211—}—1)! T,

qTO H TpGﬁOBaJIOCb JAOKa3aTh.
2n

-, e n=1, 2, ...
302. S €% * cos (sin x) cos nxdx =

! ’
g 2w, ecau n = 0.

JHokasaTteanctBo. Pasnaras ¢yHkumio e *cos(sinx) B pag,
noJiyqaem:

k *1 k
. 4 COS Rx
et * cos (sin x) = Re () = Re 2 = L —r—» e z= e =
k=0 k=0
= cos X 4 isin x.
ITonyyennwlit psm, B cusy npusHaka Befiepuirpacca, cXoQuTCsi paBHO-

MEPHO Ha BCeH YHCJ/IOBOH OCH, a (YHKUHH COSKRX HenpepbiBHBI, IO3TOMY
P MOXHO INOYJIEHHO HHTErpupoBaTh BMecTe C¢ (yHKuued cos nx. HMmeewm:

2w o0
S €% * cos (sin X) cos nxdx = 2 7 S cos kx cos nxdx = n—l ,
P
e n=1, 2, ..., u
on e
y €08 ¥ ¢os (sin x) dx = S cos kxdx = 2.
0 k= 0
Haiitn:
2n
303. S €8 €03 % cos (a sin x — nx) dx (n=1, 2, ...).

0
Pemenne. Tak Kak e3°s*cos(asinx—nx)=Re(e¥*—n¥) rne

ix 2 akzk
2=¢¥ U e¥ = £ TO
k=0
= - koik 2
aretrx na”
ogeaws"cos(asmx—-nx)dx-—ReoSe—"‘x ZTd .
=0

xsinx

804. (5 T— 2a cos x + a2 dx.
Pemenue. Ilyctb |a|<<1. Tlonb3aysice npumepom 194, Haxoxum:

oo

x sin xdx — §2 a1 x sin nxdx (o] < D).

1 — 2a cos x 4 a*

3

0

[

Nn=
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ITockoabKy GYHKIME X sinnix HenpepbBHBL HAa [0, =] H QYHKIHOHAJIL-
HbIll psl CnpaBsa, B CHWJIy Ma)KOPaHTHOro mnpu3Haka Bedepuirpacca, paBHO-

MepHO cxoiutca (3gech |a" lxsinnx|< w|a|" u pax X | a|*! cxo-
n=1\
IHUTCSl), TO PacCMaTPUBAEMBbIH Pl MOXKHO IOYJIEHHO HHTerpupoBaTh. MMeeM:

0

I 2 (—hntt % In(1 4 a), eciu a % 0;
= T ————

e O —_
n
1: ecan a=0.

n=1 ’

IMycts |a|>1. Torna, npeo6pa3oBbiBasi MOABIHTErPAILHYIO (YHKIIHIO
xsinx

K BHLYy 3 (@2 — 20" tcosx 4+ 1)
TaTOM, MOXKeM Hamnucartb:

r=Zm(t+1)  (al>.

" Ilyts a = 1. Torna ucxXonHuli HHTErpaj HMeeT BHAI

H MOJIb3YSICh TOJNYYEeHHBIM BhILIE Pe3yJib-

tdt

[=2 tgt

OV}M";‘

dyuxuusa f(f) ——-—;— HellpepLiBHA M OrpaHHYeHa Ha OTpesKe [O g]

(npn t=0mut= ; nmonaraeM [(0)=1 u | (—;) == O). CuieoBartesibHO,
OHa HMHTEerpupyema, T. €. IOC/JEIHHH HHTErpaj HMeeT CMBICJL

(_1)n+1

C nmpyroit CTOpOHBI, PsiA z , B CHJy npHusHaka JlelGHHLa,

n=1
cxopurcst. [lostomy, no Teopeme Abes,

Iomi = }: (’"”‘“ —=xIng

n=1

[Tyets a = —1. Torpa uHTerpan
| ; x
I= § xtg 5 dx

2r

X
pacxonuTcs, TaK Kak X tg 5 ~ npH X - m,

Takum 06pa3oM, OKOHYATEJbHO MOJyyaeM:

%—ln(l—}—a), et —1l<a<O0u O<a<gly

] = {~, ecn a = 0;
~;f-ln(l—}—%!-),ec‘rm la] > 1,
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305. S In (1 — 2a cos x + a?) dx.

0
Pewenune. Ilycts |a| << 1. Toraa, nonbsysce pesyJbTaToM NpHMEpa
245, noJyyaem:

=Sln(l—2acosx—|— a2)dx=——22a—:5cosnxdx==0. 1
0 0

n=1

ITyete |a| >1. B sToM ciyyae, npeoGpa3oBbiBasi IMOALIHTETPasIbHYIO
¢yukimio K Bupy In(l —2acosx +a? =2Inja|+In(1 —2a"cos x +
-+ a™2) u moansysicb pasedctBoM (1), Haxogum: [ =2=In|a|.

ITycts a= 1. Torga, mo Teopeme AGesisi, MOKEM HamHcaTb:

In[2(1 —cos x)] = —2 2 co;nx (x = 2knm).
n=1\

CaeioBateJibHO,

]\.,_1 = Sln2(1 —cos x)dx = l_irfogln.?(l—cosx)dx—-

= —9 lim S‘ V cos nx

>0 n=1

3ameuasi, yto, MO nNpu3HaKy Jlupuxse, psA, CTOSALIHA IOA 3HAKOM
nocJieJHEro HHTerpaja, paBHOMEPHO CXOAUTCSA, a (YHKIHH COS 11X Henpe-
PHIBHBI, BLINOJHSIEM IOYJIEHHOE HHTErpHpOBaHHeE:

[

sin ne

I 'u,—_:l = 2 lim n2 IS
=+0 .5
T |sinnei 1 ]
aK KakK B < ;1—2 H paj el CXOAHTCA, TO, IO MAaxKOpPAaHTHOMY

n>1

o sin
npusHaky Beiiepiutpacca, psa 2 paBHOMEpHO (110 TNapameTpy )
n>1
cxonutcsi. Kpome Toro, lim sinne = 0. CnemoBatesbHOo, [O OAHOMY H3
e40
CBOHCTB PaBHOMEPHO CXOJSIIUXCS PALOB, MOJYYaeM:

1|a=1 —9 Z 61—'+0 sin ns —0.

AnanornyHo ycraHasiupaeM, 4TO [ |,——; = 0.
Htak, OKOHYaTeJIbHO HMeeM:

; {O, ect |a| < 15
“l2rln|a«l, ecm |a|> 1.
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306. [okasarb opmy.y

-+
~xd 1,2 . n Banl
| S e —ata = H IR e, )

rnrea>0u 0<6,<1.
C Kako# TOYHOCTBIO BBIPA3HTCSI HHTErpas

ecad B ¢opmysie (1) B3ATh fABa ujeHa?
IHokasatenbcTBO. HHTerpupysa n-KkpatHo mo uacTsM, MOJydaeM;
400

~xd 1 1! 2! - —1)!
Se "=~_-§+~___...+(_1)n1.(i;n'_’_+

) a-x a a as

n CeTxdx
+ (=l § @F ot

Tak kak
e +“ e *dx 1
0< g (a+x)n+1 < S(; an+1 = an+l * TO
+o0
e *dx 6
S @ f )+t = ann+1 ’ rae 0< 6, <1,

dopmysa goKasaHa.
Eciu B ¢opmyse (1) B3ATH ABA uJieHa, TO INOJIyYHM:

+ 0
e xdx 1 1
S TO0Fx 100~ (100)2 + R,

tie |R| =% < 21075,

3apaum u NpUMepbl ANA CAMOCTOATENILHOrO peleHMa

1. Jlokasatp npusHak bDBeprpana: ecjH cymecTByeT KOHEYHbIH MM GeCKOHEYHBIH

npejen
lim ((n( Gn —-l)—l)lnn):q,
n-+ oo an+1

TO YMCJOBOH 3HAKOMOCTOSIHHBIH PAA Za,, “npu g>1 cxopurca, a npu g<<l—
n=\

pacxopurcs.
HccnenoBaTh CXOAUMOCTDL PAJOB Z Qpn, €CJH:

1 a 1 -1
2 ““=n7k’ rae 7k=(l+?+klnk+k‘ln2k) .
=2

165



1

n=2, 3, 4, ...).

“nfnn.. (nn]..|°
n HOF;};HQ)MOB
n
4, a,= 2 I —Inn |n* n=1,2 3, ..)
k=1
e —-n’x2+x
5. Ap = S‘ m—dx (n= 1, 2, 3, ...).
6. a,,=5 teostl_ g (=0, %1, £2, ...
g VIt
o —nt
7 =S e " Int 4y m=1,2 3..).
3 1/1+t2
l N
8. Op =+ S f(x)]sin nx | dx, Sf(x)dxaéo n=1 23, .., ra
0 0
¢ynxuus f(x) ab6comorHo HHTerpupyema Ha (0, -}- o0).
+ o0 +oc0 9
9. ay= §e"‘ndx——l i on=1,2 .. 10| { sinea— ST
n
n__l 2,
l a,,+2—4a,,+1-|-a,,--0 aj =1, a;=2—V3; n=1, 2, 3,

HgenenoBaTh CXOZMMOCTb 3HAKONEPEMEHHHIX PHJOB C  OGUUM lmeHOM a,, (n=
=1, ee:), €CJIH:

1
12. a, = (—1)n S _l_i'_;_‘i.n_ dx. 13. S (1 —x%)" dx . sinn.
0

sin(n+--)
. gp=—n 27

. an—-—
na

1
18. (n+2)an33+2(n41)apri+ ne, =0, aj=—1, a, 2= 5.

n
16. a, =n"" ) kPcos®2n (p — HAaTypa/bHOE YHCJIO).

k=1
1 1 1
17. a = —l n ————— S ———————— se e S —— L ]
=1 (Vn3+l+]/n3+2+ +Vn3+n)
1
4+
—] N
18. a, = (% arctg 2—1-—?1-)———'1—) — 1.
sinn
. n;/_. 5
sin x n
19. a, = § ——dx. 20. a,= e, Sin @« nd + n?) (n>1).
3
. 3
o1, g, =SB ‘]/f + ) (n>1).
n*n
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HccnenoBats Ha PaBHOMEPHYIO CXOJMMOCTB CJefyiowue (yHKIHU:

2.0) [ (6 9) =y Way~ o, xe0 + o)
6 f( ) =g "HY~>+0 x€ (O + %)
B f(n 6)= s WY+, xE(l, A

r) f(x, §) = ;rf—ga mpu § ~+0, x¢€ (I, + )

23. f(x, y)=tg§g, x€ (0, 1); a) npu y > 1 u 6) npu y —~ 2.
_ sin ( x2+y2)

Vi

25. f(x, 4) = — (@V—1), £€(O0, + ) a) mpu y~-+0; 6) npu y——0;
B) mpu y - — o0, T) npu y — 1.
t
26. f(x, o) = LEEE) s e (1, + co); 2) mpu g - +0; 6) mpu g > + oo,

27. f(x, Yy =yln(x2+y?), x€ (0, 1); a) npu y - 0; 6) npu y — 1.
HccnepoBaTh Ha paBHOMEPHYIO CXOAUMOCTb QyHKIHOHAJbHLIE MOC/IC0BATE/AbHOCTH:

» ¥ € (1, + 0); a) npu y ~ + oo; 5)Hpﬂly-*+0r

24. f(x, y

1
28. f,(x) = \'sm( )dy, a) x€ (0, 1); 6) x¢g (0, + ).

x2 cos (xy) dy |

M aoL-—'aw‘a o

29. fn(x):' y2+n2 ’ a) X E (Ov 1); 6) X G (l! + 00).
30. fu(x) = arctg E:—;f, x € (0, 4 ).

k=1
31. fp(x) = E ln(l+ -Jg;g), x € (0, 1).

k=1
[TpepsapurenbHo onpefenuB 06JaCTb CXOAUMOCTH (YHKUHOHAJIBHOIO PAAa, HCC/es
JOBaTh €0 Ha PaBHOMEPHYI0 CXOJHMOCTb:

o0 on
n§0 (n 4 1) xn. 33. Zo (;n)! .

o

—1)\7 5§ —])n

( 1)_sm A Z (—=1)n cos (2n - l)x.

o Vﬂ + x2 2n 41

36. MoxeT st QyHKUHOHAJbHLIH PSR pa3pbiBHLIX GYHKUHH, CXOASAuiuiics HepaBe

HOMEpHO B HHTepBaJe (a, b), nmpeicTaBJsATb B 9TOM MHTEPBAJE HEMPephiBHYIO QyHKUUIO?
IpuBecTn mpumepsi.

34.

37. Mycrs 1im Y| a, | = 1. JlokasaTs, 4T0 pAg Z ane~™* paBHOMepHO cxoO-
n=p )

autcsa npu x > e > 0.
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O6ocHOBaTh 3aKOHHOCTb INOWIEHHOrO AH(OdepeHIHPOBaHHSI DANOB B YRAIAAHEIX
obJjacTax:

38. E—C‘ls—f’-’-‘-—- 0<x< 2.

nn-+1)
ne=1
nxn
39. Z TFrnen’ |x| # 1.
(e
A xn
Y e [2]<1.
1
cos (V' n x)
41. —, 0<x<xr,
Elnz-i—cos(l/n;f SE<Em
42 Inn 1 0
. p x> — (e>0).

na=]

43. MoxHo s yTBepxkjaTh: 8) Eciu ¢ynknus f(x) HempephiBHAa B KaXJOM cer-

menre [a, B] < (a, b), TO oHa HenpepriBHA B HHTepBaJje (a, b)?
EcH NOC/e10BaTe bHOCTD fn (X) paBHOMEPHO CXOAMTCS HAa KaxXJOM cerMente

[a, B] = (a, b), TO OHA paBHOMEPHO CXOIMTCH H Ha HHTepBaje (a, b)?

B) Ecoiu  nocuaepoBartenbHocTh  fn (x) € C[a, 8] (n=1, 2, ...) paBHOMepHO
CXOQHTCSI Ha XaxJaoM cermeHrte [a, B] = (a, b)) K oyHKUHH f(x) TO B HHTepBaJe
(a, b) npepenbHast GYHKIUS HENPEMEHHO HeNpephIBHAE?

Haitn:
1 (1 — e™nx) cos nx . e nx
T L T
n=1

arcsin ni T )
1. lm Z [Farty o
sm2 y—- ) )
47. hm E I(—l)" g dx.
y-+14+ 1))

n==1 ln 1 +

48. 1im ((_1)"C°S ny  sin y).

y—0 n .l/ + n Yy
HaiiTu paguychl cXOAUMOCTH CJEAYIOUIMX CTENeHHbIX PALOBI
o n—1
. o
49. 2 }J C3EF (2k — 1)1)2((2n — 2k — 3)11)? s -
n~lk—0
tg x)( )l =
50 Z ( X==(Q
n=0
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E (arctg @ sin )™ ey g

nl
n=x0
Passioxute B TpuroHoMmerpuuecku#t psg ®ypoe dynxuuio f(x):
+ »
82. f(x) = 2 p—Ta n+x)* (@>0).
n ==— oo

53. f(x) = e % ¥ (cos (2x — sin x) - 2 cos x « cos (sin x)) — cos x.
B4. f(x) = ¢ % * (sin (2x — sin x) — 2 cos x . sin (sin x)) -+ sin x.

2 2

b7. Tlokasarb, 4TO Tak HasbiBaemoe siBjieHne I u66ca He SIBJSETCS «NPHBHJErHeil»
TPHTOHOMETPHYECKHX PAJIOB, a MpPHUCYLle BCEM HEpaBHOMEPHO CXOASMMMCHA (YHKUH-
OHAJIbHBIM TOC./eJJOBATENbHOCTSAM H PAAAM.
58. MoxHo c.nenyrom,ne TPHIOHOMETPHUECKHE PSAbI HaSBaTb panamu Pypbe:
o0

65. f(x)=sinx.In (2 cos-x—). 56. f(x) == cos x - ln(QCos —)i)-

* sm nx sinn cos nx nsin nx
a) 5 Z ._._._ 2 —_— ) Z
— i M+ Dinn
n==2 n—QV nn n=2 n n n=2 ( + )
Iloxasarb 410
k—1
59. Zk"xk——z(l_x)knzck (=) =y, <<l (n=1,
j=0

2, ...).

nn’

- _}_E —nnix __;_._ _|_y Tx (Jﬂ>0)-

J’xaaauue. BOCHOJIbSOBaTbCH NpHMepOM 52.

Haifitu:
61. ) k(2 —V3)*. 62 llmVl——xe
k=1 x=+1—0

Hafitu CyMMbI CJIeAYIOUHX TpurOHOMeTpnlxecxnx p;moa.

CcOos nx CcOos nx
63. Z m—1hn" 84. E(n—-l)n(n—i—l)'

n=2

2641 SN Ck 1) g ‘ (2k — 1) 1 sin (2k-+1) »

88. Z& %1 (18] <D. 66 CHIT e+ 1) *

k=0 k=1



lnasa |1

ANODEPEHUMANBHOE MCUYMUCIIEHME
MOYHKLUMA HECKOJIbKMX NMEPEMEHHbIX

§ 1. Npeaen dyHkumMu. HenpepobiBHOCTL

1° IMTpenen dyukuuu. Ilycrs Qyukuus f(p) = f(xy, X3 ... , Xn)
onpefiesleHa Ha MHoxectBe E ¢ mpejesbHOH Toukoit p,. Umucno A Hasbl-
BaeTCsl npedeibHoim 3Haueruem QYHKUHM f(p) B TouKe p, (WIH npedesom
byHKUMH TpH p->p,), ecan Ve >0 I3 =3(e, p,) >0 TaKoe, 41O
|[f(p) —A|<e kak Tompko pE€E u 0<p(p, p)<e, rme p(p, po)—
paccTosiHHe MeXAy TOouKaMH p H p,. [ o6o3HaueHHsi npefesbHOro 3Ha-
yeHuss A GyHKUuH f(p) B TOuKe p, MCMNOJB3YIOTCA 3alHCH:

lim f(p) = A nm f(p) - A, ecin p - p,.

P~+Do

2°. HenpepuBHocTs. Ilycts Touka p, npunamgnexur obnactd E
ompefesieHUa (GYHKUHMH f(p) M mobast e-OKPECTHOCTb TOUKH P, COLEPKHUT
TOYKH, OTJIHYHBLIE OT p,.

dynkuys f(p) HasbBaeTCs HenpepuisHOl 8 mouke p,, ecu

limf (p) = f (o). (1)

P+ Do

Toukn, B koTopeIx paBeHcTBO (1) He MMeeT MecTa, Ha3bIBAlOTCH MOY-
Kamu paspbiea 3TOH (QYHKIHUU.

' Oyukuus f(p) HaseiBaeTcsi HenpepoiHoll 6 OanHol obaacmu, eciH
OHa HenpepbiBHA B KaxKJOH TOUKe 3TOH OOJIACTH.

3°. PasHomepHas HenpepbBHOCTh. ®yHkuus f(p) HasbiBa-
eTCsl  paBHOMEPHO Henpepviérol B obmactd G, ecm Ve >0 I8 =3 (g)
Takoe, 4yto |f(p') —f(p")|<e Vp', p” € G, yROBJIETBOPSIOLUIHX HEpABEH-
ctBy o (p', p")<3.

QyHKUHUS, HelpepblBHAs B 3aMKHYTOH H OrpaHHYEHHOH 00JIacTH, paBHO-
MEpHO HeIpepbiBHA B 3TOH 006JIaCTH.

X—Yy
1. Tlokasate, yto mas ¢yHkuuu f(x, y) = Ty
lim (limf(x, y)) =1, lim (limf(x, y)) =—1,
x=+0 \y-+0 y—+0 \x-0

B TO BpeMsl Kak limf(x, y) He cyuiectByerT.
x=+0
y=+0

170



Pemenune. Hmeem:

lim (llm ~—-——) = lim=< = 1;

x+0 \y»0 ¥ TY -0 ¥
lim (llm y) = lim=Z = —1.
é-}O x=0 +y y=+0 Y

l ’ 14
[TockosbKy moCNeROBaTeNbHOCTH { X, Y, )} = {—,li— y } sy { %, Yo} =

n'n
AOBATEeJIbHOCTH 3HAYeHHWH (YHKUHHA CXOAATCA K Pas/HYHBIM IIpeJeJiaM:
1

(F(tm 0) = {0} >0, (%0 ) =175 [+ %

2 1 -
={~— -} cxoaarcsa K Touke (0, 0) npu n — oo, a COOTBETCTBYIOLILHE MOCJIE-

npu n - oo, To mpefea limf(x, y) He cymecTByer.
x-0
50

24,2
2. Tlokasarb, uto A1 QyHKUMH [(x, y) = x2y

X2 4 (x ——!/)2
lim (nm f(x, y)= hm (hmi(x y) =

x>0 y-0

TeM He MeHee limf(x, y) He cylllecTByer.
x-0
-0

Pemenune. PaBeHCTBO INOBTOPHHIX IIPEeJEJIOB CJeAyeT H3 TOrO, YTO
limf(x, yy =0, limf(x, y) = 0. To, yTo ABOHHONH Npexes He CyIeCTBYET,
y—+0 x-+0

1 1
cJelyeT M3 TOrO, YTO TMOCJENOBaTeNbHOCTH { X,, Y, )} = { — —n—} , X0,
1

' 1
Yp )= {7 , ———ﬁ—} cxozxarcs K Touke (0, 0), a cooTBeTcTBYIOLIME NOCTENO-

BAaTeJBbHOCTH 3HAYEHHH (YHKUHH CXOAATCS IPH N —> co K Pas3J/IMYHLIM DIpe-
JeJIbHBIM 3HAYEHHUsIM:

1 1

4 4
f(xn, yn) T - 1 f(xr'n yn) == _1—4—4—'-9- 0 HpH N - 00O,

n‘ nt n2

3. okasatb, uro pas pyskuuu f(x, y) = (x + y) sinlsin-:{ o6a
TIOBTOPHBIX TipeJieJia hm(hm fx, y) u hm(hmf(x Y)) He CYLIEeCTBYIOT,
x-+0 X~

HO, TeM He MeHee, cymeCTByeT hmf(x y) = 0.
y—»o
Pewenue. Ilyctb yaeﬁ; (n=1, 2, ..), Torna ysin-;—z;eo.

1 ' 2
" = e SO e a— —
OueBHJHO, TIOC/IENOBATEIBHOCTH X, = ——, X, T n=1,2..)
CXOAATCA K HYyJIO IpH n - co. IIpH 3TOM COOTBETCTBYIONIHE IOCJ/IENOBA-

71



TeJNLHOCTH 3HaueHuit ¢yHKuuu {f(x,, )} = {0}, {f (%, @)} = {y sin %}

npH N —+ oo CXoAATCA K pas3/jH4YHbIM MNPEACJbHbBIM 3HAUYE€HHUSIM. Cue-

noBatenbHo, limf(x, y) He cyuecTByeT. AHAJOTHYHO YCTaHABJ/IHMBAeTCH,
x-+0

yto lim f(x, y) Takxke He cymecrByeT. K3 storo BeiTekaer, uto o6a mo-
y=+0 .

BTOPHBLIX Mpejiesia He cyilecTByloT. OnHako M3 HepaBeHcTBa 0 < I(x 4+ y) X

X sin—}? sin—H <|x+4y|<|x|+|y|, cnpaBemauBoro mnpu JIOOBIX X
#+ 0 u y %0, cnenyer, uto

lim ((x + y) sin 1 sin —l—) =0.

x-»g x Y

y—

4. CyuwectByer s npefen lim )(:22%!??

x-+0
y-+0
Pemenune. D1oT mnpemen He CyLIeCTBYeT, TaK KaK IMOCJeN0BaTe b
1 1 ' ' 1
HOCTH { X, Yn )= {7{, —n—} . X Yn)= {—n— , {2} CXOAATCA K TOYKe

(0, 0) mpu n-— co, B TO BpeMsi KaK COOTBETCTBYIOLIHE MOCJIeJOBaTe/Ib
HOCTH 3HaueHHA (YHKIHH CXOUATCA K PA3vIMYHBIM IIpefeJsbHBbIM 3HAYeHHSM:

i ’ ’ —‘.i
f (% yn)==-'§"->-1. f(xn, y,,)==—1-—n——r——*0 MpH 7 — oo,
s =t

5. Uemy paBen npenen ¢yHKUHH f(x, y) = x%e—*'—% Bnojp moGoro
nyqa x=tcosa, y=_tsina (0 <t<< 4 o) npu ¢ - + co? MoxkHo u
3Ty (YHKUHIO Ha3BaTb GECKOHEYHO MAJIOH MpH X —- co H Y - oo?

Pemenune. O6o3naumm F (£, a) = f(fcosa, ¢sina), Toraa

F (¢, a) = t?cos? ag—*" cos® attsina (0 < a< 2w).

-0 npu ¢ > 4 oo.

Ecmu ke a 5= + —g—, 10 cos?a+0 u f2cos’a —tsina—» + co 1npH
t - + oo. Toraa, no mpaBuny JlonuTans, nonayuaem:
t2

et’ cost a—{ sin a

5 1: 2t
= cos®a lim -
{40 (2t cos?a—sina)e

Ecmn o = + -g— , TO F (t, pu —g-) = 0 H, caenosaresbHO, F (t, + g)—»

lim F (¢, «) = cos®a lim
{-+-4-c0 {400

13 cos? a—f sin a

H 1
= cos®a lim . =0,
frte (Cos2 o — .ﬂ;t_a.) pt* cos?a —tsina

IMosromy lim F (¢, @) = 0 npu JmoObIX «.
t++to0 )

172



Oyukuus f(x, y) He sABJAseTCs GECKOHEYHO MAJIOH NPH X-> <o H Y —
- 00, NMOCKOJIBKY TpH X, = N — -} oo, Yy, = n%-> -~ co nosyyaeM paBeH-
ctBo lim f(x,, y,) = limn?e—®*—" = limn®> = 4 co, npoTHBOpeyalLee

N—>oco n-» oo 1 =~» 00

onpejie/leHuI0 GECKOHEYHO MaJioll BeJIHYHMHEL
6. Haiitn lim (llmf(x j)) H llm(llmf(x y)) ecJIu

xX—=+a X-+a

2
a) f(x, y>=";;—;-yy—4, 4=, b=ow;

6) f(x, y) = l+xy, a= 4o, b=40;
B) f(x, y)=81nm, a = co, b=oo;

) f(x, ¥) =—-tg T ,+xy a=0, b= oo;

}1) f(x’ y)"‘logx<x+y), a= 1, b=0
Pemenne. a) Ilpy x = 0, y % 0 umeem:
x2
— 1
tim ( 1lim 5220) = lim | lim 4—— | =0;
x2 -+ yt x2
Y-reo X—+oo \ y—+oo y~2+y2

lim( lim it il )

4
Y-—+o00 \X—>o0 x2 +y

6) dyukuusa x¥ HenpepbiBHa npH y > 0 (¥ cuHTaeM NOCTOSHHBLIM), MO-

sToMy lim x¥ = 1; npu nocrosHHOM 3Hayenuu y > 0 Gpynkuusa x¥ HenpepbiBHA
y—-+0
npu Becex x > 0, mosromy lim x¥ = + co.
X+
Ilonb3ysick nmosnyyeHHBIMH paBEHCTBAMM, HAXOJMM!

X=+ 00

= lim1l = 1.

Y-roo

lim (hm aad ) L.
X—++4o \y—-+40 1 + xY 2 ’
1

y
lim ( lim lx y)
y++0 \xor e L ¥

B) Ilpn kaxjoM ¢ukcupoBanHOM X (YHKIHS HelpepblBHA TO Y, a NpH
BCAKOM (DMKCHPOBaHHOM Y — HernpepbiBHa o x. Iloatomy

lim sin T = 0; limsin -2—-& = limsin = ],

Yy - 00 x+y ) x+y X+ 00 2_}_.2
X

CuienjoBaTesibHO,
lim( lim sin =—=—)=0; lim (limsin — =1,
X~ 0¢ ] 2x+y ’ Y~ o0 \X+o00 2x+y
r) Ilpu duxcupoBaHHOM X % 0 llm1 T =1, nosToMy, B CHJy He-
y—roo

NPEPLIBHOCTH TaHIeHCa, IOoJydaem: llngtg g +xy= 0. Ilyctp Tenepp y

Yoo
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t
¢ukcupoBanHoe. Torja, MoJ/b3yach TeM, 4YTO lim-22 = 1, umeem:
a-+0

Xy

tg
limf(x, y)=lim --H;yi—(l +xy) = L.
x-+0 x-0 l+xy

Ha OCHOBaHHH 3THX pPaBEHCTB, HaXxOAHM:

11m(11m—-—tgl+ ) yliT(Ll_?é«tgl_f_ )——1

X400 \y—+o
1) Mmeem: f(r, y) =log, (v 45 =ZEED v 50 x4y,
x # 1. V3 nenpepriBHOCTH Jorapupmuyeckod GyHKUHH CJIeLyeT, YyTO

. 1 In (x 4 y) lnx___
11+ngf(x, y) lmé iy iz L

CreoBaTesbHO, lujn (lnr% f(x, y)) = 1.

ITockonbKy
i I+ o) {—{—oo, ey —1 <y < 0;
x+lep DX — o0, ec 0 < y < + oo}
i ) {—oo, ein —1 < y<<0,
x+140 Inx + o0, ect O0< Yy << 4 003

M——l ecqn y = 0,

In x

TO limf (¥, y), a BMecTe ¢ HUM H lxm(lim f (x, y)) He CYLIECTBYIOT

Yy—+0 \x~1
Hamn c.ne,aylonme JIBOMHEIE npeneJbl:
x -+
7. lim prng gy L

X+ %
Y-+
Pemenne. Ilonb3ysicb oyeBHIHBIM HepaBeHCTBOM X2 — xy -+ y% > xy,

nosyyaeM (npu x %= 0, y = 0):

x4y x+y'
0< l xy+y"’,\ <Iyi+lxl
Orciona clenyer, 4Tto
: x+y LTI A
< lim | a= Gt | < Jim (g + 1) =©
y—b-oa y»oo
Takum oGpasom, llm———’-‘—-—*‘—y——— = 0.
x.»oo —xy+y
2 2y‘—.'°°
8. lim L%,
iinlx‘-I-y
Yoo
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Pewenne. Ilyctb x 0, y++ 0, Torna

x2 42 x2 Y2 x2 y? 1
0<x4+y4=x4+y4+x4+y4<;&+y—4=;2‘+§§- (1)
. 1 1
ITockosbky lim (;5 4 72) = 0, To, nosb3ysck HepageHcTBOM (1), 3aKoyuaeM,
X = co
y—+eo
2 2
yro lim T—ﬂ; = 0.
X —» 00 +
Yoo
9. hm_.x_n.fg_
x>0
y—Pa . - .
Pewenune. Hmeem: 22 — S“}C;y Y. Tak kKak lim 2o =
-0
int i V>
= lim 25— = 1 (xy =t, a #+ ), 10 lim22Y — 7 = q,
i~+0 x>0 ¥ t+0 y—+a
y—a
10. lim (% 4 y?) e—*+9),
x—»iw
Y+t
Pemenune. Iloab3ysch 3JIeMeHTaprIM HepaBeHCTBOM
2 2
2 2\ pr—( — f_ y
(¥* + y?) e~ +a +y+ e* 1Y ex+ey’
cripaBefiuBBIM NpH x >0, y > 0, nonyyaem:
0< lim (24 %) e+ < lim (« + ¥ )
X+ -f-00 X0
Yoo e )
Orciona llm (x* 4 y?) e+ = Q.
X
y—b- oo y xz
1. lim (52 ) :
xX—+--00 x + yﬁ
y—>+oo
PemeH ne. Ya oueBunHoro HepaBeHcTBa X% - y® > 2xy ciaenyer, uTo
x2 xz
T + RS - . [Tostomy 0 < ( e fyz) < (—;—) — 0 mpu x - -+ oo. Orciona
BbiTeKaer, uto lim —-r—y-—-,) = 0.
x-r—[-oo + Yy
12, lim (x? + y’z)x’y’.
x-0
y~+0
Pewenue M3 mepasencrs x%y® < (x + y3?, 1> (4 P2 >
2y2
> (2% + 2)4 v , cnpaBeanuBbix nmpu 0 < x>+ y*< 1, u Toro, yro
1 1 1?
. —xrpynr ot —Int
lim (x2 4 y2)* = lim#* =limet =1,
x~+0 >0 t-++40

y~0
BhiTeKaer paBeHCTBO lim (x® -4 y?)*™¥* =
x~+0

y-0
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x!

P
13. hmb4‘) !

X~ 00
y—~+a

Pemenue. B cuny HempepblIBHOCTH NOKa3aTeNbHOH M Jiorapupmi-
YeCKOH (YHKUHH, HMeeM:

x? ! In l+l— *
lim 1ﬂ7=nm£+§( x)—e
X+ oo (l + 7) X 00 )
y—+a y-+a
14, lipnx+e)
xr1 V2 -+ y*?

y~0
Peumenue. Ilonb3ysich HenpepblBHOCTBIO JiorapHbMHyeckoH (GYyHKUHH

H TeM, uto lim}/ x® 4 y? = 1 == 0, noayyaem:
e
Hm M — l.r_l_.2 = |n 2.
ol sz + 42 1

y=+0

15 I'Io KaKkiM HamnpaB/eHHsAM ¢ CYIIECTBYeT KOHEYHBI npeaesn:

a) lim ex’+y’ 6) lim ex*—¥*sin2xy, eclid x=pcos¢e H Yy =psing.
p=>-+0 porfoo
PemeHnue. a) Koneynnlt npenen

COS?
lim ex"'y = lime °®
p-~+0 p—++0

CYIIECTByeT Torja, Korjga cose < 0, T. e. ecnn 4 < P < %’—t
6) Nmeem:

lim ex*~#"sin2xy = lim er*cos2¢ sin (p? sin 2¢).
p—-fo0 p-’+co

IMockonbKy p? — -+ oo, a sin(p®sin 2¢) — orpannyeHHass QyHKUHS, TO npe-
lleJI 6y11eT KOHEYHBIM, €C/MH Ccos2¢ << 0 mau sin2¢ = 0. B nepBom ciyuae
3 5n n
<q>< T 1T <9<, B0 BTOpoM ¢ =0, ¢ =m.
Hafitn Touku pa3pniBa CleAyIOIIHX (DYHKIHH:
16. U = ——.
Vet

Pemwenue Oyukuus x%- y* HempepsiBHA NMPHU BCEX X U Y KaK MHOTO-
wiend of ¥ U y. [lo H3BeCTHOH TeopeMe O HEMPEPLIBHOCTH CYNEPNOSUIUHU
I

HenpephiBHLIX GYHKuMH, (x? - y?) 2 —TakKe HemnpepbiBHAs QYHKLMs NpH
h

Beex x H y, kpome ToukH (0, 0), rae sHameHarenb (x® 4 y?) 2 oGpamaercs
B HyJb. CrenosatenpHo, (0, 0) —Touka GECKOHEYHOTrO pa3phbiBa.
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17, u= 212
Xty
Pemenue. ITockonmbKy uHCAHTENb H 3HaMeHATe/Jb — HeNpepbIBHbIE
GYHKIHK, TO QYHKIHSA MOXKET WMETh pasphiB JHIIb B TOYKax, A€ 3HaMe-
Hatenb x° 4y obpamiaercs B HyJb. Pemas ypaBHenue x° - y°= 0 oTHo-

CHTebHO Yy, HaxoauM: y = —x. CienoBaTesnbHO, (YHKIIUS HMEET pa3phIBhI
Ha NpAMOH y = —X.
[Mycte %05 0, yo#=0 u x, 4+ y,=0. Torna
. +y . 1 1
lim =Y = lim = .
x—»xo 'x3+y3 x-»xax2_xy +y2 x:—x0y0+y:
/kad ') Y-=+Yo
3HayuT, TOYKHU NpsIMOH Y = —x (X %= 0) — TOUKH yCTpaHUMOTO pa3phiBa
¢yukuuu u. M3 cootHoleHus
. x+y . |
limg—= =lim 5———F—5 = 4+
x=0 x3+y3 x>0 x2—xy+ yz +
y—-0 y—+0

cnenyer, yro (0, 0) —Touka GECKOHEUHOTO pa3phiBa.
18. Ilokasarp, yto PyHKIMSA
2
g | FE o R0,
’ 0 , ecnn x4 y*=0,

HenpepblBHA 110 KaXKAOH U3 MEPEMEHHBIX X H Y B OTIAEJBHOCTH (mpH QHK-
CHPOBAHHOM 3HAUeHHH JPYTod NepeMeHHOH), HO He SIBJIASETCS HenpepbIBHOM
M0 COBOKYMHOCTH 3THUX M€peMEHHBIX.

Pewenue. Ilycts y + 0 u xy — smo6ble pukcHpoBanuble yncaa. Toraa
. . 2xy 2x0Y
limf(x, y) = lim = = f(x,, y). Eciu xe y=0, 10 npu
x-»xoi( y) - x2 yz x§+ y2 f( 0 y) Y Y

Jaobom x, # 0 lim f(x, 0) =0 = f(x,, 0). Hakonen, ectn y=0wu x, =0,

1o limf(x, 0) = 0 = f (0, 0).
x=+0

Takum oOpasoM, npu Kaxaom ¢uUKCHpoBaHHOM y QyHKuMA f(x, y) He-
npepbiBHA MO MepeMeHHOH ¥. BBULY cHMMeTpuH (YyHKUHH OTHOCHTENBHO X
H Yy, npu Jio0oM (ukcHpoBaHHOM X (PyHKUHSA f(X, Y) HempephIBHA MO Iiepe-
MeHHOH Y.

Opnaxko ¢yHKUHA (X, y) He fABJAAETCS HENpepbiBHOH MO COBOKYITHOCTH
nepeMeHHbix B Touke (0, 0). [efictButesnbHo, 06e MOCJEN0BATETBHOCTH

l | 2 1 0.0
— [ H {7 5| CXOAATCS MpH 7 -> oo K Touke (0, ), @ COOTBETCTBY-

Iole UM I0C/IEA0BaTeIbHOCTH 3HAYeHHH (DYHKUUH CXOAATCH NPH N — oo
K pas/MYHbIM IIpefeJbHLIM 3HAYEHUAM:

2 4
n? n? 4
(L L) =1"7~1 f(z,i)_4 T
n’n + — n’'"n — =
n2 n2 n2 n2

177



19. Ilokasatb, uto QyHKUHSA

2
= [ 200,
’ 0, ecan x% 4 y® =0,

B Touke (0, 0) HenpepblBHA BJOJb KaXJOTo Jiyya x =1fcosa, y ={sina
(Q <! < -o©), npoxoasuwero uepes 3Ty TOYKy, T. €. CYHLIECTBYeT
limf(tcosa, tsina) = f(0, 0), ogHako 3Ta (PyHKUHA He SBJISETCH Henpe-
-0

pbiBHO# B Touke (0, 0).
Pemenne. Mmeem:

. . tcos?asina
}i%]f(t cosa, tsina) = 31%1 Feosta T s
INockonbky f(fcosa, £sina)=0 npu a= k—; (k=0,1,2, ...), To npu

STHX 3HaueHHsaX a limf(fcosa, £sina)= 0= f(0, 0).
1-+0

Ecmu 0 < a < 2r, a:;ek—; (k=1,2, ...), o t*cos*a -} sina >0 u

t?costa + sin?a—sinfa >0 mnpu ¢-—0. CaegosarenbHo, limf (£ cosa,
-0

tsina) = 0 = f (0, 0). Takum o6pasom, BAO/Ib JI06OTO Jyya, NPOXOASILETO

yepe3 Touky (0, 0), ¢ynkumua f(x, y) HenpepblBHa B 3TOH TOUKe.
To, uro ¢yukuns f(x, y) umeer paspeB B Touke (0, 0), ciexyer u3 ToOro,

4TO IOCJIEA0BaTe/]1bHOCTD {% , ;112} cxoaurcst K touke (0, 0) mpu n— oo, a
1

: 1 1 . nd 1

lim f(—n—,;ﬁ)z lim —l——————l—-n—2~q&f(0, 0).

- 00 n-+oo ___ —_

20. HccnenoBaTb Ha paBHOMEPHYIO HENPepPLIBHOCTD JIHHEHHYIO (DYHKIHIO
f(x, Yy =2x—3y+5 B OeckoHeunoli miockoctH E?={|x|< +oo,

ly| <+ oo}
Pemwenue Has moObix TOYEK (Xi, Y1) U (X3, Y2) OGeCKOHEUHOH mJIOC-
KoctH E? nmeém:
[F (s g1) —F (X2, o) | = | 2000 — X2) — 3 (g1 — 1) | < 2| 13 — %2 | +
+ 3|y — 4|
Ilycth e > 0 — npou3BOAbHO 3aJaHHOe YHCJIO. Torza INpH YCJIOBHH,
uTo | Xy — X3 | < —% =3, |y —y|< ‘-2- =08, CHpaBeJ/IMBO HEPaBEHCTBO

(%1, Y1) — (%2, ga) | < —;— + —;—< g, M3 KOTOpOro, IO ONpeleeHHIo,

ClleyeT paBHOMepHasi HelpepeiBHOCTb GyHKUMH f(X, y) Ha E>
21. HiccnenoBaTh Ha paBHOMEPHYIO HENpEepHIBHOCTb B MJIOCKOCTH E? =

= {|x]< F o0, |y|< 4o} Oyukumo u=71 x*+ 42
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- Pemenue. lna npousBoabHOro e > 0 u JIOGBIX (X, yy), (X2, Ya) € E?
HMeeM:

'u(xl,yl)—u(xz,yz)l=|1/xi+yf—l/x2+y:|=
](xl—xz)(x1+xz)+(y1"‘y2)(y1+y2)| [xg — x5 1xg + %
]/x +y1+l/x —{-y V +y —{—l/x —l—y
+ [y1—Ys| 1411+ 45! ’xlf"*‘*xzt
T A e

+‘y1_y211,/!{%__{;,l?;2-=|x1—x2[+|y1——y2[< "§—+_28~=e
1! 2

+

< | % —

KaK Toanoilxl——x2|<—;-=8, |y —ya | < -;~=8.

CliezioBaTebHO, MO OnpegeseHuo, QYHKLUUA ¢ PaBHOMEDHO HeENpephiB-
Ha B IocKocTH E2

22. Byzet Ji1 paBHOMEPHO HenpephiBHOH QYHKUHUA [ (X, y) = sin -l—_—x’;—_-;,f

B obnacty x% 4 yi< 1?

Pemwenue. O®yuxkuua 1 — x? — y® HenpepbiBHA NPU BCeX 3HAYEHUAX
X M y Kak MHOrowleH ot X d y. Ilo TeopeMe O Cynepno3HIHH HeNpephB-
HbIX (QYHKIMHA, naHHas QYHKUHS TakxKe HerpephlBHa NPH BCEX 3HAYEHHAX
X H_y, YIOBIETBOPSIOUIMX HEPaBeHCTBY Xx* + y* < 1.

IMokaxkeM, uto B 3TOH O6JacTH jJaHHAas (YHKLHS HepaBHOMEpPHO Herpe-
poiBHa. C STOM EJTbI0 BO3bMEM JBE MOCTEIO0BATENbHOCTH:

M (xn, y,,)z{]/l ——-2%cosa, ]/l—i%sina},
Mp (Xn, Yn) = {Vl—l—q_gﬁcosa, Vl ——-T-_}—?ﬁsina],

n=1,2,...), 0<a<< 2w, npuHagsexanine obJacTH ONpeneseHHS cpyHK-
uuu. [Tockombky p(Mu, Mp) =V (xn — %1)* + (yn — yn)?* = I Vl — -

_Vl_m‘.+0 npy n-— oo, a |f(Mn)-—f(Mn){———l51r12nn—-

wsin(g— —i—2mc) =1 npu Bcex n, 10 Ana e € (0, 1) He cywecTByer
yuc/aa 8, yyacTBYIOIIETO B ONPeJe/JeHHH PABHOMEPHOH HENpephIBHOCTH.
23. Jlana ¢yHKUMA u (%, y) = arcsin—’y‘—. fIBnserca Jsn 3Ta yHKUHA

HenpepelBHOH B cBoeH obgaactu onpenesenusi E? DByper su QyHKuus u
paBHOMEpHO HernpepbiBHOH B obsactH E?

Pemenne. O6nactb onpenenenuss E omnpepensiercsi HepaBeHCTBaMH
x| <|yl, y#*0. B srtolt obnactu yHKUHSA (¥, y) HempepbiBHA Kak
CYMepIo3HLHsl HenpephiBHBIX (QYHKIHA.
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Onnako naHHas QyHKUMS He SBJISETCS pPABHOMEDHO HENMPEPHIBHOH, Tak
o 1 1 1 1
KK J/11 nnocJieioBaresibHocTelt M, (~ -—), M, (—n- y— (n=1,2,...) cnpa-

n'n
BE€AJIHBO COOTHOILIEHHE
: 1 1Y I, 1Y 2
p(Ma, M3) = 1/(;—-7) +(L+1) =250

NpH 7 — oo, & PacCTOsHHE MeXAy 3HaueHHsAMH (PyHKUHH B COOTBETCTBYIO-
IHX Toykax |u (M,) —u(M;)|=|arcsin 1 —arcsin(—1)| = 2arcsinl ==
He MoxkeT ObITb MeHbllle YHCJa .

.1
24. lokasaTb, 4TO MHOXKECTBO TOUeK pa3priBa GyHKUHH f (X, y) = x sin L

et y=+#=0 u f(x, 0)=0, He aBaseTcs 3aMKHYTbIM.
2 nx,

HokasareabctBo. Ilycts y, = T dm ¥ = m(n =1, 2, ...),
Tlie X, — NpOU3BOJIbHOE (PUKCHPOBAHHOE YHCJO. TOraa moc/enoBaTesbHOCTh
{Xn, Yo} DpH n - co cxomurcs K TOuKe (X,, 0). M3 coorHoweHHs

. . nx, . w(l-4n)
lim f (xn, Yn) =’£er:, rf_insm ———— =X # f(%6,0)=0 (x,%0)

n-»roe

crepyer, 4ro (x,, 0) (xo #% 0) —Touka paspbiBa ¢yHkuuu f(x, y). A u3
HepaBeHCTBa |f(x, y)| = lxsin% | <|x| cnenyer nempephiBHOCTH YHKLHH

f(x, y) B Touke (0, 0).

Takum o6pazoM, MHOXKeCTBO TOueK paspbiBa (yHKUHH f(x, y) 3aMONHSET
ciyiomwlb ock Ox, 3a HCK/oyeHHeM ToukH (0, 0), KoTopas siBJsieTCs Npejesb-
HOH TOYKOH 3TOro MHoxkectsa. CJjefoBaTeslbHO, MHOXKECTBO TOYEK pa3pbiBa
¢byHKuuK f(x, y) HE COLEPKUT BCeX CBOMX NpeAeJbHbIX TOYEK, a TO3TOMY
He SIBIAETCS 3aMKHYTBHIM.

25. Ilokasarp, uto ecnu ¢yHkuus f(x, y) B HeKoTopoH objactH G He-
NpepbiBHA N0 NEPEMEHHOH X H PaBHOMEPHO OTHOCHTEJNBHO X HellpepbiBHA 110
nepeMeHHOH y, TO 3Ta (PYHKUMS HenpepblBHA B paccMaTpHBaeMoH OOJIaCTH.

JJokasateabcTBO. Inf npoU3BOJIbHBEIX TOYEK (Xo, Yo) M (Xo + AxX,
Yo 1+ Ay) n3 obsacTH onpefesneHuss QyHKUUH [(X, y) ¥MeeM:

| Af (X0, Yo) | = | f (o + Bx, Yo -+ By) — f (%0, o) | <
< | F %+ Ax, Yo+ Ay) — [ (o4 Ax, Yo) | 4 | [ (%o 4 Ax, yo) — f (X0, Yo) |- (1)

CorsiacHO paBHOMEPHOH HenpepulBHOCTH (YHKUMH f(X, y) OTHOCHTEJbHO X
no nepeMeHHo#l y ye > 0 8, = 3, (¢, y,) Takoe, YTO KaK TOJLKO | Ay| << §;
HepaBeHCTBO ‘

|F (% + A%, Yo + Ay) — [ (%o + A%, 90) | < 5 2)
CNpaBe/IMBO /181 JIIOOBIX X, -+ Ax U3 o6sacTy onpelesenust QyHKIHH f (X, y).

Hanee, B cuny HenpepbIBHOCTH (GYHKIUH f(X, y) MO TMepeMEeHHOH X, AJs
ykasaHHoro pasee e >0 dd, = 8, (e, X,, Yo) TaKoe, 4TO

| (%o -+ A%, yo) — f (%o 40| < ‘S‘ 3)
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KaKk ToabKO |Ax|<<d. Ilycrs 8= min {3,, 3;}, Torma mpu |[Ax|< 3,
|Ay| < d oba HepaBeHcTBa (2) M (3) OyayT BeimosHeHHl. [losToMy mnpu
|Ax| <3, |Ay|<d® u3 HepaBeHctB (2), (3) m (1) cnenyer, uTO
|Af (x(,; Yo) | << &, @ 3TO M O3HAuUaeT HeNpepbiBHOCTh GYHKUMH [ (X, y) B TOUKe
(XOs yO .

26. Jlokasatb, 4TO ecJH B HeKOTOpoH ob6sactd G ¢yHKuus f(x, y)
HEenpeprIBHA MO TMEpeMeHHOH X H YIOBJeTBOpsieT ycJsoBHIO Jlunmuma no
NepeMeHHoN Y, T. €.

[F(x, y1) —F(x, 42) | < L|y1 —yal,

rae (x, y,) € G, (x, Y2) € G © L —nocrosiHHasi, TO 3Ta GYHKUHUS HENpephiB-
Ha B JaHHOH o0JsacT.

HNokazatenbcTBO. Tak Kak ¢yHkuua f(x, y) yZOBJIETBOpSET ycJoO-
BUIO JIMMIIKIA MO nepeMeHHOH Yy, TO JAJS NMPOH3BONBHOrO & >0 H JoObIX
ToueKk (X, y,) M (X, y) U3 G nmeem:

lf(xa y)_f(xO’ !/o)|< ’f(xr y)—f(xv !/o)l +
+ [ f (%, yo) — [ (%0, o) | < Ly —yo| +1F (%, Yo) —F (%0, yo)|. (1)

B cuny nenpepbiBHOCTH (GYHKUHMH f(X, y,) B TOUKe X,, MOXHO YyKasaTb
TaKoe &, == d; (e, X, Yo), YTO NpPH |X — X,| < 8; HMeeT MeCcTo HepaBeHCTBO

1F (X, Yo) —F (%0, 40) | < 5 - 2
N3 nepasencts (1) u (2) npu ycoBuH, 410 | ¥ — X0 | <3 H |y —yo| < 3,

. €
rae d = min (8,, 5[ | » TOTy4aeM HepaBeHCTBO

|f(x9 !/)"“f(xm yO)I<L2—eL+'§‘=8’

KOTOpoe JOKa3biBaeT HenpepeiBHOCTh (YHKuUMH f(x, y) B J/06O# TOuke
(xOv yO) € G.

27. Tlyctb Qyukuusa f(x, y) HempepbiBHA B obsacTH G: a < ¥ < 4,
b < y < B, a nocaenoBare/IbHOCTb QYHKUME ¢, (x) (n=1, 2, ...) cxoaurcs
paBHOMEPHO Ha [@, A] M yI0BJETBOPSET YCJOBHIO b < @n(¥) < B(n=1,2,...).
JlokasaTh, 4TO NOCJAENOBATEJNBHOCTb GYHKUHMH F,(x)= f(X, ¢n(x)) (n =
= 1,2, ...) TaKXe CXOJUTCA paBHOMEepHO Ha [a, A].

IloxasatenbcTBO. Tak Kak ¢yHKuus f(x, y) HenpephiBHA B 3aMK-
HyToH obsactu (G, TO OHA PaBHOMEPHO HenpepbiBHA B 3TOH o6GsaacTH. Cieno-
BaresibHO, Ye >0 Hd3 = 3 (¢) Takoe, 4TO HEPaBEHCTBO

1F(x, 9) —F(x, 4) | <e 2
crpaBell/IMBO AJs1 Beex x € [a, A] u ', y" € [b, B], KoTopbie yJ0BJIETBOPSIOT
HepaBeHCTBY |y —y"|<< 8. B cuny paBHOMEpHOH CXOJMMOCTH Ha CerMeH-
Te [a, A] nocnenoBate/bHOCTH {¢,(x)}, ¥ >0 (B ToM unciae um pjs 3,
ykasaHHoro Beille) AN = N (3) Takoe, 4TO |@pip(X¥) —on(x)|<d yn>N,
vP >0 u yx € [a, A]. Ilonaras B HepaBeHcTBe (1) ¢’ = @nip(X), ¥'= ¢n(x)
(Pn4p (%), ®n(X) € [b, B]), mosyyaeM HepaBEHCTBO

lf(x’ Pntp (x)) —f(x: Pn (x))‘ <e
cnpasegBoe yn >N, yp >0 u yxe€ [a, 4]
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Takum oGpasom, nocsnenoBaTeNbHOCTL Fp(X) = f(X, ¢a(x)) cxomuTcs
paBHOMepHO Ha cermeHre [a, A]. ‘

28. Ilycte: 1) ¢pynkuus f(x, y) HenmpepbiBHa B 06sacTH R (a < x < A;
b< y < B); 2) dpyukuusa ¢ (x) HenpepriBHa B HHTepBaJje (a, A) U MMeeT
3HAYEHHsl, NpHHaANexauiue HHTepBany (b, B). Ilokasarb, uto ¢yHKIHA
F (x) = [ (x, ¢ (x)) HenpepbiBHa B uHTepBaje (a, A).

HokasarteabcTBo. ITycts (xy, y,) — NPOU3BO/IbLHAS TOUKA U3 06JIACTH
R. W3 HenpepwiBHOCTH YHKUHH f(X, y) B obnactH R BHITEKaeT, 4YTO
ve >0 d98; = 8 (¢, %o, Yo) TaKoe, 4TO

lf(x’ y) —f (xOr yO) I <e (1)

KaK TOJMBKO |X —Xo| < ¥y, |y —yo| < 3,

O6o3HaunM y = ¢ (x), Yo = ¢ (¥,). Y13 HenpepuIBHOCTH DYHKIMH y = ¢ (X)
Ha uHTepBaJsie (a, A) BbITeKaeT, YTO JJIl YKa3aHHOro Bhilie §; dd; = 8, (3,)
TaKoe, 4TO

e () —¢ (X0) | =y —yo| < 8y, 2

ecln | x — xo| < 85. CrepoBartesibHO, u3 HepaBeHCTB (1) M (2) u Toro, yTO
y=¢(x) € (b, B), ecsiu x € (a, A), BbITEKaeT HepaBEHCTBO

,f(xs ¢ (X)) _f(an ¢ (xO)) l <&,

CIpaBelyIMBoe NpH | X — X, | < 8 = min (3;, 8;) ¥ JOKasbiBaiolllee HelpephiB-
HocTb pyHKuuu F (x) = f(x, ¢ (x)) Ha unrepane (a, A).

29. Ilycre: 1) dynkuusa f(x, y) HenpepsiBHa B 06sacTH R (@ < x < A;
b<y< B); 2) dynkuun x = ¢ (4, v) ¥ y = ¢ (4, v) HenpepLIBHLI B 00/1aCTH
R (@<u<A’; b'<v< B’) u uMeloT 3HayeHHsi, IpHHAJJEKAIHE COOT-
BETCTBEHHO HHTepBajiaM (a, A) u (b, B). Iokasarb, uto dyHkuus F (¢, v)=
= f (¢ (4, v), ¢ (4,v)) HempepbiBHa B oGsactu R'.

HokasateabnctBo. Ilycrs (4, v,) — NpoH3BoJbHAS (PUKCHPOBAHHASA
TOuKa H3 R’, a x,= ¢ (U,, ¥y), Yo =V (U4y, Vy).- Vi3 ycnoBUs 1) BhITEKaeT,
yto ye >0 do = o (e, %y, Yo) TaKoe, YTO

1P y) —F(x, y0) | < e _ (1)

K8K TOMBKO |X— X3|<o, |y—yo|<<o. M3 ycnoBus 2) crepyer, yrto
JJIs1 YKa3aHHOTo Bhille o gd = &, (c) = 8 (e, Uy, vy) Takoe, 4TO NpH |U —
—Uy| < d M |v—uv,| <3 cnpaBenNuBEl HepaBeHCTBA:

|9 (4, v) — o (o, Vo) | < o5 | P (1, V) — ¢ (o, Vo).| < o ()
U3 nepaBenctB (1) u (2) HemocpeACTBEHHO CJEAYeT, YTO

’f((P (u> U), q) (u’ U)) —f((P (u09 Uo)a q) (uo» UO)) l = lF (u’ U) —F (an UO) ' <e

npy |u—uy| <3, |lv—uy|<?d, 7. e. uro ¢yHkuusa F(u, v) HenpepriBHA
B TOUKe (U, Uy). IlocKoMbKY (4, Uy) — NMPOM3BOJIbHAS TOYKA M3 R’, 3aKmo-
yaeMm, uto ¢yHkuusa F (4, v) HenpepuiBHa B objacti R'.
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§ 2. YacrHble npou3sBopHble. AuddepeHuman hyHKUMM

I°. HYactueie mnpousBoxubie. Ilycrs odynkuua u = f(x,

o o o o
Xa, «+., X,) ONpeneneHa B HeKoTopol obaactu Gu M, (x;, X,, ..., X,) —
BHYTPEHHSIsT TouKa 3Toit obsactd. Eciu cymecTByeT (KoHeuHblt wiau Oec-
KOHEYHbIH) mpeles OTHOLIEHHs YaCTHOrO mnpupauteHuss Ay u QYHKUMH

B Touke M, K COOTBETCTBEHHOMY IMpHpaLleHUI0 Ax, NMEepeMEeHHOH X,:

o o ] o o o o
Ayt G s K Xy By Xy e X)) — (R ey X)

Axk - Ax,

npu Ax, - 0, TO 3TOT mpeaes HA3LIBAETCA 4acmHoil npou3so0rold HyHKIUU
u=f(x, %, ..., X,) B TOuKe M, mo mnepemeHHOHl X, U 00O3HaUaeTCA
OJHHUM M3 CJEAYIOUIMX CHMBOJIOB:

ou of
—0-——’ axks uxk, ka

A u

22 — lim ——(l<k m).

Takum o6pasom, 3x
X Axk-rO

. Audpdepennuaa cpyuxunn DYHRUUS U= [ (X1, X2, +oe Xm)
HaSbIBaeTCH au(fxpepemgupyemou 8 mouke MO, ec/H ee TNOJHOE MpHpaLLe-
Hue Au-f(xl—]—Axl,x +Ax2,...,x -{—Ax)—f(xl, 2 ¢ty m)

B 3TOH TOYKE MOKET ObITh NpeacTaBJa€HO B BHJE
Au = A;Ax; + Asbxy 4+« o - ApAx, +0(p),

rie Ay, Agy o.., A, —HeKOTOpbie He 3aBUCAIME OT Axy, Axy, oy, AX,
2
NOCTOsIHHBIE, A& p = ]/ Axf -+ Ax: + -+ Ax,.
Ecnu xotst 6br oguo u3 wucen A, (=1, 2, ..., m) OTJHYHO OT HYJI,
T0 cymma A,Ax, + AAxy + -+ - + A,,Ax,, npencraBnser coGofi IVaBHYIO
JINHEHHYIO OTHOCHTEJIbHO NpHpAllleHHi apryMeHTOB YacTb NpHpalleHHs Jud-
depenunpyemoit dyukuuu. Ilpu onpenenennn auddepenuupyeMoctd ¢yHK-
LHH He MHCK/IIOYaeTcsi BO3MOXKHOCTh oOpalleHHsi B HYJb BCEX 4YHCe
Al’ A2, LI Y Am-
Ecnu ¢ynkuus u auddepenuypyema B Touke M,, TO B 3TOH Touke

CYWIECTBYIOT YacTHbIE NPOM3BORHBIE -— a (k =1,2, ..., m), npuyeMm gaxi =
%

= A,. Takum o6pasom, yc/oBHE nmbcpepeﬁunpyemocm (YHKUHH # B TOYKe
M, MoxHO sanucarth B clenyiomieil gopme:

ou ou
Au:a—x;Axl—{—Ex;sz.{—‘.'—l—ax Ax +0(p)

[Jle YacTHEIE NPOH3BOJHBIE BHIYHMC/IEHBI B Touke M,

[iaBHast JIHHEHHAS OTHOCHTENBHO NPHPALIEHHA apryMEHTOB YacTb MpH-
paulenusi audpdepeHuupyemoit GyHKUHH u B Touke M, HasbBaerca audde-
peHuMasoM 3Toi (GyHKUMH B TOouke M, H o6oaﬂaqae'rcn CHMBOJIOM du.
ChnepoBatenbho, du = A;Axy + Asbxa -+« -+ A, A%,
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Hcnonb3ysi To, uro anasa aupbepeHuupyeMo (QyHKUHH Ain(%t_ (i =
)

=1,2, ..., m), a Ax;==dx;, BrlpaxeHuHe NI AHPdepeHIHaTa MOXKHO
nepenucath CaeAyIomuM obpa3om:

du===5——dxl—|-a dx2+---+rdx. (1)
dopmyna (1) cnpaBesnnBa W B TOM cJydae, KOTAA AapryMeHTH Xi, X,
X3y <., X, ABASAIOTCA JU(PPepeHUHPYEMbIMH (QYHKUIHAMH HOBBIX II€PeMeH-
HbIX %y, f3, veo, Ilp.

ou
YacTHasg npous3BOAHAst OT 3%, 1O nepeMeHHOH X,, T. €. BBbIPaXKeHHe
0

ou )
S (—ax—k) , HasblBaeTcsi wacmmuoll npoussodHoil emopozo nopadka u o6o3Ha-
n
Jyaercsi OIHHM H3 CJIelIYIOHlPIX CHMBOJIOB.

%y 2
u
Ox0x, " ~*k*ne

Ilpu atoM, eciu k=4 n, To yacTHas NpPOM3BOAHAs HA3BIBAETCS CMewlaHHOU.
AHaJjlorHYHO onpezesilOTCS NPOM3BOJHBIE NMOpsiAKa Bbile BTOporo. Eciu
¢byHkuusa n pas guddepeHUpyeMa B HEKOTOPOH TOYKe, TO B 3TOH TOukKe
JiloOple CMelLlaHHble NPOM3BOJHBIE 7-T'O MOpPsKa He 3aBHCAT OT INOpsjxa,
B KOTOPOM IPOH3BOAATCS IOCJeNOBaTeNbHbIe AU(depeHIHPOBaHHUSI.
Huddepenuuan ot du, T. e. Bhipaxenue d (du), HasbiBaeTcs Ouggepen-
YUaioM 8mopo2o nopﬂalca (nu BTOprM anddepernanom) 1 0603Ha4aeTCs
cumBosioMm d2u. Awanoruuno: d(d*u) = d*u, d(dPu)=d'w n 1. x. Haa
Ju(pdepeHIHANTOB BBICIIHX TNOPSAKOB HUMeEET MECTO CHMBOJIHYECKas ¢dopmyJia

i) 0 d n
dru = (5;1 dx; +—a-x—zdx2+ +5§;dxm) u.

3. IlpousBonnasa cnoxHo#t pynkuwu Ecan ¢ynkuuu
u=f(x1,x2, se ey xm), xia?i(tl,tm ey tn) (l= 1,2, seey m)

g pepeHIHpYEMEI, TO

m

ou ou ‘Pj

atk~26x a (k=12 ..., n).
j=1

4°. TlpousBongHass no HanpaBaeHulo. I'pagment. Ilycms
auddepeHuupyemass GyHkKuHsa u = f(x, y, 2) 3agaHa B HEKOTOPOH OKpecT-
HOCTH TOUKH M, (%o, Yo, 2p), @ Hampab/ieHHe [ XapaKTepH3yeTcsl HanpabJisi-
IOLIMMH KOCHHYcaMH {cos a, cos 3, cos v}. Torna nponsBoaHas no HanpabJIeHHUIO
I BuluucsseTcss no Qopmysie

ou du
3 axcosa—}—a cosp—]—acos'{

T'paduernmom byurunu u = f(x, y, 2) B Touke M, HasbIBaeTCs BEKTOP,
oBo3nauaeMbiii cUMBOJIOM grad 4 B HUMeIOLHH KOOPJAHHATBI, COOTBETCTBEHHO
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ou Ou Ou

-z Iz T . p
9% By’ 92’ B3aTbIM B Touke M,. Takum oGpasom,

paBHbBI€ IMPOH3BOJAHLIM

ou ou au}

gradu: {a_x! ag’ b—Z ’

6
NpHYEM B 5TOM CJyyae MOMEM 3alHCaTh, UYTO 5 = (@, gradu), roe a=

= {cos a, cos B, cos y}.
Ipaguent QyHKuHH # B Touke M, XapakTepH3yeT HanpaB/eHHEe H BeJd-
YHHY MaKCHMaJbHOFO pOCTa 3TOH (pyuxmm B touke M,. CrenoBare/bHO,

(38) = st = )/ (5 T ()

Bekrtop grad u B naHHoit Touke M, OpTOroHaseH K TOH HOBEPXHOCTH
ypoBHst GyHKUMH u = f(x, y, 2), KOTOpasi NMPOXOAUT yepe3 Touky M.

30. Haiitu f, (x, 1), ecmu f(x, y) = x + (y — 1) arcsin l/—;
PeumeHue. CorjacHO onpejie/ieHHIO YaCTHOH MpPOHU3BOAHOH, HUMeeM:

f'(x l)=]im fx—Ax, 1) — f(x 1)

Ax->0 Ax

Tak kak f(x 4 Ax, 1)=x 4 Ax, f(x, )= x, TO

' . X+ Ax—x Ax
x, 1) =lim ——————<= lim — = 1.
fx( ) ) %m0 Ax Ax-+0Ax

31. Haitru f,(0,0) u f,(0,0), ecn f(x, y) V'xy. SlBasercs s
sTa ¢ynkuus anddepenuupyemoit B Touke O (0,
Pewenune. Mcxoasn u3 onpenenenus qacmux TNPOM3BOAHBIX HMeeM:

f;(O,O)zlimf(AxO) f(OO) lim ;/Ax-0—0=0;

Ax->0 Ax Ax~+0 Ax
i 10, 89) —F(0,0) .. YO-Ay—0__
fy 0, 0) = lim By am 0

s ﬁcc.nenoaanua auddepeHIHPYEeMOCTH JaHHOH (GYHKIHH B TOUKe

O (0, 0) samumeM ee npupaiieHne B 3ToH Touke: Af (O, O)m%/ AxAy =
——— s l

— Ay) - = VAT FAy?, (A =}/ AxA .

e (Ax, Ay) - p, Tae p =V Ax® 4 Ay?, ¢ (Ax, Ay) nyvm

ITockonbky A; = of (g 0 =0, A= Zi g)’ 0 0, To mna nuddepeHmupye-

MOCTH HeoOXoAuMO, yToObl GyHKuus e (Ax, Ay) Obla GeCKOHEYHO MaJsioit

mpu p—->0, T. e. npu Ax—> 0 u Ay — 0. Ilycts Ax=%, Ay=711-(n=
=1,2,...); oueBugHo, Ax—>0 uw Ay—0 npu n-> . Tak Kak
f0CJIeI0BaTeIbHOCT Toyek M, (—’1; , %) IpU 71— co CTPEMHUTCS K TOUKe
0(0, 0), a cooTBeTcTBYIOIA UM IIOCJIEAOBATEJbHOCTh 3HaYeHHH (YHKUHH
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e(_a _1_) Vn

V3 CTPEMUTCHI K -+ co NpH 1 - oo, TO (yHKuus e (Ax, Ay)

He sBisercs: OeckoHeyHo Majoi mpd Ax -0, Ay —» 0. Iloatomy Q)yHKum{
[(x, y) nemnddeperuypyema B Touke O (0, 0)
32. Sleasiercst mu auddepenunpyemoit B Touke O (0, 0) dyukuus f (x, y) =
g e
=¥ % + 4

Pemenune. Haxomum mnponsBogHbIe:

£2(0, 0) = lim L8290 =700 _ y;,

=1,

Ax—+0 Ax Ax—+0 Ax
0) = f (0, Ay) — (0, 0) Y 1.
fy 0, 0) = lim FO20PR 02 — tim 38 = 1

IlpencraBnseM npupamenve ¢ynkuun f(x, y) B Touke O (0, 0) B BHZe
Af (O, 0)_/Ax3+A 3= Ax+ Ay + (VDX F Ay — Ax — Ay) =

= [, (0, 0) Ax + [, (0, 0) Ay + & (Ax, Ay) - p, rae e (Ax, Ay) =
_ VAP AP — Ax— Ay
V A% 4 Ayt

3ameqaﬂ, YTO IOCJ/AEeR0BATC/JAbHOCTD

n=12 ..)

’«"‘/_2_ 2
e(1 _L)_ n n Y22

n'n V2 V2
n
o 1
He siBJIsieTCs1 OECKOHEYHO MaJIoH IpH 1 — oo (T. e. npu Ax = — 0, Ay =

__—-__’1;_>0), 3aKJIO4aeM, 4TO ep = 0(p) mpu p—~0 H Oyskuma f(x, y)

Heaugdepenuupyema B touke O (0, 0).
33. Hccnenosath Ha auddepenuupyemocts B touke O (0, 0) dynkumio
1

f(x,y)=¢e *F¢ npu x2 4 y> >0 u f(0,0)=0.
Pemenue. Kak u B npeapiiymeM npuMepe, HaxXOAHMM YacTHbIE I1pO-
H3BOJAHELIE.
1

' i (A% 0 —F0,0 4.1 —mm
O e
1
_ [O)—=F00 _ vy Leomio
fy (0, 0) AI;m0 A7 A;leo ¢ .

U3 Toro, uto mpupauenue ¢yuxuuu f(x, y) B Touke O (0, 0) npéJJ,CTaBHMO
1

B Buge Af(0,0)=e SF+A7 =¢(Ax, Ay)p, rHe e(Ax, Ay)=
1 1
|
 VEE A
yro ¢yuxuus f(x, y) aupdepennupyema B Touke O (0, 0).

34. TMokasats, uTo ¢yHKUMA [ (X, y) = V| xy| HenpepuiBHa B TOuKe
0 (0, 0), uMeer B 3TOit TouKe 0Ge yactHble mpoussoxusie f, (0, 0) u f,(0, 0),

e APt ple_ °* > 0 npu p - 0, HEMOCPEICTBEHHO CJERYeT,
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oiHaKo, He sBuasiercs: auddepeHuupyeMoii B Touke O (0, 0). Buisicuuth no-
BelleHHe TNpou3BOAHBIX [, (X, y) ¥ f,(x, y) B okpectHoctH Touku O (0, 0).
Pewenue. Ilosmb3ysich onpeaesneHneM 4aCTHBIX NPOU3BOAHBIX, HAXOAHUM:

f+(0, 0) = lim [(8x, 0) —f(0,0) lim Vm'Ax,:O,

Ax~0 Ax sxvo A%
’ o nu VlAy-Ol___
f, 0, 0) = lim v = 0.
Tak kak Af(0,0) =V |Axdy| =V Bx® + Ayz%ﬁ% — ¢ (Ax, Ay)p,
Y
T
_ _Vidxby] (_' _1)_- 20,10
rjae S(Ax,Ay)-——m:?__’.___—A;;, a e eI e ] 1 —)-VQ ’
PER

¢ynkuus € (Ax, Ay) He sBnsiercs OeckoHeyHo MaJjoit npu Ax—>0 H
Ay - 0. Orciona caepyer, uro ¢ynkuus f(x, y) HemudpdepeHumpyema
B Touke O (0, 0). L
’ l . ’ l 1
W3 roro, uto f,(x, y) = 5 ]/I%Isgnxnpn x#0u llmfx( )=

5, =
Nn=-co n n

. n
= lim 5= = 4 oo, crenyer, 4TO NPOH3BOJHAS (¥, y) He orpaHuyeHa

n- oo

B okpectHocTH TO4KH O (0, 0). dro 3aK/MOYeHHe ChpaBeiJuBO H JJs1 Ipo-
u3BojHoH [, (x, y).

35. Jokasate, uto ¢yHkuusa f(x, y)= }6—{—?—?, ecd X2+ y? =0 u

f (0, 0)= 0, paspeiBHa mpu x = 0, y = 0, HO HUMeeT YaCTHbIE IPOU3BOAHbIE
B Touke O (0, O

o 1 1) .
HokaszareabcTBO. M3 cooTHomeHuit Mn(;,;é)->0(0, 0) npu

n— oo,

lim f(—}?,;:g):]im =2 % 0=/(0,0)

caenyer, yto dyHkuus f(x, y) Tepnut paspeiB B Touke O (0, 0).
[Tonb3ysick onpesnesieHHeM YacTHBIX NPOU3BOJHBLIX, HAaXOLHM:

f1(0,0) = lim LEXO—TO0 _ yiy O — o,

Ax—~0 x Ax-+0
' (0. 0) = Jim (&2 =700 _ ;. O _
b 0,0 = lim === gy = O
36. Ilokasarb, yto dyHKuHA [ (X, y) = x’:y_*_ =, e x* - y*=£0

(0, 0) =0, B okpectHoctH Touku O (0, 0) HempepLlBHa ¥ HMeeT OIpaHH-
YeHHble YacTHbie mpoussoiHble f,(x,y) u f,(x, y), onHako, Henuddepen-
uupyema B Touke O (0, 0).
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JNokasateabctBo. Ilpu x® 4 y® = 0 ¢yukuus f(x, y) HenpepoisHa

KaK sjemeHTapHas. M3 oueBHpHOro HepaseHCTBa |f (X, y) | = |——| <
o _ Vx+y
< l{y! H TOrO, 4TO limz—'—f_ﬂ = 0, nmonysaem: limf(x,y)=0=7Ff(0, 0).
V2 x-o-g V2 x—rg
y- y~r
;axmvx ob6pasoM, ¢yHkuus f(x, y) HenpepwiBHa B Touke O (0, 0).
MeeM:
' x X%y 24 2 4 ()
x x, = —_— T pam——— X Ov
Lol =g Ve T T
' . [B%0—F0,0 __ 0 _ 4
r0,0) = lim LELDIO0 - i 3 —o
’ — y - yzx 2 2 .
W) = e T Ve T T O
F, (0, 0) = 0.

1
OTCIOlIa, [0J/Ib3ysiICb HEPAaBCHCTBOM l

< 5 , ybexnaemcsi, 4To

Xy
B+ T2

i 3 v 3
+x2fi’yzl/)%§<’2*v liy(x’ y)|<"2'"

[ x|
T

T. € 4YTO YKa3aHHbIE IPOU3BOJHbIE OrPAHHYEHHI.
3anuiem anApameHHe ¢dynkuuu f(x, y) B Touke O (0,0) B BHIE
AxAy AxAy
A S ayr———————— A A I e———

f (0, 0) VEvEY e(Ax, Ay)p, rme ¢ (Ax, Ay) T g Jlerko
yOenutbest, yTo (yHKuus e (Ax, Ay) He sBIsieTcs: GECKOHEYHO MaJIOH MpH
Ax—>0, Ay—0, a nostoMy ¢yHkuus f(x, y) HeaudxbepeHupyeMa B TOUKe
0 (0, 0).

37. Ilokasatb, uto yukuua f(x, y) = (x® + y? sin#y—z, ecsu x* -

+y*%0 u (0, 0)=0, umeer B okpectHocTH ToukH (0, O) NpoH3BOIHbIE
f(x,y) u f,(x, y), Kotopeie paspeiBHbl B Touke (0, 0) H HeorpaHMYeH:bI
B JIIOOOH OKDEeCTHOCTH ee; TeM He MeHee 3Ta (yHKuusi AudpepeHiypyema
B Touke (0, 0).

Pemenue. Ecim x® 4 y?=£ 0, To yacTHble NpousBouHbie f, (X, y) H
f,(x, y) HaxomuM, moab3ysicb QopMysaMH H npaBHiaMH JAu(pdepeHurpo-
BaHHUS:

s o)l <5

1 _ 2x
TIR T Ay
’ . 1 2y
fy(xv y)n2y51nx2+y2_x2+yzcosx2+yz-

F1 (6, 4) = 2xsin

Ecm e x=0 u y =0, 1o npoussoxuste [, (0,0) u f,(0, 0) nHaxonum,
HCXO/ifi H3 HX OIpeJeJseHHs:
1
Ax? sin —;
£.00, 0) = lim £&2 Q=100 _ 28,

Ax—+0 Ax Ax—+0 Ax

aHajiornyHo HaxoauMm, uto f, (0, 0) = 0.
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TloxaxxeM, uyTo wuacTHBle npousBommble f, (x, y) u f,(x, y) PaspLIBHbI
B Touke (O, O) H HeOorpaHuuyeHbl B J0OOH ee okpecTHOCTH. C 3TOH 1E/BIO
BbiGepeM NOC/1eJ0BaTeNIBHOCTD {(X,, y,)}, cxonsiyiocs K Touke (0, 0) v TaKyio,

1 1
Y70 COS v—— = 1, T. e. —— = 2n=. IlycTb, Hanpumep,
x +y, x +y,

n
e =
2V’ 9T 2V
[Tockosbky x, >0 u y,— 0 nNpu n-— co, TO NOCJEAOBATEJILHOCTD TOYEK
{(x,, y,)} Monanaer 8 mo6yio okpectHocTb ToukH (0, 0). Ilpu stom coor-
BeTCTBYIOLAs [OC/IEe0BATELHOCTD 3HAUEHNH QYHKIMH [, (X, y,) = — 2} nx
(n=1,2, ...) crpemurca Kk — co. ClleroBaTe/bHO, YacTHasi IPOM3BOLHES
f(x, y) paspeiBHa B Touke (0, 0) u HeorpaHHueHa B JI0GOH ee OKpeCT-
HOCTH. AHaJOryHple BbIBOLBI CTpPaBeJIUBbI U OTHOCHTENBHO f, (X, y).
Tax kak f, (0, 0) = f, (0, 0) = O, a npupaumenue Af (0, 0) npeacrasumo

1 1
B Buze Af (0, 0) == (Ax® + Ay?) smm-z- = pe (p), rae e(p) = psin 55-+0

npu p =V Ax? 4 Ay*— 0, 10 pynkuus f(x, y) AuppepeHnHpPyeMa B TOY-
ke (0, 0).

X, = (n=1,2, ...).

0%u u : 2
— T — = Xx¥*: =
38. HpoaipHTb PaBeHCTBO Fomn = 557, €CIH a) u=x¥, 0) u
= arccos V-; .
Pemenue. a) HMmeem:
0 — -ty ZE g xv*=1(1 + y* In x);
o Y * dyox Y y
du d0%u 2__
5= 2yx¥* In x; oy = 2yxy* =1 (1 + y? In x).

0%u 0%u
Orciona HenocpeiCTBEHHO CJILYeT DPABEHCTBO 5—— 3 — ogo%+ ClpaBelJBoe
A7 BCeX ToueK (¥, y) M3 OOJacCTH OnpejeseHHsi CMELIAaHHBIX TPOM3BOAHBIX:
O<x< oo, —oo I Yy< oo,
6) AHasoruyHO npem)mymemy HAXOAUM CMeLIaHHble NPOU3BOAHLIE
3

du 1 0%u x - 5.
a--—~(xy—x“) 7 oyax — F W —x) %

1 3
ou 5= 0%u X -
=2 =) T =gy — )

X
H yOexxaaeMcsi, YTO OHH paBHBI B 00JacTH HX omnpexnetenus: 0 < ~y—< 1.

StH npuMepbl HJ/VIIOCTPHPYIOT YTBEPKIAECHHE O PABEHCTBE HENPEPbIBHLIX
CMEIIaHHbIX NPOH3BOJAHBIX, OTJH/I‘I&IOHJ,HXCH NOopAAKOM HX BBIYHCJ/IEHHS.

39. Ilyers | (x, y)——xy +y2, ectt x*4y*=£0, u f(0,0)=0.
[lokasatp, uTO th(O O) ¢f (0, 0).

Pemenue pu x* +y geo HMeeM:
Fie(x, 4) = + Gl
X ’ y yx2_l_y2 (x2+y2)2’
x2 — y? 4x3y?

f;/(x, y)zxx2+y2—(x2+y2)a'
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Ecmn x = y = 0, To npoussonusie f, (0, 0) u fy' (0, 0) wnaxoxum Hemo-
CPe/CTBEHHO U3 HX OIpeJesieHHs:

: — lim L850 —FQ0 _ ;0 O .
(0, 0) = lim B2 lim g3=0

’ — i f(OoAy)—f(O'UO)z i .Q-m
fi 0, 0) = lim L2200 Nim 55 = 0.

HOJIBSYHCB S5THMH 3Ha4YCHHsAMH, HaXOAHM CMellaHHbIE€ IIPOHU3BOJHbBIE!

" . F0,8)—F (0,00  _ays

0. 0) = lim = x = lim ==L = —1;
fxy( ’ ) A;I_I}O Ay AILTO Ay3

” . F, x5 00 —F (0,00 Ay

4 (0, 0) = lim F——ptmme = lim 5 = L.

Orciona y6exnaemcst, uro f,, (0, 0) # f,. (0, 0).
3ameruM, uto B Touke (0, 0) He BHINOJHSAIOTCA JOCTATOYHHIE YCJIOBHS
HEMNPEPLIBHOCTH CMELIAHHBIX NMPOM3BOAHLIX. B camom mene, npu x% + 4% = 0

HaxoquMm:
" " X2 — y? 8x2y?
xy (%, §) = Fye (%, y)=xT+—y-z-( (x—z—_py—zjé)

[TockoabKy moc/eN0BaTENbHOCTD {M,, (% , %)} crpemurcs K (0, 0) npu

n- oo, a iirgf;'y (M,) ”,f.‘,‘f fox (M) = Z:—_:—:-(l -+ (a—gj'j—ﬁi) , TO CMelLlaH-

Hbl€ NPOM3BOJAHbIE TepnAT paspeiB B Touke (0, 0).
40. Cywectsyer s f,, (0, 0), ecmu f(x, y) = ;5‘2;% npu x® 4 y?+~0

u f(0,0)=0?
f(0,0) 2 (4 —

Pemenue. Ilpu x®+4 4?40 umeem: f,(x, y) = Tt ITouib-
8ySCh ONpefeJeHHeM INMPOU3BOAHOH, HAXOIUM:
' i (A% 0)—7(0,0 .. 0
20,0 = Jim PR B = i g = 0
[TockombKky npenen
y mp ' ’ 2"
0, Ay) — f. (0,0 . Ayt
lim f.©, Ay — [, (0, 0) — lim Bt

Ay+0 Ay Ay—0

He CyLIeCTBYeT, TO mpoussopHast f,, B Touke (0, 0) Takmke He CYLIECTBYeT.
41. Hokasatb, uto ecan puddepenuupyemas ¢yskuus u = f(x, y, 2),
(x, y, 2) € G ynoB/IeTBOpPSIECT YPaBHEHHIO

ou ou ou ‘
X5 Tyg +25=pu, ()

TO OHA SIB/IAETCS OXHOPOAHOH (PyHKUHMEH CTENeHH p.
JdokasarteabcTBOo. Paccmorpum ¢yHKuHIO

F (t) — f(txm tyOv tzo) . (2)

tp
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Ona onpenlesieHa, HemnpepblBHa W jnuddgepeHuupyema aas ecex ¢ >0, Jua
KoTopblx Touka N (tx,, ty,, t2,) € G. Bouucass npoussopnyo ¢pyskuuu F (7),
NoJTyyaeM BhIpaXKeHHe, YHCJUTE]b KOTOPOTO paBeH

t (Xof (”fo, tyo, 129) + yof_; (tx0, Yo, t2o) +
+ 2of, (Exo, tYyo, 120)) — Pf (EX0, LYo, 20)- (3)

3amensisi B paseHctBe (1) X, y, 2 Ha fx,, ty,, 12, COOTBETCTBEHHO, NPHXO-
LM K BbIBOLY, uTO BhipaxkeHHe (3) paBHo Hy./no. CaenoparesbHo, F' (f) =
=0 u F(f) = C = const. Oas onpeneseHysi KOHCTaHTHI MOJIOXHM BO (2)
t = 1; takum obpa3oM, C = f(x,, Yo, 2,)- OTCIOfa, NOJB3YSICb PaBEHCTBOM
(2), nonyyaem:

f(fxOv tyO! tzO) = tpf (xO’ Yo, 20), (xo' Yo, ‘70) € G9

yTo U TpebOBaJOCh N0Ka3arb.

42. [loka3darb, 4yTO ecau f[(x, y, 2) — nuddepeHuypyemas OZIHOpOAHAS
¢yHKUMS CTeneHW p, TO ee YacTHble NPOM3BOIHbE f, (X, y, 2), f,(x,y, 2),
f, (x, y, 2) —onnopoaunie ¢pyHkuun (p — 1)-it crenenu.

HNoxasateabcTBo. Tak Kak f[(x,y, 2) —oznHoponHass (YHKUMA
CTeleHH p, TO CNpaBeAJIMBO paBeHCTBO [ (/x, ty, t2) = °f (x, y, 2), npHUeM
BblpaXXeHHe B JIEBOH 4acTH AH(M)epeHunpyeMO [vpdepeHunpyss nociaenHee
PaBeHCTBO N0 X, noayyaeM: f, (tx, ty, t2)-t = t°f. (x, y, 2), wm f, (tx ty, 12)=
= P71 (x, y, z) V3 nocnenHero paBeHCTBa cCjefyeT, 4To |, (x Yy, 2) —
onHopoaHas (yHKuus crenenn p — 1. Jlns npousBoaHbX f, H [, — HOKa-
3aTesIbCTBO AHAJOTHYHOE.

43. Tlyctb u = f(x, y, 2) — mnBaxknasl jaudpepeHuHpyeMass OIXHOPOJHAs
¢yHKuusa n-i4 creneHd. [lokasatb, 4TO

. ,
(x%—{—ya%—{—z%)u:n(n—l)u. (1)

HokasateabcTBO. IlockosMbKy # — ofHOpoAHass (YHKUMs, TO OHa
YIOBJIETBOPSIeT yPaBHEHHIO

0 0 0
xé—t—}—yai;—l—zégznu. 2)

3aMeHsisi B 3TOM paBeHCTBE X, 'Y, z Ha txy, tyo, tzo H An(p(bepeﬂunpyﬂ ero
1o t, NoJTyqaem: x(,u + you -+ 2ol -+ tx u 2 -} tyou s - tz U, +
+ £ (2xoY oty +2x 0201, + QyOzOuyz) = n{x,, + you -} zou) e NPOU3BOA-
Hble BBITHC/IEHbI B Touke M o (tx0, Yo, 12y). [Tonarast B [CCJIeJHEM paBEHCTBE
t =1, umeem:

2 » 2 ” 2 L4 " ” n
Xy + Yoty + 2gthr + 2 (Xolold 4y + Xo20lty, - Yo2olhy,) =
= (n— 1) (xoux + Yolly + zouz)‘

Orcioa W U3 paBeHCTBa (2) HENOCPEICTBEHHO CJEAYeT, YTO
0 0 a\?
(xoa;+yoay+zoa;) u=nn—1)u.
Tak Kak (X, Yo, 2o) — NPOU3BOJIbHASA TOYKA, TO paBeHCTBO (1) AOKasaHo.
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44. Jlokasath, yTo eciu u =V x% 4 y? + 22, TO d?u > ©.
JokaszaTteabcTso. O6osHavas ¢ = x* 4 y? 4 2* ¥ nocsenoBatelib-

Ho JudpepeHnupys Boipaxkenne u = ¢, uMeeM:

V¢d+d
iy = Ay — ANEYE V __ 2¢d%p I (dg)*
V ¢ 2 Ve

Tak Kak dzf = d(d (x* 4 y* + 2?) = d (2x dx + 2y dy + 22 dz) = 2 (dx* +
+dy® +dz*) > 0, 10 d*u > 0.

45. Hpezmo.naran YTO X, Y MaJpl N0 abCOJIIOTHOH BesNHYyHHe, BHIBECTH
npub/KeHHble GOPMYJIbI /IS CJACAYIOLIMX BbIpaXKeHHH:

a) (1+0™(1+4)" 6) In(l+2)-In(l+y); v arctg =L,

Pemenne. Ilycrs ¢ynkmua f(x,y, ..., 2) nuddepeHuupyema B
okpectHoctH TodkH (0, O, ..., 0). Toraa '

Af(0,0,...,0=f(x,g,...,2—f(0,0,.. ) f+(0,0,...,0)x+
+f;(0.0,---,0)y+-~+f;(0,0 L 0z 0(p),

rae o(p) — GeckoHeuHO MaJsast GoJiee BBICOKOTO NOPSAKa IO CPaBHEHHIO C
p=Vx*+y*+ ... 4 2% OrbpacbiBasi BeJHUHHY o0(p) M MepeHocs

(0,0, ..., 0) B mpaByi0O YacTb, MNoJyyaeM TpHOJHKEHHOE PaBEHCTBO:

fx,y, ..., =f©0,0, ..., 004f.(0,0, ..., O)x+
+f,0,0, ..., 0y+ -+ +7,(0,0, ..., 0)z (1)

Tak kak npensoxkeHHble ¢GyHKUHH JAuddepeHIHPYEMBI B OKPECTHOCTH
toukn M (0, 0), To coorBercTByIOUIHE MPUOIHKEHHBIE (POPMYJIbI IPHHHMAIOT
CJeyIOIMHA BHA:

a) (1 +x)"(1+4y)" =1+ mx+ my;

6) no/b3ysch NPHOJHKEHHBIM paBeHCTBoM (1), 3amHCaHHBIM JJIsi OAHOIO
nepemerHoro f (f) = f(0) 4+ f' (0) ¢, nonyuaem: In(1 + x) =~ x, In(l +y) =
=~ y. CaenoBaresrsHo, In(l + x) - In(l 4+ y) = xy;

B) arctgl_':_y ~x 4+ y.

46. 3amennB mnpupaiieHue ¢yHkuuu auddepeHunanoMm, npHOIHKEHHO
BBLIYHCJIUTD:

2 3, 103
a) 1,002 . 2,0032 - 3,004% 6) - :

Y 0,983/T,05°

B) /1,028 41,973 r) sin29° . tg46° x) 0,97!.%,

Briuucsaenue. a) 3anuceiBas PaBeHCTBO (1) M3 MPeABIAYLIErO NpHMepa
ANis q)yHKmm f(x, y, )= (1 +x2+y)?B+2?° umeem: (14 x)(2+
+ 9B +2P=~1-22.3422. Fx+ 2. 3y 2. 3. Tloxcrasnas B
5TO pPaBEHCTBO X == O 002, y=0,003, z=0,004, nomyuyaem: 1,002 X

X 2,003%. 3,004% ~ 108 + 0,216 + 0,324 +0 432 = 108,972.
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(14 x)?
3
V(1 —9) Y TF2p

f— u nojaras x==0,03, y=

6) 3anuceiBasi A1 GyHKUMH f(x, y, 2) =

npHOHKeH-

Hoe paBeHCTBO f(x,y,2)= 1+ 2x + % —
= 0,02, z= 0,05, nosnyyaem:

— 1%~ 140,06 +0,0066 —0,0125 = 1,054.
V 0,984/ 7055

B) Umeem: V{1 +x°+Q2—yP=3+ —;‘— —2y. Ilycetp x=0,02,
y = 0,03, Torna
V1,028 41,97 ~3 - 0,01 — 0,06 = 2,95.

r) B mpubmauxKeHHOM paBeHCTBe (CM. NPeABLAYILHH TpUMEp)

™

sin(% —x)tg(-;E —}—x)zsin -g— tg 7 —

T T . 1
-—cosgtg—li- X+ sing

|
TC.x
cos2 —
>

nonaraem x = 0,017, Torapa
sin29° . tg 46°~ 0,5 — 0,866 - 0,017 -+ 0,017 = 0,502.

n) 3ammceBass A pyHkumH (1 —x)!t¥  npuGHKEHHOE PABEHCTBO
(1 —x)t+¥=~1—x n nonaraa B HeM x=0,03, y= 0,05 mnoayyaem:
0,97t~ 1 —0,03 = 0,97.

47. okasaTh, uro ¢yHKuus f(x, y), uUmeloUas OrpaHHYEHHLIE YacT-
Hble NPOM3BOJHBIE [y (X, Y) U fy (¥, y) B HEKOTOpOi BHINYKJIOH obsactu E,
paBHOMEDHO HenpepbiBHA B 3TOH 00sacTH.

JokasareabcTBo. [Iyctb (X1, y;) U (X3, ys) — ABE NPOH3BOJILHLIE
TOYKH M3 obnactu E. B cusy Bemyki/ocTH obsnacth E, Touka (xp + £ (x; —
— X3), Y2+t (yy —y,)) npuHapaexkut obnactu £ npu 0 << 1.

Oyurumst ¢ (f) = f(xa +1 (X1 — %), Yo +1(y1—yz)) muMeeT 1IpH
t € (0, 1) orpaHHYeHHYIO NPOH3BOJHYIO

o' (£) = (Xy —Xa2) fx (X0 +E (X1 — X), Y2 +1(y1— y2)) + (Yi — Y2) fo(xa +-
+ (0 — %), Yo+ (Y1 — y2)) (1)

H 9(0)=[(xs, y2), ¢(1)=/[(x1, y). Hcmonsays opmyny Jlarpamxa
u paBeHcTBO (1), Haxoaum:

¢(1) —9(0)=[(x1, y1) — (%2, y2) = ¢" (§) = (%1 — %a) i (%2 + E (i —
—X3), Y2+ E(y1—y2)) + (g1 — W) [y (X2 + E (01 — X2), 92+ E(y1 — 1)),

O<t< L. (2)
CorsnacHO YCJ/IOBHIO CYILECTBYIOT TaKHe INOCTOsIHHbie L; M Lg, 4TO
[[s| <Ly, |yl <Ly V%1, %2€E. 3
3 coorHowenuit (2) u (3) BBITEKAeT HepaBeHCTBO
|F (v, y1) —F (%2, y2)| < [%1—%2| L1+ | g1 — 42| Lo 4
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[Tycte e > 0 — npousBosbHoe. Toraa, BeiGHpasi & = min (22 Q%‘) .
1 2

st JMOOBIX TOUEK (X1, Y1) M (Xa, Y2) TAKHX, UTO |X; — X |<<d H lyl
— Y| <3, u3 (4) nosydaeM HEPABEHCTBO | [(xn, y) —F(xe, y2)|<e,
JIOKaspIBatolliee paBHOMEPHYIO HENpephIBHOCTb QYHKIMH [ (x, y) B o6nactu E.

48. Ilokaszatb, uyTo ecau (GYHKUMA (X, y) HempeprlBHA MO NepPeMEHHOH
X TpU KaxaoM (HKCHPOBAHHOM 3HAYEHHH y M HMEET OIPaHHUEHHYIO MPOH3-
BOJZHYIO TO INepeMeHHOH y, TO 3Ta (YHKIMSA HeNpepbiBHA 110 COBOKYMHOCTH
IlepeMeHHbIX X U Y.

JJokasateabcTBO. CorsacHo ycnoBuw, dM >0 Ttakoe, yTo

[fo(x, g)l< M (1)

A7 BCeX ToueK (x, y) M3 obsactH G onpenejeHHss GyHKuHH f(x, y).
ITycte e > 0 — npousBosbHOE, a (X, Yo) — Mobass Touka us G. Torxa

[ Fx, ) —F(xo yo) | <2, 9)—F(x, yo)| +1F(x% yo) —F (%o, )| <
< lf!;(x9 y0+6(y—y0))|ly—y01 +|f(xa !/o)—f(xo, yO)I‘
2)

B cuny HenpepbiBHOCTH QYHKUHH f(x, y) MmO X mpu y=y,, gd =
= 3, (¢, Y,) TaKoe, YTO

1F @ g0 —F (o, 90| <5, 3)
el |x — x| < ¥ H3 (2), (1) u (3) nonyqaem:

1F @, 9) —F 0 g | <Mly—yol+5<e,

ecsl | x — x| <, |y —yo| <38, rae 8-—mm{2M, 81}, YTo H Tpebo-

BaJIOChb J0Ka3aThb.

49. Ilycts P, (x, y, )——OllHOpOL[HbIH MHOTo4JiIeH creneHu n. Jloka-
sath, uto d"P,(x, y, 2) =n! P,(dx, dy, dz).

HokaszareabcTtBo. [lyctb (X, y, 2) —mnpousBoJbHASI TOYKA H3
obJiacT onpejesnennss GyHKuMH P, (x, y, 2). Tak kak P,(x, y, 2) — OOHO-
POJHBIA MHOTOYJIEH CTENEHH A, TO AJS HEro CIpaBeLJIMBO PaBEHCTBO

P,(x, ty, t2) =1t"P,(x, y, 2). (1)

BbluucaiuM n-10 NpPOH3BOAHYIO OT o00eux wyacrefi 3toro paseHcTBa. Ouye-
BUJHO,

W (tx, ty, tz) =n! P(x, y, 2). 2)
OGosnauasi JeByl0 4acTb paBeHcTBAa (1) uepes F (f) u moc/enoBaTeNbHO
nuddepeHuypys, HaXOAUM:

F () = ap,, 9P,

[0 d 3}

2y 4 52 dy Yyt 2= (ax +a—yy+a7)

" aPn n apn P

F'(t) = 2+6y 2+az22 +20xé‘yxl+26xazxz+20y02yz—

(aix+ y+az )2
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IIaJIee, METOJ0M MaTeMaTHYeCKOH HHAYKUHH JICTKO JOoKa3arb, 4TO
Foogy=(2 x4+ 2 +f_’_z)np (tx, ty tz)
ox ayY T oz ntxs 2y, te)-

[TockonbKy P, — ORZHOPOAHBIH MHOTOYJIEH CTeNeHH n, TO YaCTHBIE MpPOH3-
BOJHBIE NEPBOTO MOPSAKA — OJHOPOAHbIE MHOTOUYJIEHBI CTeneHH 7 —1 (cM.
sagauy 42). Orcriojga cJjeayer, yTo 4yacTHbie IIPOU3BOJAHBIE 1-TO TOPsiIKA
SIBASIOTCS OJHOPOAHBIMH MHOTOYJIEHAMH HYJIEBOTO TMOpsiika, a CJeloBa-
TeJbHO, SIBJSIOTCS TOCTOSIHHBIMH, T. €. He 3aBucsaT oT f. IloaTomy MOXKHO
3alncaTh:

Fo@=(2x+2y+ 22 Patx, 4, 2. @

CpaBuuB (2) u (3) u 3ameHuB X, y, 2 Ha dx, dy, dz, nojaydum TpeGyemoe
paBeHCTBO.

50. Ilycte Au = x —[— gu. Hairtn Au u A% = A(Au), eciu
a) u:xT—T'-_y_%; 0) u=1r1]/x2—|—y2.

0 )
Pemenune. a) FHwmeem: Au———-xa()c?_{f—yg)—f-ygg(xz—_é?)ﬂ

PP —x2 —2xy x B
XTI +y YT,  ErgEs % CUy OJHOPORHOCTH
onepauud A, A’w = A(Au) = A (—~u) —Au = — (—u) = u.

6) Anamormumo: Au= x5 (anx —I—y)+ya (anx“ry)
= I; A2u=A(Au)=AI=O.

x2 Y

=erg Ty
51. Ilyctb

ou\  [0u\t | [ou)? Ru | 0% , 0%

Aju = (5:}) + (5_;/) +(5) YV ES 32 T 358 FI + 53 922 °

1
VetyT e

Pemenue. Beons oBosnauenue r = )/ x% -+ y? -+ 2%, Haxomumi

oL\ (oL [ol)? 2 2 2
sa= () () o) - (s (e (-

‘ 0% [ 1 0% (1 0% (1
s =5 (7) + o (3) 3 (F) -

Haiitu Aju u Au, ecit u =

?(1)_ 9 Jf)__ 1, 32, 0 (1 1, 347,
HockoabKY 52z (r)"&(—‘rﬁ,*“?ﬁ 7 6?(7) R T
o (1 (244 +2) 3 3
a—z*z“(‘r“)= 5 7r, 10 A = — 5 4 2EEL —nt =0
(r #+ 0).

52. Jloka3atb, yTo (opma AH(pGepeHIHaNoB IIPOH3BOJLHOTO IOpsKa
¢yskuuu f(§, 7, () coxpaHsercs Npd 3ameHe aprymMeHToB &, v, ( JHHEH-
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HeIMH GYHKUUAMH: § = ;X + ay + asz; M =bx + by -+ bsz; {=cx -+
+ Coy + c2.

ﬂoxasaTeJIbCTBo Beruucssss  BTopod  aupdepeHuHan (QyHKIHH:
d°f = fidE® + fradn® + fodC? + 2feqdidn + 2fécdidC + 2frcdndC + fed% +
+ fod®n 4 fed?C u sameuas, uro, B cuiay JuHefiHocTH (yHKumi £, 7, €,
HMEIOT MeCTO paBeHCTBa d% == 0, d?n =0, d?{ = 0, nmonyuaem:

9 0 0 2
& = (6—&d£ + oy —{—aT;dC) f
’MeTOIlOM MaTeMaTI/IquKOﬁ HHIIyKUJ/IH JIETKO J0Ka3aThb, YTO
" 0 0 9 &
&'f = (e + Lo + Gt T,

T. €. yto (opMa auddepeHIHaJOB NPOU3BOJBLHOTO HODSIAKA COXPAHSETCS
NpU 3aMeHe apryMeHTOB JIHHEHHBIMH (DYHKIIHSIMHL.

Haiitu nosnele pudpepeHuyanst nepBoro U BTOPOTO MOPSIKOB OT CJle-
JIYIOIHX CJIOXKHBIX QYHKUMA (x, y, 2 — HE3aBUCHUMBIE II€DEMEHHbIE):

53. u = [(V ¥+ o).

Pemenue. uddepeHunpys ©# Kak CJOXKHYIO (PYHKIIHIO, I10JYyYaeM:

= (V) =Tl

Vg2’
d’u — d(f’) xdx -+ ydy +f (xdx—l— ydy) )
VET o Vet g

Tak xak

d (]cl) — f” xdx + ydy d (xdx+ ydy) — (ydx .__xdy)z
vare ‘Were) Vere

TO OKOHYATEJIbHO HAaXOAHM:

9, — (xdx + ydy)? , (ydx — xdy)? 2 2
du f x2+y2 +f V('m (x +y #O)‘

54, u=fCE, M), me E=x-+y, n=x—y.

Pemenue. Ilockonpky apryMeHTHl §& U 7 ABJASIOTCS JIMHEHHBIMH (PYHK-
nusMd, TO ¢opMa auddepeHIHaNOB NPOU3BOJBLHOIO TOPSLKA COXpaHAeTcs
(cM. npumep 52).

IMostomy, BeIuMCAsAA AugddepeHnHab

du = fidt + [ydu;
d®u = [;d%® + 2f;,dédn + f5odn?

u BMecTO df M dv TMOACTABJASA HX 3HAYCHUs, HaHAeHHble U3 pPaBEHCTB § =
=X -+ y, 1= X—yYy, NOJy4aeM:
du = f; (dx + dy) + f, (dx — dy);
du = f1; (dx + dy)* + 2f{, (dx* — dy”) + [o, (dx —dy)*
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5. u=f( ), me E=xy, 1=,

Pemenue. HupdepeHuupys # Kax CIOXKHYIO (GYHKIHIO, NMOJydYaeMs

du =f, (ydx + xdy) +f2ydxy__ﬂ;
” » y2dx® — xdy? v (yd -:r—d i
dzu:fll(ydx+xdy)2+2f12y - yzx d +f22<yxyxy)+
+ ofidxdy — of =X &y

y3

56. u=f(x, y, 2), tne x=¢, y=12, z=1~0.

Pemenue. AHAIOrMYHO NpeAbIIyLIEMY

du = fdt + f,2tdt 4 [y 38%dt = (] + 2tf, + 3°f;) dt;

d’u = [, df* + 4031 - [ 94dt? + 4f 1 otde® -+ 613F1,de? ++ 1263F1.df? -

+ 2f ydf* + 61f, dt® = (f}; + 4055 + 1[50 ~+ 4tf (s + 66% 5 + 126355 +

o 2f ;4 6tf;) dt.

57. u= f(E, m, (), rae &= x* +y n=x2—y? (=2xy.

Pemenune. Ilonp3ysace npaBuiom auddepeHUUPOBAHHS — CJIOXKHOM
¢ YRKLUHUH, HMeeM:

du = f; 2xdx - 2ydy) + fa (2xdx — 2ydy) + f3 (Qydx -+ 2xdy);

d?u = Af], (xdx + ydy)® + 4f 5, (xdx — ydy)® + 4f 5 (ydx + xdy)* +
+ 812(x%dx* — y?dy®) + 8f1; (xdx + ydy) (ydx + xdy) + 8fy; (xdx —
— ydy) (ydx + xdy) + 2, (dx* + dy®) + 2f," (dx* — dy®) + 4f ;dxdy.

Haittu d"u, ecuu:

58. u=f(ax -+ by + cz).
Pemenue. Ilockonbky B paHHOM ciayuyae ¢opma aupdepeHnuHanon
WHBapuaHTHa (CM. npuMmep 52), To

d'u = " (d (ax + by + c2))" = [™ (adx + bdy 4 cdz)".

59. u = f(ax, by, c?).
Peumwenune. B cuny unBapuantHocTH ¢opMbl auddepeHIHaNoB #-ro
nopsinka (cM. mpumep 52), HMeeM:

n 0 0 0 "
d r——(a—sadx—l—-‘ﬁbdy—i-g;cdz) f(s, t 1),
rne s=ax, t= by, r =cz.
60. u=7f(s, t, r),rne s=ax+biy+c2, t =ax+ by o2, r=

= X + by + cq2.
Pemwenue. McrnonbdyeM HHBapHaHTHOCTD (boprI n-ro ﬂmb(pepeﬂuuaﬂa

(cM. npumep 52). Hwmeewm: d”u——( ds + — dt—l— dr) f(s, t, r)=
=4@m+m@+wm§+@m+@@+wma+@m+%@+
+ ¢3d2) 5(?;) [ (s, ¢ 1)
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61. Iycte u=f(r), tne r=V 2+ 2+2* u f— msaxmm nubbe-

peHunpyeMaﬂ (yHKIUS. IlokaszaTb, uto Au = F (r), rae Au = axz + ngi oy

—l————-—onepaTop Jlannaca, u Haiith (QyHKUMIO F.
PemeHHe I/IMeeM'
0%u X2
Ox f -3 axz—frz+f—_f,3'

AHAJIOrHYHO HaAXOIUM:

0%u //_l,/2 ’ 0%u ”z 22
o f;2*+f—‘ f,a’ 55 =1 7 +f — e

Takum oGpasom,
" 2 2 2 3 ’ 2 2 2' 14 3 ’ l 4
by=pltyte Sy FHydsy g3 — =
” 2 o
=["+ —F = F(r)

62. Jloxasarb, 4TO €CJH @yﬂkunﬂ u=u(x, y) YyROBJIETBOpsi€T YpaB-

__ 0% x
nenuto Jlannmaca Au= e —]— ay2 =0, TO .(byHKupm V= u(m ,

x_——m—l‘liy ) TaK2Ke YIAOBJIETBOPSIET 3TOMY YpaBHEHHIO.

JJokasarteabcTBO. BBoaa miasa yno0cTBa 0003HAUEHHS] ¢ = ;;—_%—ya,
¢ =F—i—§’ HMeeM:

Feu g, B wgtug,

2 () 2t 2 (3 i 0+ i,
oy () +2un 1% (2 it gt

Orciona

o (3] + 3) o2+ )42 123+

+ ujAg + uAp. (1)
Brluncaisis npon3BoxHbIE
09 _ y*—x? Op _ 2%y
x () (P g

0% 2x (x> — 3y?) 0% 2x (3y® — x?)
W WA W @

o _ 2xy W _ —y
T @FH P
0% _ 2y (3x>—y?) 0% _ 2y (y>—3x%)
R e R TR O
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ybexpaeMcsi, 4To

d¢ 0 d¢ 0
££+~?~4-}=0. Ao =0, Ay = 0. (2)

Taxum obpasom, u3 (1) u (2) u Toro, uro Au =0, crepyer:
1

Av = W Au =0,
63. [lokasaTb, uto ecad ¢YHKUMA u = u (X, f) yIOBJETBOPSIET ypaB-
0 0k 1
HEHHIO TeIlJIONPOBOIHOCTH = = a2 L;, TO (PyHKUHA 0= —e 4““ X
ot ox aV't
|
X u( % s _Eﬂi) (¢ > 0) Takxke yIOBJIETBOPSET 3TOMY YpPaBHEHHIO.
JlokasarteabctBo. Haxonum npousBojHble
2 ! ’ x2
r u xX°u Xuq Uo - '4_‘12?
v =|— — = — = —|e
d ( 2a1/t3+4a3]/t§ a3Vt5+a5Vt5—) ’
[ n x?
” u x2u X4 Uq1 ) —Z—z-
Uy = | — = — — — —|e 4%
b= (myEtmyE —svE T ey

H TOJCTaBJIsieM HX B BbIpaXKeHHE Uf — a’Uye. [locsie ympolieHuit mosyyaemy
I e
’ 9 " - d4a2t 't 2,
Ut — Ay = —e 19 (u, — a’u,)).

a® Vt5
CornacHo ycmoBuo, u, —a’u;; = 0. Ilostomy v/ — a®vy: = 0.

64. loxasarb, YT0 GYHKIHSA U =L ,Tner =V(x—a)2+(y——b)z—{-(z——c)2

0%u 0%u
yaoBJeTBopsieT npH r 5= 0 ypaBHenuio Jlansaca Au=—-— e + ay2 A 55 =0,

JlokasarteabcTBO. MMeem:

ou__ 1o 1x—a_ _x—a
ox rzax—— r2 r 3
0%u 3 (x —a) Or I 3 (x —a)?
e R
AHA/MOrMYHO HAXOJUM:
%u __ 3 (y——b) % 3 (z—- c)?
dy + v 922 r3 -
CkyanpiBas nocJ/efHHe TPH paBeHCTBa, NOJydYaeM:
3 3
Mp=—S+5((x—a)+@H—0)>*+(—0c))= ——+

65. Ilycts ynkumm u;=u,(x, y, 2) U U= u,(x, y, 2) YAOBJIETBO-
PAIOT yPaBHEHHIO Jlannaca Au = 0. JlokasaTb, uTo QyHKUHA U = U, (X, y, 2)-+

+(x -+ y —1—22) Uy (x, y, 2) YZHOBJETBOpSET 6HrapM0Hqucxomy YpaBHEHHIO
A (Av) =
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JIHokasateanbctBo. [TocaenoBarenpHo auddepeHIHpys, HaXOIUMi

%g’:% +2xu2+(x2+!/2+z)au2,
A2 92 0?u;
00 =Ty uy + 409 (6 P+ 2) G
AHa/loruyHo:
02 lokd
Gi= gk 2+ 4y S+ (P 4 +z2)ay2,
9_2_— . 62u1

L= Al 2u, + 42 a“2+(x2+y 422 azz'

CuieioBaresibHO,

Av=Au1+6u2+4( s 1y a“24— a“2)+(x 4 4 - 22) Au,.

YuuthiBasi, YTo GYHKUMH U; H U, YIOBJETBOPSIOT ypaBHeHu1o Jlansaca,
T. € 4yTo Au, =0 u Au, = 0, nosyuaem:

Av-—~6u2+4(x 24y 0u2+ Ouz)

H 0%Av  0%Av  0%Av .
aXOisl TPOH3BOMHKIE —3-, — 5, —5,7 W CKJaAbIBAA X, HMeeM:

3 Lo
A(Av)=14Au2+4( ==+ x;éj/+z

0%u, 03ug 03u,
ovi0: T ¥apax T Y g +
03u, O3uy PBu, 63u2)

+ 3Pz dy?0z T X 57755 0220x +y 5220y +2 023

3anuchBas nocJseiHee paBeHCTBO B BHJE

0
A (A0) = 14 Aty + 4x 2 (Auy) +- 4y 5‘3 (Btty) + 42 2 (Buy)

M noJb3ysicb TeM, uto Au, = 0, yOexJaeMcs B CNpaBelIHBOCTH PaBEHCTBA
A (Av) = 0.

66. Ilycts f(x, y, 2) ectp m pa3 pudpdepeHIUpyeMasi OIHOPOAHAS
¢QyHKIHA H3MepeHHs n. JloKasaTb, 4TO
i) a\"
(x 2 +ua+22) 1o g d=nla—1) e t—m+1f(x, y, 2

HoxkasarteabctBo. Ilycrs (x, y, 2) —mpousBosibHast (PHKCHPOBaH-
Hasi TOYKa M3 00s1acTH onpejeseHuss GYHKUMHM f(x, y, 2), a m< n. B cun
OZHOPOJHOCTH, CIIpaBeNJMBO paBeHCTBO !'f(x, y, 2)

, = [ (¢x, ty, t2). Ilocne-
JloBateJibHO UG pepeHIHpysa ero m pas no f:

I (3, g, )= x5ty g+ 2ol (1 )+ y 2 ) f(in 19, 12),
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n(n—0r=f(x, y, =2 S+ T +af tonygl 4+ 00 4+

0
+2y26y£z—( a_x+ ya'g +za) f(tx’ ty1 tZ),
m (.9 0 a\"
nin—1..(n—m-41)—"f(x, y, 2) = xa—}-y@-{—z& X
X [(tx, ty, t2)
M nonarast £ =1, nbnyqaeM Tpe6yeMoe paBEHCTBO.
67. Ilycte > =1ww, Y =uw, 2=ur w f(x y, z)—F(u v, w)

Hokaszatb, ut0 Xfx -+ yfy + 2f, = uF, + oF, 4+ wF
HorkasatenbcTBO. CorsacHo ycJoBHIO, HMeeM:

F(u, v, w)=f (1 vw, Vuw, Vuv).

Juddepennypyss 5T0 paBeHCTBO MO U4, U U W, HAXO[UM!

F;=f§7=+f'22—17-=,
F,',———'-fxzv—--i—f V*’ (1)

F‘; - fx V* + fy 2 Vuw

YmHOKast mepBoe u3 paBeHcTB (1) Ha u, BTOpoe Ha U, a TpeTbe Ha W
H CKJaJbiBasi MX, MHOJMydYaeM:

uF;_I_UFt’)_I—sz;) f,21/———+f2 V +fx2]/ +i22V—+
+f;%+fym= l/vwfx Vuwfy Vuvfz-

Orciona, HCMONb3Ys YCJIOBHE 331a4H, OKOHYATENBHO HaXOAHM!
uF, 4+ vF, + wF, = xfx + yfy + #f.

[lyrem mocsieroBaTesbHOrO A pepeHIHPOBaHUsl HCKJIOYHTH MPOH3BOJIbe
Hble QYHKIMH ¢ U ¢!

68. z=x + ¢ (xy).
Pemenune. Halinem yacTHble NPOMSBOAHBIE NO X H MO y:

0z ’ 0z ’

w= L tye, 5,=x.
CJI0XKHMM TIOJTyYeHHLIE PaBEHCTBA, YMHOXKHB IepBoe M3 HHX Ha X, a BTOpoe
Ha — y. Torna mojyuum:

0z 0z
X g ya?/ = X.
69. u=9(x—y, y—2).
L Ou o, Ou_ , Ou e
Pewenue. Hmeem: 3)} =P 5y = 91 TP, g = ¢, LKIANBIBAA
ou ou
3TH paBEHCTBA, IOJY4YaeM: a + 3 + 5 =0
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0. 2=¢(vl). 5 0o
. 2 __ e ’ 202 ’
P'etHEHHe. Viveem: = = o', AR Orciona 0768?/=cpq)cpq)'=s
=2p ¢ 5
C npyroit CTOpOHBI, =- az = ¢'¢’. CnegoBaTesbHO, U3 MOCIENHHX ABYX

ABCHCTB HENOoCPEeACTBCHHO BLITEKAET, YTO 0z 02 _52_
p pea oxdy dxdy'
x
71. 2 = ¢ (xy) —|—ap(?).
Pemenmne. Mcnonesys paBeHCTBa'
a ” I
Oox =Y + ‘P 6x2 2 2 4’ ’,
0z - ’ . 0%z 2 n
oy = %9 *?‘P, g = e UP-*- e
noJqyyaeMm cjeayrouue COOTHOLIEHUA:
02 0z g 0%2 00%22 2x ,
X YT g Xam T aET — ¥
H3 KOTOPBIX HEMOCPEACTBEHHO BLITEKAET, 4YTO
0%2 02
22 —_—
* o 0/~+xax yay 0.

72. Haittu npomsBognywo ¢yHKuUHH 2= x?*—y® B Toure M(1, 1)
B HampaBJjienuH [/, cocrapJsiomieM yroa o == 60° ¢ noN0XHTeJbHBIM Hanpas-
JeHueM ocH Ox.
oz(M) _ dz(M)

. . z(M
Pemenue. HMeem: T = 3y a 4+ ==

cosf == 2cosa —

—2cosfB. Takum o6pasoM, Z(M) =1—V3.

73. Hailitu npousBoaHyi0 cpyHKunn z=In(x* + y? B Touke M (x,, Y,)
B HanpaBJ/IeHHH [/, mepreHAHKYJ/SPHOM K JIMHUH YPOBHS, MpOXoJsLleli yepe3
3Ty TOUKY.

Pemenue. Ilockonbky Bektop gradu B Touke M oprorosanen K
JUHUH YpoBHA ¢ = In (x% 4 y?), npoxoxsuei yepes Touky M, TO Hampas-
JSIIOLIMe KOCHHYChl BeKTopa / paBHBI HaNpaBJsIOLIMM KocHHycam gradu
B Touke M, T. e

9z (M) 9z (M)
cosa=— __ cosf=-—0 _
= Teada @ 58 = Tgmgu o
Gz (M 2% dx(M) 2y,

Ho

ox T B4 W L4y
— M) (0z<M>)2_ 2
jgradu (M) = |/ (200) 4 (220 -

X0 Yo
Vx: + 9, ’ | R

II03TOMY COS & =

202



CrenoBaTenbHO,

0z (M) 0z (M) 0z (M) 2 2
= cos a + ——— €08 p = ———= (1) + y2 £ 0).
al ox a_l/ Vx(z) n y: 0 70

2 2
74. Haiitu  npou3BogHyl0  QyHKUHMH 2= | —-—(%—}—%) B TOYKe

b
M ( V.Q_, V ) 10 HANpaBJeHHIO BHYTPEHHEH HOPMaJH B 3TOH TOYKE K KpH-
BOH a2 + 53 y = 1.
Pemeﬂue "Tanrenc yrsia HaKkJIOHa HOpMaIHM K JAaHHOH KpUBOH orpe-

neqsiercsi dopmysoi tga = —’—(_j THe y = ~Va2 — % Orcoza

a
Ve
tga = _Z. , @ HanpaBJISIOLIHE KOCHHYCHl BHYTDEHHEH HOpMald BLIPaXKaloOTCH
b a
. Var+ 6%’ Var+ 52
MHHYC, TOCKOJIbKY HOpMalb BHYTpeHHsisl). Bocnosb3yemcs dopmyanoit
NPOM3BOIHON MO HamnpaBJIeHHI0 17 = {Cosa, cosB}:

oz (M) 0z (M) dz M ( )

¢opMmyJiaMl COS @ = — COSf = — (Mt GepeM 3HaK

S = —5— C0s a 4 —-—cos fi.
oz(My V2 az(M)_ Ve .
Bruncass Hp(:HBBOJIHbIe _Ox = 3y = -— wa Haxoaum:
oz(M) _ bV2 aV2 Vi@ ¥5
on aVaEF b2 b)Y a2 ab )

75. Haittn npomssoanyio ¢yHKumM u = xyz B Touke M (1, 1, 1) B Ha-
npaBleHuH I = {cosa, cosP, cosy}. Uemy paBHa BejHuHHA TIpajHeHTa
(GYHKUMH B 3TOH TOUKe?

ou (M) ou (M) ou (M)
Pemenune. OueBHIHO, = =1, -a—y-—l, = = 1. Ilo
dopmyie nponssozmoﬁ M0 HampapJeHHIO, IMOJY4YHM: aua(lM) = aua(;w) cos a -
+6u(M)c 0s f3 -|— a cosT = CoS a -}- cos § -} cos 7.

BeJmthy rpajyeHTa omnpeneauMm mo cdopmyse:

|gradu (M) | = l/ (WT(:W_))ZF(Q%(!/@Y +(au(M)) V3

76. OnpenesuTb yros Mexnay rpaaueHtaMu GyHKUMH U4 = x4 y® - 22
B Toukax A(e, 0, 0) u B{(0, ¢, 0).
Pewenue. Hwmeem:

gradu (A) = {al;)(c’q), a”a(yA), aua(zA)} {2¢, 0, 0},

‘gradu (B) = {6” 5, 26 O“G(Z,B)}: (0, 2, 0).
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Orcrona |gradu(A)|=2|e|, |gradu(B)| =2|¢|. - ToacraBasa 5T 3Ha-
YEHHs] B PaBEHCTBO

(gradu (a), gradu (b)) = |gradu(A)||grad u (B)| cos ¢,

nosysaeM cos¢ == 0, T. € ¢ = .

77. Tlokasarb, uto B TOuke M, (Xy, Yo, 2o) YIOJ MeXAy rpajHeHTaMH
byuruMi u = ax?® 4 by® + c2®, v =ax®+ by* -} cz* + 2mx -+ 2ny 4 2pz
(a, b, ¢, m, n, p—noctosiuHbie H a? 4 b® 4 c? = 0) cTpeMHUTCS K HYJIO,
ecnd touka M, ynansercs B GECKOHEYHOCTb.

(grad u, gradv)
|grad u || gradv |’

Pemenue. HMmeem: cos¢ = rie

grad u = {2ax,, 2by,, 2cz,)},

grad v = {2ax, - 2m, 2by, + 2n, 2czy + 2p},

|gradu| =2V (axo)* + (byo)® + (c20)%,

|grado| = 2V (ax, + m)® + (bye + n)® 4 (cz, + p)*
Torma yronm ¢ ompenessieTcss U3 PaBeHCTBA

axg (axy - m) - by, (byo -+ n) - cz, (czo + p) .
V ((axe)® - (Byo)® + (c20)%) ((axo 4 m)E + (bYo -+ M)E + (c20 4 P)2)

cos ¢ =

Bbruucinm sin¢ M mokaxem, uto sin ¢ - 0, ecan ng + y2 + 22 > co!

|sing|=}1—cos?¢ =
— V (axon — byom)® + (axep — c2om)® + (byop — c2on)®
((axo)® -+ (byo)® + (c20)?) ((axo -+ m)2 - (byo + )%~ (c2o+ p)?)°

[Monb3ysich  HepaBeHCTBaMH 2| Xoyo | < X2+ 42,  2|%020| < 42+ 22,
2| Yoo | < yb -+ 22 u obosHauast HauGoOIbIIMA NO abCOJIOTHOH BeJHUHHE
M3 K03(h(HUIHEHTOB YHCIUTENs TpU x3, y2 U 2§ uepe3 A%, mojyyaeM OLEHKY

(axon — by,m)® + (axep — czym)® 4 (byop — czon)? < A% (&3 + y3 + 25).

He orpanuynBas oOwHocTH, OyneM cuutath, uT0 a0, b=%0, ¢+ 0.
Ilycte B=min {|a|, | o], | c [}, Toraa a®s% 4 b2y + c%2 > B®(x2 + 42 +23).
Takum obGpasom, HMeeM OILIEHKY

A Vxﬁ + yﬁ + zz .
BY &+ y* 4 22V (@xo + m)* + (byo + n)* + (20 + p)?
A
BV (ax, F mP F Byo + ME + (2o + P
OueBnHO, €CJH fo) + y2 422 > 0, TO

V (axy + m)® + (by, + n)® + (czo + p)* > oo;

nostoMy H3 HepaseHctsa (1) csenyer, 4To sing, a BMecTe ¢ HUIM H ¢ CTpe-
MHTCSI K HYJIO, ecid Touka M, ynansercsi B OECKOHEYHOCTb.

0<|sing| <

(1)
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78. Ilyerb u=f(x, y, 2) — nBaxnnl nubdepennypyeMass GyHKIHA H
I, {cosay, cos By, cosy;}, Iz {COSay, €OS By, COSYs}, I3{cosas, cosBg, COSYs)
— TPU B3aUMHO MNeEpPHEHAUKYJ/ISIPHBIX Hampas/ieHus. [lokasaTh, 4TO

o (] + 6 8 - (3 +(3

62u 0%u 0% , 0%*u | %
) + ol + o3 — ox? na oy? + 0z% *

JlokasaTtenbcTBO. a) Haxomum npowsBojgHble ¢YHKUHH 4 1O Ha-
npapiaeHusm Iy, I, U I

du ou ou ou

'a-l: = % Cos aq -+ 5— COoSs pl -+ a—COS T1,

ou Ou

EE oz COS %2 + a % cos B2 + CO$ T2 (1)
all-acos —i—— S +~ 0s

o, = 3x €08 % T 5, COS Py 4 57 COS 7a.

Otciofa HenocpeaCTBEHHO CJelyeT:

(gli)z -+ (%;‘—)2 + (%) = (au) (cos?a; + cos?ay -+ cos?ag) +-

( ) (cos® By + cos? By + cos? By) - ( ) (cos? 1, + cos?yy 4 cos?y3) +-

ou o
19 ai all (cos ay cos By + cos ay cos By + €oS agCcos Bg) +

ou Ou
+2 al; 5 (COS @1 COS 75 - COS a3 COS T3 1~ COS 03 COS 1s) +

+2 ou gu (cos By €0s 7, -+ €OS By €OS 74 -+ €OS B3 COS 7g)- 2)

INockonbky Matpuna

cosa; cosf; Cos T,
COS 0y €OS By COS 7o V)
COS a3 COSf3 COS Y3

SIBJISITCAA MaTpHLEH Mepexoia OT OpTOHopMHpoBaHHoro 6asuca (i, j, k)
K OpTOHOpMHpOBaHHOMY 6asucy (I, I, I3}, To oHa oGrajgaer TeMm CBOW-
CTBOM, YTO CYMMa KBajpaToB 3JEMEHTOB J000i CTPOKH (cTOsI0UA) paBHA
elMHulle, a CyMMa NpOU3BeJEeHUH COOTBETCTBYIOIIHX 3JEMEHTOB JIBYX pas-
JIMYHBIX CTPOK (CTOJIOLOB) paBHa HYJIO.
Takum obpazom, B paBeHCTBe (2) ko3 ULMEHTHl TPH KBajparax mpo-
ou\?  (ou ou\?
M3BOJHBIX <0x) , ((Ty , |3;) PaBHbl eqHHULE, @ NDH [IPOH3BENEHHSX MPOH3-
oudu Oudu Ouou
BOAHBIX = - — — PaBHbI HYJIO. YUUTHIBAsl 3TO, U3 PABEHCTB (2
A gxdg’ oxdz’ dyaz P y y B3 P (2)
HEMoCpPeJICTBEHHO MOJyyaeM PaBeHCTBO a).

205



02u 0 (au

ou
6) Haxonum T or; \ a1 ) TA€ 57~ ONpeJe/eHo NMepBbIM H3 paBeHcTB (1)1

0%u _ 0% 2
o == cos? a1+ > cos? B, + S cos?y, +

—|—2-62u cos +23ﬁt— SaqC +2_62u cos B, cos
axaycos a; COos B 5% 95 COS %1 COS 7y 3y 0 1 11

0%u 0%u
AHaNorMyHO BBIYHC/ISIEM 3 CksazbiBasi MoJlyueHHbIE PaBEHCTBA, Ha-
2 3
XOJHM:
0%u 0%u 02u
— —[— cos?a, + cos? ay 4 cos? ag) -
a; | ol 0x2( ! ?

02 0?
+ g5 (cos® Bl + cos* @z + cos?Bs) +- 57 (cos® yi + cos? 1, - cos® 1) +-
- 42 -——5— (cos ay cos B; -} cos ay Cos By - cos ag cos Bs) -
R a 6 (cos a; COS 7; - COS ag COS 72 -+ €OS a3 COS 73) -

-+ 2 3y 0z (cos B cos 1y -} €os By COS 73 - €OS B3 COS 7).

Orciona, BOCHOMB30BABILKCH CBOACTBOM MATPULEI (3), TOJYYHM paBeH-
ctBO 0). :
79. Ilycte u == u(x, y)— nuddepenunpyemass GyHKUHS H TPH y = A}
. 2 ou . Ou
uMeeM: u(x, x°)=1 nu 3 = X Haiitu oy TPH Y =X
Pemenue. Ilockomeky, mo ycnosuio, u(x, x*) =1, TO OTCIOA3,
Hcnosb3ya auddepeHUHpYeMOCTb (YHKLUMH 4, TIOJyYaeM: a%u(x, x?) =0,

T. e.

Ou(x, x2)+6u (% x)2 _o. (1)
Ho, no ycuiosuto, @—%‘-)’C—x—z—) = x, nostomy u3 (1) cnenyer, qroa”—g‘y'—x—z)z—-%.
80. Ilycts ¢ynkuua u = u(x, y) YHOBJIETBOPSET YpPaBHEHHIO 8% —

0%u 0 .
o — U H, KpoMe TOro, CJERYIOUHM  yCJIOBHAM: u(x, 2x)=x,

ur (x, 2x) = x% Haltn uxx (x, 2%), txy (X, 2%), Uy, (x, 2x).

Pemenne. [Quddepenuupys obe yacTH paBeHcTBa 4 (X, 2x) = X nox
Ux (¥, 2x) + 2uy(x, 2x) =1 H NOJIb3YACh PABEHCTBOM Ux (X, 2x) = X%,
nosyyaem: x2 - 2u, (x, 2x) = 1. TlocnenHee paBeHCTBO cHOBa au¢ (pepeH
LUpyeM 1o X:

2% -+ 2y (x, 2%) + dugy (x, 2x)=0
OTCloia, YUUTHIBAA YPABHEHHE iyy = tyy H TOMKAECTBO Uyy = Uyy, TONYYAEM:
Quiyx (X, 2x) 4 thyy (X, 2%) = —x. (1)
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Hanee, nuddepeHINpys: paBeHCTBO Uy (X, 2x) = x% Mo X, HMeeM:
Uy (%, 2%) + 2uy, (%, 2x) = 2x. @)

Pemwas cucremy ypaHennit (1) n (2) oTHOCHTE/BHO Uxx, Uyy M YYHTHI=
Basi, UTO Uyx = Uy, HAXOJHM:

Win (3, 20) = iy (3, 20) = — 5, wy(x, 20) =

81. Haiitu pewenmne z = 2(x, y) ypaBHeHHs g—; = x% + 2y, yIOBJIETBO-

psolllee  YCJIOBHIO 2 (X, X?) =

Pewmenne. HHrerpupys ypaBHeHHe 1O Yy, HaxoauMm: z (X, y) = x’y-+
-+ y® + ¢ (x), THe ¢ (x) —moKa HeonpezneneHHass GyHkuusa. s Haxoxue-
HUS1 HEU3BECTHON (DYHKIHH ¢ (X) HCIIOJMb3yeM ycJoBhe 2 (x, X%)= 1: z (x, x}) =
=x2%*+ x* 4+ ¢ (x) = 1. Orciona ¢ (x) =—2x*+ 1. Takum o6pasom,
2(x, Y)=xPy +y* —2x* + 1.

2
82. Haiitn pewenve z = z(x, y) ypaBHeHHs 5% = X -+ Y, YAOBJIETBO-

psiomee ycaouaM: z(x, 0) = x, 2(0, y) =
Pemenune. Hmeem:

azoz 9 _ S(x+y)dx+%(y) =% x5+ 90 (0),

y
206 )=\ (5 4+ +o0l)ds =3 +L o)+,

4
tre ¢ (9) = | ¢, (4) dy.
I/Icnomnsglﬁ ycaore z(x, 0) = x, Haxogum: 2(x, 0) = ¢ (x) = x; cJe-
J0BaTeNbHo, 2 (X, Y) = {22—” + :%/f + o (y) + x.
Hanee, u3 ycaosus z(0, y) = y? cneﬂ,yer 2(0, y) =¢(y) = y* Takum
o0pa3oM, OKOHYaTesJbHO HMeeM: Z (X, y) = xy + y? + x.

83. Hafitu pemeHue z = z(x, y) ypaBHeHHs g—y—z = 2, YAOBJIETBOPSiiO-
mee ycaoBuaM: z(x, 0) =1, z,(x, 0) = x.

PemeHnune. AHaJOrMYHO mpenblaylleMy ad (gy ) =2y+¢ (%), 2(x, y)=
=y + Yo (x) + ¢ (x).

INpunnmas Bo BHUMaHue, yto 2(x, 0) =¢ (x) = 1, z,(x, 0) =¢ (x) = x,
OKOHYaTeJIbHO HaxomuM: 2z (X, y) = y* + xy + 1

§ 3. MetpuueckHe npocTpaHcTBa

1°° OnpeneseHne MeTpuuecCKOro mpoctpaHcTtBa. MHo-
x)ectBo X = {x, Yy, 2, ..., U, U) 2JIEMEHTOB HEKOTOPOH NPH[OABLI HA:bl-
BAETCS MempuuecKUM npocmparcri80M, €CJAH Kaxa0oH YNOpsIOYeHHOH nape
3J1eMeHTOB X, y € X TIOCTaBJeHO B COOTBETCTBUE HEOTPHLATEJLHCE YHUCJIO
p(x, y), HasblBaeMoe paccmosHuem MEXAY 3THMH 3JIeMEHTaMH, HJH
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Mempurod nipocTpaHcTBa X, M YIOBJETBOPSIOLIEE CJAEAYIOIHM YCJIOBHSM
(akcHoMaM MeTpHKH):

1) p(x, yy =0 Toraa m TONMBKO TOrA4, KOTAA X =y (aKcHOMA TOXK-
JleCTBa);

2) p(x, y) =p(y, x) (aKCHOMA CHMMETpHH);

3) p(x, Yy <p(x, 2+ p(2, y) (akcHoMa TpeyroJbHHKA).

DJIEMEHTHl METPUUYECKOTO INPOCTPAHCTBA X HA3bIBAIOTCS TaKXKe mMouKaMil
5TOro npoctpaHcTea. Besikoe MHOXecTBO Y < X, paccmartpuzaemoe C ToH xe
MeTpHKO#, 4To ¥ B X, caMoO sBJSIETCS MeTPUYECKHM NPOCTPAHCTBOM H Ha-
3bIBaeTCSl nodnpocmparcmgeom npocrpancrea X.

2°. CxoxuMoCTb B MeTpUuecKoM mnpocTtpaHcTtBe. Ilycts
X — npou3BoJIbHOE MeTPHYeCKoe MPOCTPaHCTBO. ['0BOPAT, YTO nocJ1e10BaTe b
HOCTb {Xn}, 3/eMeHThl KOTOpOH IpHHAIJeXKaT MeTPHYECKOMY IPOCTpaH-
ctBy X, CXONHTCS, €CJU CYILIECTByeT Toyka x, € X Takas, 4TO YHCJIOBaf
TNIOCJIEIOBATENLHOCTD P (Xp, X,) 0 OpH A -—> co; 0OpPH 3TOM HHIYT:
lim x, = X, WK X, X, NP A - co.

n-=>oo

3°. OTKpbITBIE U 3aMKHYyThie MHOXeCTBa. MHoxecTBo TO-
yeK X MEeTPHUYECKOro MpocTpaHcTBa X, BCe 3JE€MEHTHl KOTOPOTO YJOBJETBO-
pSAIOT HepaBeHCTBY p (X, a) < r, Tle a— (PUKCHPOBAHHAs TOYKA IMPOCTPAH-
ctBa X, a r — (UKCHPOBaHHOE JEHCTBUTEJIbHOE YHCJIO, HA3BIBAETCS OMKpol-
MmelM wapom pajnyca r ¢ IEHTPOM B TOUYKe @ U 0003HAyaeTcss CHMBOJIOM
S (a, ).

MHOKeCTBO TOYeK MeTPHUYECKOro IPOCTPaHCTBA, YAOBJETBOpSIOLLee
HepaBeHCTBY p (X, a) < f, Ha3bIBAETCSl 3AMKHYmMbIM wapom U 0003HayYaeTCs
cumBosioMm S (a, 7).

OKpecmHocmol0 MOYKW a METPUYECKOTO NpocTpaHcTBa X HasblBaeTCs
JOOOM OTKPBLITHIA 1HAp C LIEHTPOM B 3TOH TOYKe.

Touka ¢ € X HaswiBaeTcsi npedesvHot moukod MHoxectBa M X,
ecsi Jio0asi OKPEeCTHOCTb TOUKH @ COIEPXKUT XOTH Obl OfHY TOYKY MHO-
skectBa M, oTmuHyio oT Touku a. I[Ipu 3TOoM cama Touka a MoXeT MpH-
HajJieXXaTb MHOXKECTBY M, a MOXKeT He NpPUHALJeXKaTb eMmy.

Ecau mHOXectBo M < X colep:KHT BC€ CBOH INpefesbHbie TOYKH, TO
OHO HAa3bIBAETCA 3AMKHYMbIM.

MHoxectBo M < X HasbIBaeTCsl OMKpbLmMbiM, €CIU JI KAXKAOH TOYKH
x € X Ha#jercsi OTKpwITHIE map S(x, r) TakoH, yto S(x, )M, T. e.
BCAKAas TOYKA X MPUHAJJ/IEKUT MHOXKecTBY /M BMecCTe C HEKOTOPOH ee OKDecT-
HOCTBIO.

4°. Ilonwora MeTpuuyeckoro mnpocrtpancrtna. [lociaenosa-
TEJNbHOCTDh {Xp}, 37EMEHTH KOTOPOH NpHHALIEXKAT METPHUECKOMY IpOCTpaH-
cTBY X, HaswiBaercsi cxodaujelics 6 cebe UMM (PpyHOamenmaabHoul, HIH
nocsenosaresibHocThio  Kom, ecmn Ve >0 dN = N (e) Takoe, urto
p(%n, Xnip)<e g Vn >N u npou3BoJbHBIX Leabix p > 0.

Ecsu noc/ieoBatesbHOCT {X,} < X cXOmuTcss K npegeny X, € X, TO
OHa cxojswascs B cefe. B camoMm nene, nyctb x, = limx,, Toraa Ve >0

AN = N (¢) Taxoe, 4TO T

& €
p (xnv xo) < 9 p (xo» xﬂ‘H’) < )
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aas Va >N, Vp >0. Orciona, HUCMOJIb3yss HEPaBEeHCTBO TPEYroJIbHUKA,
NoJy4aeM COOTHOLIEHHE:

P (Xny Xntp) < p(Xn, Xo) + 0 (Ko, Xngp) < % 1 %

Vn >N, Vp >0.

Eciu B MeTpHuecKOM mpocTpaHcTBe X chpaBeJ/IMBO U oDpaTHOe yTBEpK-
JeHue, T. e. ecyH Jiobasi cxoasmascsi B cebe Mmocse0BaTebHOCTh {X, )X
CXONUTCS K HEKOTOpOMY mpeneny X, € X, To NpocTpaHCTBO X Ha3bIBaeTCA
NOAHbBIM.

5°. Otro6paxeHnue. Ilycrts3anansl 1sa MHOXKecTBa X = {x} u Y ={y}
NPOU3BOJILHON npHpoAsl. Ecim aas kaxzoro sJjemeHTa X € X mo onpeje-
JIEHHOMY TNPaBUJIY HJH 3aKOHY CTaBUTCS B COOTBETCTBHE OIpeJieJleHHbIH
3JeMeHT y € Y, TO ToBopsiT, 4TO 3adano omoobpadscerue X B Y, UIU (yHK-
yus, onpeneneHHass Ha X co 3HaueHusimu B Y. Ilpu atom nmumyt: ¢y = [ ()
(nm y = fx).

[lycte Tenmepp X M Y — MeTpuueckue npocTpaHCTBa, [ — OTOOpakeHHE
Mc X BY, a x,—npenensHasi Touka MHOkectBa M. Otobpakenwue [ Ha-
3bIBAETCS Henpepoul8HbiMm 8 mouke X, ecan Ve >0 d8 = 3 (¢) Takoe, yTO
py (F (%), [(x,) < e Kaxk TosbKO py (¥, X,) < 3. CyllecTByeT ¥ BTOpOE OIlpe-
JleJleHHe HeNpepbIBHOCTH OToOpakeHHs (3KBHBaJeHTHoe nepBoMy). Ortobpa-
xKeHue [ HasbBaeTCsl HeNpepblBHBIM B TOYKe X, € M, ecJau H3 TOro, uTO
Jobasi Moc/eoBaTe/bHOCTb {X,} C M CXORUTCS K TOUKE X,, BBITEKAeT,
yto f (%) = f(x,) npu n— co.

Oto6paxkeHHe, HeNpepblBHOE B KaXKIOH TOuKe MHOKecTBa M, HasbiBa-
ETCSI HenpepoleHolM HQ ITOM MHONCECmae.

Ecin orobpaxenue f, onpeneneHHOe B METPUYECKOM IIPOCTpPaHCTBe X,
KaXJIO# Touke x € X CTaBUT B COOTBETCTBHE TOUKY f(x) 3TOro »ke Ipo-
CTpaHCTBA, .TO TOBOpAT, 4TO f oToOpaxkaeT mpoctpaHcTBO X B cebs. Ecun,
KpoMe Toro, Vx’, x” ¢ X BbINOJIHSIETCS] HEPaBEHCTBO

p(F(x'), F() <Bp(x', ), 0<O<,

e, CHpaBeaJIuBoe Jisl

TO oToOpa)keHHe [ Ha3bIBAETCS CHCUMAIOULUM.
Touka x* € X HaswBaercst HenodeuscHot moukoid omobpasxcerus f, ecau
% *
[ (x¥) = x*.
84. Ilycte X = E,, rne E, — MHOXeCTBO BCeX YIOPSOYEHHBIX CHCTEM
U3 1 BelleCTBEHHBIX 4HCeJ (X, X9, ..., Xn). IlOKa3aTh, 4TO €cjH paccrosi-

HHe MeXIy TOYKaMH X = (Xy, X3, .., Xn) U Y= (Y1, Y2, ++ ., Ypn) ITOTO
NPOCTPAHCTBA ONPENENHTb OJHHM M3 COOTHOILUEHHI:

a) p(x, y) = ‘/i (x: —y)*;

n
6) p(x, y)=i§|x,-—yfl:
B) p(x, y) = max [x; —y;|,
I<ign
TO En ——MeTqueCKoe HpOCTpaHCTBO.
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Pewenne. JIOCTATOYHO NPOBEPUTH BBINOJHEHHE AKCHOM METDHKH.
a) BrinoJiHeHHe aKCHOMBI TOXKIECTBA BBHITEKAET W3 PaBEHCTBa

p(x, y) = ‘/ L_g (x; —y)* =0,

CNpaBeAJIMBOTO TOTJa M TOJBKO TOTAa, Koraa x;=y; (i=1, 2, ..., n).
AKcHoMa CHMMETpHH BBITEKAeT U3 OUEBHIHOIO PABEHCTBA

plx, y) = 1/§1 (¥ —y:)* = ‘/ ig W: —x)* = p(y, x).

IMycte x = (%1, X2y .oy Xn), Y= (1, Y2, -+, Yp) U 2n= (2, 2,
vs - » Zn) — NPOH3BOJIbHBIE TOUKH E,. ITokakeM, YTO BBINOJNHSETCS aKCHOMA
TpeyrosbHHKa: p (X, y) < p(x, 2) +p(z, y), T. €. 4TO CIpaBeNJHBO Hepa-

BEHCTBO
l/ig (xi—y) < ‘/tg (x; —2)* + ‘/lg (2 —y)*. (1)

C sroil nesnio BBeJieM 00O3HAYeHHUsA: X; —2Z;=aq;, ;—Y;=b; (i=1, 2,
«svs, n). Torna x;—y,=a;+ b; u HepasenctBo (l) sanuiercsa B Buze:

-/_ n 4 n n
V S+ <) gaf—r\/zbﬁ @

i=l1 i=l

HJIH, YTO TO XK€ caMoe,

n

Satsr< Jar2) S e+ I @

i=1 i=l1 i=l =1
Hepapencteo (3) 5KBHUBa/JeHTHO HepaBEeHCTBY

n

Zaibi< 202;'217?’

i=l i=l i=1

CIIpaBe/lJIHEOMY IJIs1 TIPOM3BOJIbHBIX EEIeCTBEHHBIX uucesn a; M b; ({1 =1, 2,
..., n) (npumep 6, B, ro. I, u. 1).
CrefoBateJibHO, CIIPABeIJIMBO HEPaBeHCTBO (3), a BMECTe C HHM H Hepa-
BeHCTBO (1). Takum o6pasoMm, E, — MeTpHYeCKoe MpOCTPAHCTBO.
[TpoBeputs> BBIMOJHEHHE AKCHOM JJif1 MeTPHK 6) W B) IpeIOCTaBJsieM

YUTaTeNIo.
85. Ilyctb X = N, rie N — MHOXKeCTBO BCeX HATypasbHbIX YHCe.

SIBAIsileTCsl JIM 3TO MHOXKECTBO METPHYECKMM IPOCTPAHCTBOM, eC/IM JJf JIo
O6bix k, m € N MeTpuka BBOAMTCS OAHHUM H3 COOTHOUIEHHH:

a) p(k, m):]k——»m];
6) p(k, m)=|k*—m*|;
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0, ecad k= m,
B) p(k, m)= 1
1 + min {k, m}°
r) p(k, m)=}k—ml
PemweHue. B cayyasx a) u 6) BbIIOJHEHHE aKCHOM TOXKAECTBA U CHM-
METPHH OYeBHJHO, a aKCHOMa TpeyroJbHHKA CJefyeT M3 CBOHCTB abco-
JIOTHOH BesMuuHbL. JleficTBuTeNbHO, MycTh kR, m, r € N, Toraa

ecad k + my

a) p(k, mj=1|k—m l—lk—f+f—m| |k —r |+ |r—m|ss
=p(k, 1)+ p(m, r).

AunanoruyHo

6) o(k, m) = |k —m?| = | K — 1 1 —m?| < R — |+ | —

2 —
—m*|=op(k, r)+p(r, m).
CnenoBaTe/ibHo, B caydasx a) U 6) MHOoxKecTBo N ofpasyeT MeTpHyecKoe
NPOCTPAHCTRO.

B) CripaBe/l/IHBOCTb AKCHOM TOXJECTBA H CHMMETDHH OY€BHJIHA, a IIO-

I 1 1
ckomKy p(k, m) =t m}:max{l+k’ l+m}<l—l—k+ Im S
1 1 1 1| 1 1
<max{1+k’ 1+r}+max{1+r’1+m1 T min (%, At TTmmn

=op(k, r)+p(r, m), To MHOXecTBO N C MeTpHKOH B) oOpa3yeT MeTpH-
YyecKoe INPOCTPAHCTBO.

r) OueBHAHO, AaKCHOMBI TOXAECTBA M CHMMETDHH BBIHOJHSIOTCS.
OnHako akcuoMa TpeyroJbHHKAa He HUMeeT MecTa; HampuMmep, Aias k=1,
m=3, r=2 nmeem: p(l, 3)=4>p(1, 2)+p(@2, 3)=1+41=2.

Takum ob6pasoM, MHoxecTBO N He o6pa3yeT MeTPHYECKOTO IPOCTPaH-
CTBa, NOCKOJBKY (yHKuusi p (R, m) He yIOBJETBOPSIET aKCHOMaM METPUKH.

86. Ilyctb X = C|a, b], rne Cla, b] — MHOXKeCTBO HeNpepLIBHLIX Ha
cerMeHTe [a, b] ¢ynkumit. Paccrosnve Mexay J/moObiMH yHKUUSMEH X (£)
u y(f) us Cla, b] onpenensercs paBeHCTBOM

p(x, y) =max |x () —y ()| (1)

a<i<

[Tokasatb, yro MHOXxecTBO C [a, b], B KOTOPOM MeTpPHKA BBOJHUTCA pa-
BeHCTBOM (1), sB/ISIleTCA METPUUECKHM NPOCTPAHCTBOM.

Pemenne. JIOCTaTOYHO mNpPOBEPUTH BHINIOJIHEHHE AKCHOM METPHKH.
BoimonHeHne aKCHOM TOXKIECTBA M CHMMETpHH oueBHAHO. ITokakeM, uto
aKCHOMa TPeyroJIbHHKA TaK:Ke BHINOJHseTcs. llefi¢TBUTeNbHO, AMsT /IOOOro
t€la, b] n mobuIX x(f), y(f), z(¢) € Cla, b] umeem:

X —y@O)=|xO) —z2@O +z@O)—yO|<|x() —2()| +
+[2() —y @] <maXlx(f)—2(f)1+maxlz(t)—y(f)|“'

a\\

=p(x 2+, y)-

Ho Toraa mtax]x(t)—y(t)] < p(x, 2) +p (2, y). CaenoBarenbHo, p (X, )<

<p(x, 2+p(2, y), a nostomy muHoxkectBo C[a, b] oGpasyer Merpuyec-
Koe TIPOCTPAHCTBO.
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87. Ilyctb Iy — MHOXKeCTBO NOCJIEJOBATEABHOCTEH BEIlleCTBEHHBIX YHCe
X={X, X3, «++, Xn, «+.} TAKHUX, UTO 2x§< ©0, a pacCTOSTHHE MeX1y
i=l1

TOUKAMH X == (X, Xg, «vey Xny oos) U Y= {Ys, Y2, +++, Yn, «+.} OHpe-

JIeJIIeTC PaBEHCTBOM p (¥, y) = ‘/Z(xi—yi)z. [Tokasatb, uto [, —
i=1

METpHUYECKOe IPOCTPaHCTBO.

Pemenue. Ilycts x, yel,, T e. Zx£< oo I/IZ_/i<oo Torzna u3

=1

OYEeBHJHOrO HepaBeHCTBA (X; % ¥)® < 2(x + 4y?) BbITeKaeT, 4TO (yHKUHSA

p(x, y) onpeneneHa ans Bcex X, Y € [, BhimoJHeHHE aKCHOM TOXKJECTBA
H CHMMETDUHM OYEeBHIHO, a aKCHOMa TPeyroJbHHKa 3alHullIeTcs B BUIE:

‘/ig (x; —y)* < l/é; (x; —2)" + ‘/Fig (2: —y:)*.

Ina foKasaTenbcTBa 3TOrO HEPaBEHCTBA JOCTATOUHO MEPEHTH K TNpeResy
NP4 7 -> co B HEPaBEHCTBE

1/ igl (r:i—y)* < ‘/lg (¥ —2)* -+ ‘/lg (z:—y)*,

CrpaBeJ/IMBOM A/ JnoObiX 1 (M. mpuMmep 84, a).
88. Uro npexcraBssier coboft cxoxauMoctb: 1) B npoctpaHcTBe £, ¢ MeT-
puKoit a) (cMm. mpumep 84); 2) B mpoctpancte Cla, b] (cMm. npumep 86)?

Bk ¢
Pewenue. 1) ITycts mocrenopatenshocts ¥¥ = {x{?, x% P

x x L ]
1 2 L ’
k=1, 2, ..., cocrosimas u3 Touek mpocTpaHcTBa E,, CXOAHTCA K TOUKe

® (@ © (0
X ~(x1’, XD, cee, D), T e

/
o, 50 =}/ 31( — x> 0
=l

n
npu k- co. IMockomeky cymma ) (x% —x)? meorpunarensha, To no-
=1

o
(
CjieiHee COOTHOLIEHHE CIpaBeAJMBO TOrJa H TOJbKO TOrAQ, Korzaa x —+xi°)

(i=1,2,..., n npu k- co.

Takum o6GpasoM, CXOZMMOCTb B METpHYeCcKOM mpocTpaHcTee E, mpex-
cTaB/sieT co60H CXOAUMOCTb KOOpJAMHAT TOYEK MOCJ/EJOBATENbHOCTH K COOT-
BETCTBYIOIIHM KOOPJHHATaM TOUYKH-Tpefiesia. TaKylo CXOAHMOCTh NPHHSITO
Ha3bIBaThb NOKOOPOUHAMHOL CXOAHMOCTHIO.

2) Ilyetp mocsenoBatesibHOCTD {X, (f)} < Cla, b] cxoaurcss K TOUKe
%) €Cla, 0], 1. e p(x, xo)—-ma)élx ({) —x,(t)| >0 npu n-> oco.

Jro o3Havaer, uyrto Ve >0 HN = N(s) Takoe, UTO HepaBEHCTBO
max |x, () — x, (t) | < & BHINONHSIETCS AJs1 BCeX 1> 'N. Tlocnenuee Hepa-

agig

BEHCTBO SKBHBAJIEHTHO TOMY, YTO HEpaBeHCTBO | X, (f) —X,(f)| < e, n > N
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cripaBelsiHBO A1 Beex f € [a, bl A 3T0 o3HayaeT, YTO CXOAHMMOCTb B IpO-
crpaictee C [a, D] sBIseTcs: PaBHOMEPHOH CXOAUMOCTBIO (DYHKLHOHAJbHOH
MOCJIeIOBATENBHOCTH Ha cerMeHTe [a, b] K mpelesbHOH (YHKUIHH X, (f).

89. JlokasaTh, YTO €CJH NOCJe0BaTe/IbHOCTb {X,} NMOMapHO pasJ/MYHBIX
3J1eMEHTOB METPHYECKOro TNpocTpaHcTBA X CXOAHTCS K mperesy a € X, TO
a —npeJie/ibHasi TOYKa 3TOH IOC/eR0BaTE/bHOCTH.

NokasarteancTBo. Ilyctb e > 0 —npousBosibHOe Hanepes 3aiaH-
Hoe yucs0. Tak Kak p(x,, a) >0 npu n— oo, o AN = N (&) Takoe, yto
p(x,, @) <e ama Vn >N, T. e. HauuHasg ¢ HoMmepa N 4- 1 Bce s/eMeHTHI
T0C/IEJOBATENIBHOCTH  {X,} mnpuHainexar cdepe S(a, ). CnenoBaresbHO,
a — npefiesibHasi TOYKA MOCJe0BaTeNbHOCTH {X,,}.

90. ITyctb MHOXKecTBO M NpUHAJJIEKUT METPHUECKOMY MPOCTPAHCTBY X,
a a —TmpejesbHas TOYKA 3TOrO MHOXKecTBa. JlokKasaTb, 4TO CYILECTBYET
TI0CJIeI0BaTeNbHOCTD (X, } ¢ M, cxoasulascsi K TOUKe a.

HokaszateabctBOo. Ilycth {a,} — mpousBosibHAs mnoCJeq0BaTe b
HOCTb BEIlleCTBEHHBIX UHCeJl, CXOAfIascs K HyJio. BribepeM npou3BoJbHOE
yucsIo ry < | oy | B paccMoTpuM oKpecTHocTb S (@, r;) ToukH a. Tak Kak
a — npefiesibHasi TOYKa MHOXKecTBa M, TO CyliecTByeT XOTs Obl OfHA TOYKA
X, € M (x, # a), npuHaanexauias okpectHoct# S(a, r;). BribepeMm, nanee,
TIPOM3BOJILHOE YHCJIO rp TaKoe, UTOObI 7y << p(Xy, @) U ry < |as|. Okpect-
HocTb S(a, 73) CHOBa CONEPKHUT TOUKY X, € M (x, < a). Ilponomkas aHna-
JIOTHYHBIE pacCyxXkjeHus, ybexxjaaeMcsi B CYIIeCTBOBaHUN OeCKOHeWHOH mocJe-
noBatrelpHOCTH {X,} (x,sa) (n=1, 2, ...), cocrosilleii M3 3/J1EMEHTOB
mHOXKecTBA M M Takof, uTo p (X, @) < r, < |a,|. [TockomnbKky | a, | - O npu
n— oo, 10 limp(x,, a) =0, 4YTO 0O3HauaeT CXOXUMOCTb MOCJeI0BaTE/b-

H= 0

HOCTH {X,} K TOUKe a.
91. Ilyctb X — MmeTpHueckoe npocTpaHcTBO. J[loKasaTh, 4YTO MeTPHKA
o (X, y) 3TOr0 MeTPHYECKOr0 MNPOCTPAHCTBA SIBJSETCST HelPephIBHOH (hyHK-
LMeA MO COBOKYIHOCTH IEPeMEHHBbIX B NpocTpaHCTBe X.
JlokasaTenbcTBO. [loKaxeM CHayaja, YyTo JJs1 JIOOBIX TPeX TOUEK
a, b, c€ X crnpaBeAsuBO HEPaBEHCTBO

le(a, b) —p(a, O] <elc, ) (1)
JleficTBHTeIbHO, H3 aKCHOMBI TPeYTOJIbHHKA BhITEKaeT HepaBeHCTBO p (@, b)—
—o(a, ¢)<p(c, b). Mensa mecramu ¢ u b, nonyyaeM: -—[p(a, b) —

—p(a, l<plc, b). VI3 mocnenHux HABYX HepPaBEHCTB, IOJb3YsICh TEM,
yto p (¢, b) > 0, mosyyaem HepasenctBO (1).

JokaxeM Tenepb HenpepblBHOCTb QyHKUuMH p (X, y). Ilyers x,, y, € X
H X, —> X, Y, = Yo TP n— co. ITokaxeM, uto p(x,, ¥,) > p (% Y,) 1pH
n— co. B camoM nene, moJab3ysicb HepaseHcTBOM (1), umeeMm: |p (X, y,)—

—p(Xg, Yo) | = | p (X, Yn) — p (%, Yn) 0 (%, U,) — 0 (Xo, o) <] 0(X05 Yr)—

- P (x(h yn) | + l p (xo, yn) - P (x09 yo) I < p (xm xO) + p(ym y()) —> O Hpﬂ
n— co. OTCI0Ja HENOCPEACTBEHHO CJIefyeT HelpepbIBHOCTb QYHKIHY p (X, Y)

B TOUKE (Xy, Y,)- :
92. [lokasaTb, YTO B METPHYECKOM IPOCTPAHCTBE BCSKHH 3aMKHYThI

map S(a, r) sBJIsE€TCA 3aMKHYTHIM MHOKECTBOM.
HokasateancTtBo. Ilycth X%, — npousBosibHasi mnpejesibHasi TOYKa

MHOXecTBa S (a, r). Toraa (cM. npuMep 90) cyLeCTBYeT Moc/IeA0BaTeNLHOCTD
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{x,} =S8 (a, r) Takas, uto X, - X, Npu n - co. IlockoIbKY p (x,, a) <r
(n=1, 2, ...), To, NOJbL3ysICb HENPEPLIBHOCTBIO PACCTOSAHHS H IEpexo.s
K Ipe/lesly B HepaBeHCTBe p (X,, a) < r IPH 7 — co, NoJayyaem: p(x,, a) < 7.
Orciona BeITEKaeT, 4to X, € S(a, r), T.e. uto map S(a, r) conepKHUT Bce
CBOM IIpeJesibHbleé TOYKH H, CJIeJOBaTesJbHO, SIBJSETCS 3aMKHYTBIM MHO-
JKECTBOM.

93. [loka3aTb, YTO B METPHYECKOM IPOCTPAHCTBE BCSAKUH OTKPHITHIA luap
S(a, r) ABIAETCS OTKPHITHIM MHOXKECTBOM.

HoxasartenbcTBO. IlycTh X, — npou3BoJbHasi TOuyKa, MpHHALJIE-
xamas wapy S(a, r). O6o3naunm r, = p(a, x,). Torma S(x,, r—r;) <
cS(a, r). B camom pene, ecam x € S(x,, r —r;), TO, HCNIOAL3YA Hepa-
BEHCTBO TPEYrOJIbHHKA, MOJydaeM: p (X, @) < p (X, x,) + p (%, @) < (r—r1)+
~+ry =r. Orciona caeayer, uro x€ S(a, r) u S(x,, r—r))<=S(a, r).
Takum obpasom, Bcsikasg Touka iiapa S (a, r) NpHHAAJNEXKHT 3TOMY luapy
BMECTE C HEKOTOPOH OKPeCTHOCThbIO, a Mo3ToMy wap S(a, r) — OTKpeiTOE
MHOXKECTBO.

94. Ilyctb X — MHOXKeCTBO palMOHAJBbHBIX YHCEJ, PacCTOSHHE MEeXAY
JIOOKIMH JIByMSI TOYKaMH KOTOPOTO OMpeJeJsieTCsl PaBeHCTBOM p (ry, ra) ==
= |r; —ry|. Ilokasarb, yto X — MeTpuueckoe IPOCTPaHCTBO. SIBJs€TCS JIH
3TO MPOCTPAHCTBO MOJHBIM?

Pemenne. AKCHOMbI TOXKJIECTBA M CHMMETpPUM oOueBUAHBL [laJsee,
NoJb3ysiCb HepaBeHCTBOM |a -+ b| < |a| +|b|, yOexnaeMcs B BbllOJIHE-
HHH aKCHOMbI TPEYTOMBHHKA: p (ry, re) = |r1 —re| < |ry—r3| + |[rs—r2]| =
= p(ry, rs)+ p(rs, rs). CiaenosaresbHo, X — MeTpHUECKOe IIPOCTPAHCTBO.

[TokaxkeM, yTo MeTpHueckoe npocTpaHcTBO X HemoJiHoe. C 3TOH 1eJIbIo

1 1
PacCMOTPUM NOC/IEI0BATE/ILHOCTD PAlMOHA/BHBIX YHCes X, = 2 - ol + 3 4
1
4 ... +;1—! n=1, 2, ...). Tak KakK p(Xpnqp, Xn) = |Xngp — Xn| <

<—”"p.ln;">0 mpU n—> o, T. €. p(Xnyp, Xn) >0 mpH 71— co, TO mocJe-

JloBaTeIbHOCTh {X,} cxomutcst B ceGe. A MOCKOJIBKY X, - e € X IpHn— oo,
TO TOCJIeNOBaTebHOCTh {X,} He HMeeT Mpefesa B IPOCTpaHCTBE X, 4TO
JIOKa3blBaeT Haille yTBepXXIeHHe.

95. JlokasaTtb, uyTo MeTpHueckoe npocrpanctso C[a, b] (cM. 3anauy 86)
T0JIHOE.

JHorkasarteabctBo. Ilyctb p(Xp4p, Xn) > 0 mpu n - co. IT0 O3Ha-
yaeT, YTO CYUIeCTBYeT (GYHKUHs x (f) Takas, yto limx, (f) = x(f) a<i<b.

n- oo
[Tokaxem, uTO x () — HempepblBHasi Ha CerMeHTe [a, b] (yHKuus, T. €.
yto x (f) € Cla, b).

Tak kak cxogumocTh B mpoctpanctse C [a, b] paBHoMepHas, T0 Ve >0
dN = N (¢) Takoe, yto npu Vn > N HepaBeHCTBO

xal) —x ()] < & (1)

CrpaBel/IMBO cpa3y /s BCeX { M3 cerMmeHTa [a, b]. 3adukcupyem Ji106God U3
TaKHX HOMEPOB 7 W OLEHHM mnpupaiieHue Ax (t,) = x ({, 4+ At) —x (), rae
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t, € [a, b], a Af meHsierca Tak, 4TO f, 4 Af € [a, b]. HMmeem:

[Ax (b)) | = | X (tg + Af) — x (tg) | < [ X (fg + A) — xa (f, + A1) | +
+lfcn(t0+At)—xn(to)l+|xn(t0)—x(t)|' 2

U3 nepapencrna (1) crenyer:

(Xt + M) —xa(ty + 8| <5, |Halt) —x()I< 5. ()

[Tockoneky X, (f) — HenpepoiBHast (yHKUMsA, TO JAJsifi yKasaHHoro & >0
d% = 38 (¢) Takoe, uTO

| %n (ty 4+ M) — xu (t) | < 5 (4)

KaK TOJMbKO |Af| << 8 =8 (). Takum ob6pasoM, u3 HepaBeHCTB (2), (3) u (4)
BbITEKaeT, 4To |Ax (f,)| << e Kak To/bKO |Af| << d =0 (e), T. €. UTO DyHK-
nust x (f) HenpepoiBHA Ha [a, b].

96. Jloxasatb TeopeMy (NpPHHIIMII HEMOMABIXKHOH TOuKH): Bcsikoe cxu-
Maiolee otobpaxkenue A, otoOpakaiolllee MOJHOE METpHUYeCKOe INPOCTpPaH-
ctBo X B ce0si, UMeeT B 3TOM NPOCTPAHCTBE €IHHCTBEHHYIO HENOJBHKHYIO
TouKy. JlpyruMu cJoBaMH, YypaBHeHHe X = Ax uUMeeT B mpocTpaHcTBe X
e/IMHCTBEHHOE pellleHHe.

IHokasateabctBo. IlycTh X, — NpoM3BOJIbHBIA 3J1€MEHT MpPOCTPaH-
crBa X. Tak kak ortoOpaxkeHne A otobpaxkaer npoctpaHcTBo X B cels,

ToO Axy=x%,€X; Ay =x€ X ... Axpy=x,€ X; ...,
[TokaxxeM, 4TO TaK NOCTPOEHHAs! NOC/ENOBATENBHOCTD X, Xi, Xzy « -+,
Xn, ... QyHIaMeHTasbHA. [leHcTBUTE/IBHO, MOJB3YSICh TEM, YTO OTOOpaKe-

HHe A cXuMaollee, 10JyYyaeM HepaBeHCTBa:
p (X1, Xo) = p(Ax,, Ax)) < 8p(x,, x1) = 0p (%, Axg)s
p(Xe, X3) = p (Axy, Axs) < O0p(xy, x5) < 0% (xp, AX,);
P (Xn, Xnp1) < 8% (x,, Axg);
0<b<l,
H3 KOTOprX BBITEKAET, 4TO

p (xn’ xn’l‘p) < P (xn, xn-{—l) + P (xn+l, xn+2) + 00 +

+ 0 (Kngp—t1, Xngp) < (0" + 67 ... - Brtr=1) o (x,, Axg) =
0" — §tP
=—7—5— ¢ (%o, Axy).

[Tockoabky 0 < 0 < 1, To B uTore mosyuum:
n

i
p (¥ny Xnip) < 750 (X5, AXy).

YuuThiBasi HEOTPHLATENLHOCTb PACCTOSIHHSA, a Takxke ycjoBue 67— 0 npu
n— oo, OyaeM HMeTb: p (Xn, Xnip) >0 OpH 71— co U MOGOM HATYpa/b-
HOM p, T. €, MOCJEAOBaTeJNbHOCTDh {X,} — (pyHIaMeHTaJ/bHAs.
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[Tockospky mpocTpaHcTBO X — NOJIHOE, TO CYLIECTBYET 3asieMeHT x* € X
Tako#, Y10 x* = lim x,. JIJs mpeme/ibHOrO 3JeMEHTa x* HMeeM:

p(x*, Ax*) < p(x*7 xn) —I_ p (xn, Ax*) = p(x*, xﬂ) +
+ p (Axn—y, Ax*) < p(x¥, Xn) + 0p (Xn—1, %) >0

npu n - co. Takum obpasoM, p(x*, Ax*) =0, 1. e. x* = Ax*. Creno-
BaTeJIbHO, X* — HEMoJABUXKHAs TOYKA.

Ocrtaercsi mokasaTh, YTO HeENOJBHXKHAsg Touka (pelleHHe YypaBHEHUs
X = Ax) emuHcTBeHHa. [J1s1 JoKa3aTesbCTBA NpPENIIONONKUM oOpaTHoe, T. €.
NpenosokKUM CYIIeCTBOBaHHE TOYKH 2 == x* Tako#, uto z= Az. Ilonb-
3ysCh TeM, 4TO oToOpaxkeHHe A — cxuMarollee, HUMeeM:

p(2, x*)=p(Az, Ax*) < bp (2, x¥).

Orciona, cornacHO NPeAnoJIOKEHHIO, YTO 2 = X*, T. e. yTO p (2, X*) >0,
NOJTy4HM HepaBeHCTBO 1 << 0, mpoTHBOpeualllee YCJIOBHIO TEOPEMBL.
HcTouHHK npoTHBOpeuHsi — B NpEANOJIOKEeHHH, YyTo OTOOpaXKeHHe HMeeT
JiBE HEMOJBHXKHBI® TOYKH. Teopema JOKa3aHa.
97. Ilyctb orobpaxenne A MeTpuueckoro npocrpanctsa E, B cebs
3allaHO CHCTEMOH

n
ytz.Zlaijxi—l_bi (i=1, 2, s o0y n)’
]=
nepeBojslleld TOUKY X = (Xy, Xg, ..., Xn) W3 IpocTpaHcTBa E, B TOUKY
Y=Y, Y2, - - - , Yn) 3TOTO Ke mpocTpaHcTBa. HaiiTu ycioBue cxkarus otob-

paXkeHHsi, €CJM MeTpHKa 3aJlaHa OJHHUM H3 paBeHCTB a), 6) wiaH B), NpHBe-

JEHHbIX B 3ajaue 84.
Pemenune. a) Ecoim B E, MeTpHKa BBOJAMTCS DAaBEHCTBOM a), TO,
noJb3ysicb HepaBeHcTBoM Koin—DbByHsikoBckoro, uMeem:

p(Ax, A2)= 1/2 (é aij (¥ —2))°
n /- n n
3(3a) (Bwm—2) =V 3 Jatex, 2.

f==1 j=I j=1 i=l1 j=1

n

OTCIOIIa nmoJiyyaeM JA0OCTAaTOUHOE YCJIOBHE C2KaTHA: 2 Za <0< 1.
i=1 j=1

6) Eciim B E, Merpuka BBOAMTCS paBeHCTBOM 0), TO TOrAa
p(Ax, A2) = _El _Zaii(xi_l_zi)l < ; ;laifllx/-—zii <
< (max Zlaul) le,——zzlw(max ZlauI)P(x 2),

1<jgn i=1 I<jgn i=I1

M JOCTAaTOYHOE YCJIOBHE CXKATHsS 3alyIUIeTCs B BHIE HEPaBEHCTB: 2 laij| <
i=l1

i<l (j=1, 2, ..., n)
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B) [lycts Temepp B paccMaTpHBaeMOM IIPOCTPAHCTBE METPHKa 3ajaHa
paBeHcTBOM B). Torza M3 HepaBeHCTBa

p (Ax, Az)= max | Zat, (x—2z)| <

I<ig<n j=I

< max Zlal]llxl—zll (max Zlau”f’(x» ?)

lgign j=l

n
TI0J1y4aeM JOCTATOYHOE YCJIOBHE CXKATHs: > laij| <9< 1(1 =12, ..,n).
=1

§ 4. HesBHble PyHKUMM

1°° OnpeneneHue HessBHOH ¢ yHKIHH. PaccMoTpuM ypaBHeHHe
F(x, y) =0, (1)

rne ¢yukuus F (x, y) onpeneneHa Ha MHoxecTBe X X Y (uepes X X Y
o003HauUeHa COBOKYMHOCTb YMOPsZOYEHHBIX nap (X, y), rae x€ X, yeY).
O6o3HayuM uyepe3 E TakKoe MHOXKECTBO 3HAYeHHH X € X, 4TO AJs KaXKAOro
¢ukcupoBanHoro x € E ypasHenue (1) umeer xoTs Obl ONHH BellleCTBEHHbIi
KOpeHb y €Y

Torna Ha MHOXecTBe E MOXHO onpelesuTb OJHO3HAYHYIO HJIM MHOTO-
3HayHyl0 ¢YHKIMIO y = f(x), CTaBa B COOTBETCTBHE KaXKAOMY (PHKCHpPO-
BaHHOMY X € E T0 3HayeHue y, KOTOpOe NPH 3TOM (PHKCHPOBAHHOM X SIBJISIETCSE
KopHeM ypaBHeHHs (1). OTHOCHTENLHO TaK Onpefe/eHHOH (yHKUHH TOBODST,
YTO OHA 3ajlaHa HeseHo. B cuay onpenejenus ¢QYHKUMHM y = f(x) paBeH-
ctBo F(x, f(x)) =0 cnpaBennmmBo npu Bcex 3Ha4YeHHsAX X € E.

AHanoruyHo MOCpeACTBOM CHCTEMBI ypaBHEHHH

Fi(Xy, Xgy covy Xy Ys, Y2y oo, Y) =0 (=12, ..., n) (2

onpelesseTcs Takas CHCTeMa HesiBHBIX (DyHKIHMI

yi===f,-(x1, Xgy ooy xm) (i: 1, 2, ooy n), (3)
4yTo
Fi(xh AL xm’ fl(xl, LU | xm)’ ey fn(xl, ee ey xm))=O
=12 ..., n)

2°. Teopema cymectBoBaHus. Teopema 1. [Tycms ¢pynxyus
F (x, y) HenpepbigHa no CC80KYNHOCMU NEPEMEHHbIX X U Y 8 npamoyzoib-
Huke R : |x —x,|<a, ly—y,| < b n F(x, y,) =0. IIycme, oaxee,
pynkyus F(x, y) umeem 6 smom npamoy2onbHuKe 1poussoonyio Fy(x, y),
HenpepoieHy 8 mouke (x,, Y,), npusem F,(x,, y,) #+ 0. Toeda cywecm-
eyrom maxue yucaa o >0 u B > 0, umo 8 npamoyeorvrure Ry | x — x, | <a,
|y —y,| < B ypasuenue (1) onpedersiem eOuHcmeeHHYO HenpepuiBHYIO
pynkyuro y = f(x), Komopas npu x = X, NpUHUMQem B3HA4eHUE Y.

3°. IlpousBoaHbie HedBHOH GYyHKuUU Teopema 2. [lycme
8bINOAHEHbL Yca08us meopemol 1 u, kpome moeo, 8 mouxe (x,, y,) cyujectms-
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gyem npoussoonas Fi(x,, y,). Toeda pyuxyua y = f(x), onpzdersemasn
ypagrenuem (1), umeemn 6 mouxe x = x, NPoU3BOOHYIO, NPUYEM

dy (Xo) _ __Fi(xo %) .
dx Fy (xo Yo)
4°, HesiBHble QyHKUHH, onpepessieMble CHCTEeMOH ypaB-
Henu#t. Teopema 3. 1) Ilycme: 1) ¢pynxyuu Fi(xy, %oy ..., X,
Yi, Yoy --+5 Yn) =1, 2, ..., n) Henpepst8Hot N0 COBOKYNHOCMU CBOUX
nepemenrolx 8 oxpecmrnocmi modsu My (X], X3y «ooy Xoyy Yy Yoy ooe s Yn)
HFiM)=0 (=1, 2, ..., n) 2) ¢ynxyuu F; 6 yxazanuoii okpecm-
F; ,. .
HOCMU umeiom npou3eooHsie gj (i, j=1, 2, ..., n), Henpepoisrvie
I
D(Fy, ..., Fp

8 mouke M,, 3) yuxyuonarenbii onpedesumens

8 mouxke M,.

Toz0a 6 Hexomopou oxpecmuocmu mouku M, cywecmeyem eoux-
cmeeHHas cucmema Henpepoisrolx Gynkyul (3), komopas e samoti okpecms-
Hocmu Yydosaemeopsaem ypagHeHuam (2) U HAYANbHOIM YCA0BUAM

[ (x Xg oooy X)) =14} (=1,2, ..., n).

DYy -y U

Teopema 4. Ilycms goinoaHeHsl 8ce ycao8us meopemol 3 u, Kpome
moeo, 6 mouxe M, cywecmegyrom npoussooroie

Mw—lzuuthZ“”m

Tozda ¢ynkyuu (3), onpedersemoie cucmemoi (2), umeiom 8 mouke

o

o o ay- . .
(%}, X3, +++, X;) 4acmuole npoussooHole —a-;;‘ (=1, 2, ..., n k=1,

2, ..4, M), Npu4eM Hacmuvle npou3sooHsie nNo X, ede kR — 00RO u3 uucea
1, 2, vevy m, Moaym Ovime HatideHol U3 cucmemot
aFl 9y,

oF; .
=0 (=12 ..., ) 4

j=l

[Tpu dopmysupoBke OoMbIUMHCTBA 3afay 3TOro mnaparpada npeanoa-
raeTcsi, YTO BBIOJMHEHBI YCJIOBHS, 00ecneyHBaroLlHe CYIileCTBOBaHUE HeABHbIX
(YHKUHH ¥ MX COOTBETCTBYIOIHX IPOM3BO/HBIX.

98. Ilokaszatb, uto ¢yHxkuus [upuxie

__J 1, ecom x paumoHaJIbHO,
y 0, ecqH x HppalHOHAJBHO,

paspbiBHasi B KaXKJOH TOuKe, yIOBJETBOpsieT ypaBHeHHIO y®> —y = 0.
L[oxasa"renbcnso. B pauvoHasIbHBEIX TOYKax 3HaueHHe (PYHKUHH Y
H ee KBajpara y? pasHo exunuue. IlostoMy B 3THX TOuUKax BLINOMIHACTCH
paBenctBo y> —y = 0. Ecsn x — uppannonanbHo, Jo y = 0, y2=0, u mMbl
cHoBa y0exKmaeMcsi B CIpaBeJ/IMBOCTH PaBEHCTBA y° — Yy = 0.
Takum o6pasom, ©npuH BCeX BeleCTBEHHBIX 3HAUEHHAX X (QyHKUHA
JlupuxJse ynoBJeTBOpPsieT ypaBHeHHIO y? —y = 0,
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99. IMycte dynkuusa f(x) onpeneseHa Ha wuHTepBate (a, b). B xaxom
cJyyae ypaBHEHHe
f)y=0 (%)

uMeeT mpH a < X < b eJUHCTBeHHOE HenpepbiBHOe pellenue y = 0?

Pemenue. OueBngHo, y=0 (a<<x<<b) sBIgeTCS HeNpepLIB-
HbIM pellleHHeM YpaBHeHus ()¢) npu moboit ¢yHKuuu f(x), onpeneseHHOH
Ha uHrtepBase (a, b). Ilycte y =y (x) (@ << x < b) — Apyras HenpepblBHas
GYHKUHMS, SBISIOILASACS pelleHHeM YpaBHeHHs1 (€), H Touka x, € (a, b)
takas, 4To Yy(x,) = 0. W3 HempepwiBHOCTH Yy (X) craenyer, uto y(x) =~ 0
Ha HekoTopoM HHTepBasie (a, B) C(a, b), conmepxaimeMm Touky X, Toraa
AJis1 BhINOJNHeHHs1 paBeHCTBA f(X) y (x) =0 Ha nHTepBase (a, §) HEO6XOAUMO
M JO0CTaToyHo, 4ToObl f(x) =0 nns Bcex x u3 mHTepBada (a, B) =(a, b).

Takum o6pa3oMm, eCiH MHOXecTBO HyJel ¢yHKuuu f(r) He 3amoJ-
HfET LeJMKOM HHKakoi uHTtepBas (a, §) < (a, b), T. e. Hurle He NJOTHO
Ha (a, b), T0 y = 0 — eAUHCTBEHHOE HeNpepbIBHOE pellleHHe ypaBHeHHd (X ).

100. Ilycte ¢dyHKuMH f(x) 1 g (x) onpenesneHbl U HeNpepblBHBI B HHTEp-
Base (a, b). B xakoM ciyyae ypaBHeHHe

[(x)y =g (x) (1)

HMeeT Ha HMHTepBaJie (@, b) eIMHCTBeHHOe HelpepbiBHOE pelleHHe?

Pemenwne. Ilycte ypaBHenue (1) umeeT 1Ba HenpepblBHBIX pelleHHs
y=ylue=z()a<r<i) me mer [(yl) =g, [0)z()=
= g (x). Orcrona crenyert, uto f(x) (y (x) —z(x))_~0 (a<x<?).

Takum ob6pa3om, peilenusi y(x) U z(x) ypaBHeHusi (1) coBmamaroT, ecsu
OJIHOpofHOe ypaBHeHHe f(x)y = 0 uMeeT eIMHCTBEHHOE HeMpepbIBHOE pelle-
HHe y =0 (@< x<<b). Dro, B CBOIO Ouepenb, BO3MOXHO JHIIb TOTAA,
KOrJa MHOXeCTBO HyJeH (yHKmuM f(X) HHrJe He IVIOTHO Ha WHTEepBaje
(a, b) (cM. 3anauy 99).

Ecim f(x)=0 (a<x<b), TO oueBHgHO, Yy = P — €JIUHCTBeH-

(%)
Hoe HemnpepbiBHOe pewlenne ypaBHeHHs (1). ITyctes f(x) obpaiwaercs B Hy.1b

B HEKOTOPOM HHIJe He IIJIOTHOM MHoXecTBe ToueK (&} € (a, b). Torna
L) g ()

i) fx)
sSIBJIsSIeTCsl pellleHHeM ypaBHeHHs (1) TOJBKO Ha MHOXECTBe TOYeK HHTepBaJsia

(a, b), B kotopBIX f(¥) =% 0. Ecan norpeGosath, 4ToGHI CYLIECTBOBAJ KOHEY-
HBIA npenes

OTHOLLIEHHE " He omnpefeseHo Ha MHoXectBe (£}, a QyHKuus y =

g(x)
YTO BO3MOXHO JIHILIb B Ciaydae, Korza g(t) =0, & ¢ {§}, Toraa ¢ynkuua
£8, xe( b), x#tely),
y= g2
limiy ¥ =8eld)

OyzeT eJMHCTBEHHLIM HENpepLIBHLIM pelleHHeM ypaBHeHus (1).
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Wrak, ypasHenne (1) uMeeT eJMHCTBeHHOE HENpEepbIBHOE PEIleHHE, eCJIH:
1) muoxkectBo Touek (&}, B KotopelXx f(§) =0, Hurae He mJOTHO Ha (a, b);
2) g(6) =0, &€ {&}; 3) cymecTByeT KOHeuHbIH npefes (2) /s BCEX TOYEK
§e (&)
101. Ilycth jpaHO ypaBHEHHe

+y=1 (1)
"
y=yk) (—l<x<1) (2)
— OJIHO3HauHas (YHKIMs, YIOBJETBOPSAIOLLAs ypaBHeHHO (1).
1) CrosbKO OfHO3HAuHbIX (GYHKUHMH (2) ynoBJeTBOpsieT ypaBHeHHIo (1)?
2) CKOJIbKO OJHO3HAYHBIX HENpepblBHBIX (GYHKUHHA (2) YyIOBJAETBOPSIET
ypaBHenyio (1)?
3) CKOJBKO OJHO3HAYHBIX HeNpepbiBHBIX (YHKIMA (2) yIOBJIETBOPSET
ypaBHenuio (1), ecsm: a) y(0) =1; 6) y(1)=0?
Peuwenne. 1) OnHo3HayHBIX (YHKUHMH, YIOBJIETBOPSIOMIMX YpaBHe-

Huto (1), GecuucsnenHoe MHOxkectBo. Hampumep, ecim x, = —I1 -I—Qn—k (k=
=0,12 ..., n n=2 3,...), To j1a moboro n=2, 3, ... OJHO-
3HayHasi (PYHKUHA

V1—4x%, ecit xq < X< Xgpiq,

X) = 2
y (%) — V1 —x%, eCH Xpppy < X< Xgpyg
0, ecan x=1,

rae k=0, 1, 2, ..., n, yIOBNETBOpsieT YpaBHEHHUIO.
2) Ecnu x — nponsBoJibHOE (PUKCHPOBAHHOE YHCJIO M3 cermenta [—I1, 1],
10 ypaBHenue (1) monyckaer xBa pewenusi: y =V 1 —x2, y=—) 1—x2

TakuM 06pa3oM, Mbl MOMEM ONpeJeNHTh IBe OJHO3HAYHBIE HETPepbiB-
nole GyHKIMH y =} 1—x2u y=—) 1 —x® (—1 < x < 1), ynoserso-
pswoinre ypaBHeHuo (1).

3) OueBHAHO, TOJLKO OJHA M3 HafJeHHBIX B TNpeALIIyLIeM NyHKTe

¢yukumit y =} 1 — x® ynossnetBopsier ycioBuio y(0) = 1. Yciosuo 6)
YJIOBJIETBOPSIIOT 00e (PYHKILIMH.
102, Ilyctb paHO ypaBHeHHe
Xt =y (1)
H
y=yx) (—oo<x< ) (2)
— OJlHO3HauHas (YHKIMSA, YAOBJETBOpsiomlas ypaBHeHHIO (1).
1) Ckosbko ogHO3HauyHBIX GYHKUHI (2) ynaoBjeTBopseT ypasHeHHIO (1)?
2) CKOJMIbKO OJHO3HAUHBLIX HENpEepLIBHBIX (GYHKUMA (2) yIAOBJETBOpSET
ypaBHenuio (1)?
3) Cko/BbKO ORHO3HAuHBIX Au(pepeHUHpyeMblX (YHKIHH (2) yIOBJeT-
BopsieT ypaBHeHH1o (1)?
4) CKOJIBKO OJHO3HAYHBIX HENpepbiBHBIX (YHKUHA (2) yIOBIETBOPSET
ypaBHenuto (1), ecan: a) y(1)=1, 6) y(0) =07
5) CKOJIbKO OIHO3HAYHBIX HENpPEPHIBHLIX (PYHKI KM )
< x << 1-3) ynosnerBopsier ypaBuenuio (1), ecmu y(l)=1 u 3 gocra-
TOYHO MaJio?
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Pemenne. 1) Ilokaxkem, uTo OAHO3HAYHBIX (YHKIHUH, YIOBJETBO-
psioliux ypaBHeHHIO (1), Gecumc/ieHHOe MHOXKeCTBO. 3alauM IPOH3BOJIbHO
MHOXKECTBO {a}, 3/JeMEHTaMH KOTOpOro SBJIAIOTCS MOHOTOHHO BO3paeTalollie
NOCJEOBATENBHOCTH  Xai, Xag, +++ 5 Xan, -+ TaKHe, YTO lim X,n = - oo

Nn-r oo
npHd Bcex a.
st KaXknoro o ofHO3HayHast (YHKIMA

—| x|, ecmn x < X,
yx) = | x|, €CH Xagn—) < X < Xaon,
—| x|, ecnH Xuon < X < Xaonii,

rie n=1, 2, ..., onpeleseHa Npy BceX 3HaYeHUAX X H YAOBJIETBOpSeT
ypasHeHHo (1).

2) U3 ypashenus (1) HaxomuMm |y|=|x| (—oo < x < 4 o). Orcroza,
B CBOIO Ouepelb, IMOJydaeM:

y=—x, y=x, y=\x|, y=—lx| (| x| < o). Q)

DTU YeThipe OJHO3HAYHbIE HeNpepbiBHbIE (QYHKLUUH yIOBJETBOPAIOT YpaB-
nenuto (1). ‘

3) Ilockonbky ¢yHKUMH y=|x| U y = —|X| He MMeIOT NPOH3BOJHOH
B Touke x = 0, TO M3 yeTblpex (PyHKUHUHA (3) TOJBKO ABE: y =X H y=—X
SIBJISIIOTCST OJIHO3HAYHbIMU JAupdepeHIHpyeMbIMU pelleHusMU ypaBHeHHus1 (1).

4) HenocpencTBeHHOH npoBepko# y6exnaaemcs, yTo cpeiud GyHKUu# (3)
TOJILKO JIBE: y = X U Yy = | X| YAOBJIETBOPSIIOT YCJOBUIO a) M BCE 4YeThipe
(YHKUMH YAOBJETBOPSIOT YCJIOBHIO O).

5) IlockosbKy HempepobiBHBIE (DYHKUHH y = x H y = | x|, Npoxojsliue
yepe3 Touky (I, 1), ToxkngectBeHHO paBHb B uHTepBaje (1 —3, 14 3)
(0< d< 1), To past BceX X U3 3TOr0 MHTEpBaja TOJNBKO OJJHA HeIpephiB-
Hasi QYHKUUA y = X YyJOBJETBOpsieT ypaBHeHHIO (1).

103. YpaBHenue

x2+y2=x4+y4 (1)

onpejessieT y Kak MHOTo3HauHyio ¢yHKUHIO OT X. [/ KAKHX MHOXKeCTB
TOYEK YHUCJIOBOH OCH 3Ta ¢yHKuHMs: 1) ogHo3HayHa, 2) ABy3HayHa, 3) Tpex-
3HayHa, 4) uyeTpipexaHayHa? OrmnpeneJHTb TOYKH BETBJIEHHS 3TOH (PYHKLHMH
H ee OfHO3HAYHble HeNpephiBHbIE BETBH.

Pemenne. M3 ypasuenusi (1) Haxomum:

y= =+ l/-21~+ V~i— + 2 —xt, o 0L | x| < ]/-1-+2—1/2,
y= =+ ]/-;-—V%—I—xz——x“, ecsn 1< x| < 1/1—“'—'2—1/—2 n x=0.

Orciona HemocpeJCTBEHHO CJEYer:

1) ypaBuenue (1) HH mpH Kakux 3HAUEHHsX X He OINpeAe/IsieT OJHO-
3HayHOH (QYHKUMH (HeT OOLIMX TOYEK, B KOTOPHIX COBHAJaTd Obl BCE YEThIpe
3HAYeHHUsA ).
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2) Ypasnenre (1) onpegesnsier ABysHauHyio ¢dyHKuHio, ecan 0<|x|<l
1+-V?2
Mix|= -

3) Eciu x=0 unu |x|=1, T0 paBeHcTBa (2) Aal0T HaM TpH SHaue-
uus y. Ilostomy Ha MHOXKecTBe {—1, 0, 1} ypaBuenue (1) omnpeneswer

TPeX3HayHyI0 (PYHKLHIO.
4) IlepeceueHre MHOXKeCTB, Ha KOTOpLIX OMNpejeJeHbl ABe JABY3HAUHbIE

14+V?2

¢yHkuuu (2), maer Ham MHOXKecTBO 1 << |x|<C 53—, Ha KOTOpOM
ypaBHeHue (1) ompenessieT yeTbipex3HauHylo pyHKuuio. M3 (2) ybexaaemc,

y=e)/ L1V Tre—n (r1<)/ 210,
Y e DA T

SIBJISIIOTCST OJHO3HAYHBIMH HeNpepblBHBIMH BETBSIMU.

Touky (x,, Y,) OyAeM Ha3bBaTb mOUKOU 6emeAeHus JJs1 YpaBHEHHS
F(x, yy =0, ecm: a) F(x,, y,) =0, 6) He cylecTBYeT OKPECTHOCTH
TOUKH (X, Yo), B KOTOPOH OBl JaHHOE YypaBHEHHE YIOBJIETBOPSIOCH €HH-
CTBEHHOH OJHO3HAYHOH HenpepelBHOH (yHKUMEH y= f(x) ¥ Tako#H, uyrto

Yo =[(x,). Hnsa nawero caywas (+1, 0), (i ]/-1+2—]/2, iv%)-

TOYKH BETBJIEHHS.
104. Onpenenutb TOYKH BETBJEHHS M HenpephIBHbIE OJHO3HAYHBIE BETBH
y =y (x) (—1 < x < 1) MHOrosHaunoit GyHKLHH, ONpeae/IsieMoli ypaBHEHHEM

(*+y') = x* — . (1)

Pewenue. Ilonb3ysce TeopeMoﬁ I nynkra 2°, y6exjaemcs, 4TO

%S*O B Toukax (0, 0), (—1, 0), (1, 0), rze F(x, y) = (¥ + ¥*)* —

— x% + y® CnenoBaTeNbHO, 3TH TOYKH MOTYT OBITb TOYKAMH BETBJIEHHS.
92 ___ 3 1
13 ypaBuenus (1) umeem: y? = 2 1:§V8x -+ (x|<1), a TaK

Kak y®> 0, TO OKOHYATEeJbHO HAXOAUM (PYHKIHH

=+ )/ LERI I8 0,

H3 KOTOpPBIX IIOJY4YaeM BCE€ OJHO3HA4YHbIC HENPEpPbIBHbIE BETBH.

yze(x)]/V8x2+12_1_2x2 (1x]< 1),

rie e(x)=—1, 1, sgnx u —sgnx. Tak kak uepes Touku (0, 0),
(—I1, 0) u (1, 0) npoxomut Gosiee ueM OJHA OJHO3HAYHAS HeNpepbIBHAS
BeTBb, TO OHH SIBJSIOTCSI TOYKAMH BETBJCHHS.
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105. Ilycts ¢yHkuus f(x) —HenpeppiBHAa mpH a<< x<b u ¢ (y) —
MOHOTOHHO BO3paCTaeT M HemnpepbiBHA NpH ¢ <! Yy << d. B Kakom cnyuae
ypaBHenue ¢ (y) = f(x) ompenensieT oqHO3HaUHYI0 PyHKIHMIO ¥ = ¢~ (f (x))?
PaccmotpeTb npuMepsl: a) siny 4+ shy =ux; 6) e=¥ = —sin®x.

Pemenune. ®dyukuus y = ¢ 1(f(x)) onpenensiercs caenyomum obpa-
30M: JJ1s1 Jito0Oro (hHKCHpOBaHHOrO 3HaueHus x € (a, b) (1. e. nas QHKCH-
POBaHHOTO 3HAU€HHs f (X)) CTaBHTCSA B COOTBETCTBHE TO 3HayeHHe y, KOTopoe
SIBJIsieTCsl pellleHreM ypaBHeHHs ¢ (y) = f (x).

ITockonbky GyHKUHA ¢ (y) HenpepbiBHA MW MOHOTOHHO BO3pAacTaeT Ha
uHTepBane (¢, d), To ypaBHeHHe ¢ (y) = A UMeeT eIWHCTBEHHOe pelleHHE
y= ¢ 1(A), ecmn uncao A nNpPUHALNEKUT MHOMKECTBY 3HAUEHHH (YHKLHH
¢ (y) (c < y< 4d).

Takum o6pasoM, ypaBHeHHe (1) uMeeT eIUHCTBEHHOe pelleHHe Y =
= ¢~ 1(f(x)), ecan MHoxecTBa 3HaueHuil QyHKUUA ¢ (y)(c<y<<d) H
f(x) (@a<<x<<b) umeror obliye TOYKH.

PaccMotpuM  npumepbl. a) siny +shy= x. 3neck ¢yHKIHA ¢ (y)
(—oo < y < o) HenpepbiBHa. Ilosb3ysice popmytoit Tefyiopa, yoexaaemcs,
YTO TPOU3BOAHASA

@’(y)=cosy+chy=(1—§;+%:— )+
+(1+g~j+fg+ ...)=2(1+{’1—t+ ) (—oo<y< + o)

noJioxkuTeabHa. CrenoBarenbHo, GyHKuHsA ¢ (y) (—oo < Yy < +o0) MOHO-
TOHHO Bo3pactaeT. [lockosbky MHOXecTBa 3HaueHHH QYHKUMA ¢ (y) =
=siny+shy(—oo<y< +o) u f(x) =x(— < x< +o) copna-
JaloT, TO ypaBHeHHe sin y - sh y = x onpezesisieT eAUHCTBEHHYIO OJHO3HAy-
HYI0 QYHKUMIO y = o (x) (—oo < ¥ < -+ o), o6pallalollyIo 3TO YpaBHEHHe
B TOX]IECTBO.

6) e = —sin*x. B 3TOM c/yyae MHOXKECTBOM 3HaueHHH (QYHKIHH
¢ (y)=e¥(—oo < y< 4 o) sBasercs nonybeckoneyHbli uuTepBas (0, + o),
a MHOXKeCTBOM 3Ha4eHHH QYHKIHH f (X)=-- sin® x (—oco < ¥<< 4-c0) — cerMeHT
[—1, O0]. TlockonmbKy 3TH MHOXKecTBa He HMEIOT OOHIMX TOYeK, TO ypaB-
HeHHe ¢—Y = —sin® X He UMeeT pelleHHH.

106. Ilycts
x=y+ (), (1)

rie ¢(0)=0 u |¢' (y)|<k< 1 mpu —a< y<a. Iokasarb, YTO NpH
—e <\ X< ¢ CYIIECTByeT eJUHCTBeHHas auddepeHuupyemast QyHKUHA y =
= y (x), ynosneTsopsiouias ypasHenuio (1) u Ttakas, uto y(0)= 0.

dx
IHoka3zarteabcTBO. M3 ycsioBus ciemyer HepaBeHCTBO i = 1+

+¢"(y) >0, —a < y < a, obecneyHBarolllee CTPOTYI0 MOHOTOHHOCTb He-
MpepbIBHOH  GYHKIHH Xx=y + o (y), —a<y<a. Ilyctb &=
=min { |x (—a+0)|, |x(a —0)|}. Toraa, B cusy CTPOroif MOHOTOHHOCTH
QyHRUMH X = y 4 ¢ (), KaKIOMY X € (—e, &) COOTBETCTBYET TOJIBKO OXHO
3HayeHue y ¢ (—a, a), AJs Kotoporo y -+ ¢ (y) = x. Ilostomy Ha (—e, ¢)
CyllecTByeT (yHKuHA Y = y(x), obpatHas Ias GyHKuHM X =y + ¢ ()
H TOXe CTPOro MOHOTOHHas. A Tak Kak ypaBHeHue (1) npu y =0 umeer
pewenne x =0, to y(0) = 0.
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IMokaxem, uto QyrKIMA y = y (x) muddepernupyema. Ilyctb x,, x4
+Ax € (—e,e) u Ax = 0, Toraa y,, Yo+ Ay € (—a, a), Tae y, — KOpeHb
ypaBHeHHs: Xo =y + ¢ (y), Ay+%0 u Ay— 0 npu Ax - 0.

IlockosbKyY CyIIeCTBYeT npejes

ag=0 89 ayao Ay

TO U3 TOXJECTBa %ﬁ = Zl“y ybexxnaemMcsi B CYILECTBOBAaHHH IIPOH3BOLHON
Ax
T CnenosatenbHo, yHKIMs y = f (x) auddepeHuupyema Ha (—:, e).
107. Ilycte y = y(x) —HesiBHast (YHKIHUSA, ONpefesseMasi ypaBHEHUeM

x = ky + ¢ (v), (1)

IZle nocTosiHHas k == 0, ¢ (y) — nuddepeHupyemast nepuoauyeckas GyHKIHSA
C MepHoaoM o M Takas, 4To |¢’ (y)| << |k|. Ilokasatb, yto y = % —+ ¢(x),

rae ¢ (x) —neproauyeckass pyHKuMs C mepHoaoM |k | o.
HokasareabctBo. Otobpaxkenne A, omnpezessieMoe paBeHCTBOM

Ay = —z——f‘%y—), npeobpasyer MHOKecTBO C (—oo, oo) B cebst. [lokaxkew,

YTO 3TO OTOOpaXKeHHe CxKumamollee. JlefcTBUTENbHO, AJs JIOObIX (DYHKUHMA
y(x) u 2(x) u3 C(—oo, o), mosmp3ysicb Teopemoii Jlarpanxa, nonyuaem:

p(Ay, Az) = max |Ay— Az|= max M,-_—
—o0 <X o —oo X< k
= max W(E,”\y——z|< max O pax ly —2|=
—00 LX< 00 Ikl — 00 < X< 0o Ik’ —00 XL 0o
= max &0, ),
—o00 {X< o0 |k}

rae § HaxomuTca MexAy y U 2z Tak kak |¢' (§)|<[k|, To 0< b=
= max ‘CPl SH< 1. Cnenoparesvho, p (Ay, Az) <0p(y, 2), 0<bi<lI

—00 XL ™ i |
H CXKHMaeMOCTb OoToOpaXKeHuss A JOKa3aHa.

Takum o06pasoM, COrJIaCHO TPHHIIMIY  CXKUMAIOMIMX OTOOpaXKeHHH
(cM. 3amauy 96), cyutectByer enuHcTBeHHast GyHKuHs Y (x) € C(—oo, ),
yJIOBJIETBOpsIIONasi ypaBHeHHIO y = Ay, T. e. ypaBHeHuto (1). dra QyHKuus
SIBJISIETCS TpefesioM MOCJ/eN0BaTeNbHOCTH

0 n—

Ilepexonst K mpeleny B HOCJeHEM paBEHCTBe, TNOJy4aeM: Y = —;f- + ¢ (x),

1 ..
rae ¢ (x) = — 3 limo (4o (x)).
[Tokaxkem, uto ¢yHKUHH @ (Yr—1 (X)) (n =2, 3, ...) mNepHORUUECKHE

IO TepeMeHHOl X ¢ mepHojpoM |k|o. s AoKka3aresbCTBa NMPUMEHHM METOA
MaTeMaTtHyeckod MHAYKuuH. [lpu n =2 ¢yHKuMsA ¢ (y, (X)) meproanuecKas
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no x ¢ nepuonoM |k|w. IleficTBUTENBHO, COTJIACHO YCJOBHIO, @ (Y + ®) ==
= ¢ (y), NO3TOMY

o (on (5 + 1] ) = o (SR —2O) g (4 () 4+ o sgn ) = 9 31 (1)

Jlanee, npeamnoJiaras, 4T0 GyHKUHA ¢ (Yn—1 (X)) HMeeT nepHon |k | o, mojy-
yaeM paBeHCTBO

cp(y,,(x—i-?k]w));-——cp(ﬁ—‘%’ﬂ'g_“:;‘?(yn—l (x+|k|w)))=

— (3,:. — 71‘ ¢ (a1 (%)) + o sgn k) = ¢ (yn (x) + @ 3gn k) = ¢ (yn (%)),

M3 KOTOporo cJjeayer, 4to |k|o —nepHoa (QyHKuHMH ¢ (y.(x)) 1o nepe-
MEHHOH X.

[penenphas QyHKuMA ¢ (¥) TakkKe nepHOAMYECKAas C MepuHoioM |k | w.
Yrobbl yOeaUTbCA B 3TOM, AOCTAaTOYHO B OYEBHUAHOM PaBEHCTBE

blet110) =0 () = (0 + 151 0) + Fo G (x+ 1 £10)) +
(¢ (s () — 9 ()

nepeiTH K mpeneny mnpH n— oo. ITocKosnbKy Kaxpoe M3 ciaraeMblX pas-
HOMEPHO CTPEMHTCSi K HYJIO, TO B Ipejesie IOJyyaeM paBeHCTBO ¢ (x -
~+ | k| 0) — ¢ (x) = 0, nokasbiBaiollee NEPUOAUYHOCTL (YHKUHH ¢ (X).

108. Ilokasarb, uro mpu 1+ xy=~k(x —y), rae k—mnocrosiHHAas
BeJIMYHHA, HMEEeT MEeCTO PaBeHCTBO

dx __ dy
l—|-x2—l+y2' (1)

1
HokaszareabcTBO. [lockonbKy x =y, T0 k= x_—!—___:;y Huddepen-
UHPYsl 3TO PABEHCTBO, MOJYYaeM:

0= F—Y (xdy+ ydx) — (14 xy) (dx — dy)
(x —y)? )

Orciona caenyer cootHoutenne (1 4 x%)dy —(1 4 y*) dx =0, paBHOCH/Ib-
Hoe paBeHcTBY ().
109. okasaTb, YTO ecJiH

Byt A R —1 =0, (1)
TO npu xy >0 crnpaBefMBO PaBEHCTBO
dx dy

AT AT @

JlokasarteabcrBo. [uddepenuupys pasencrso (1), nosyuaem:
2xy*dx + 2x*y dy 4 2x dx 4- 2y dy = 0. Orciona HaxoquM:

x(I 4+ ¥ dx 4y (1 + x¥)dy = 0. . (3)
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M3 paBencrBa (1) cnenyer:
o __1—9 o 1—x* _ l—y _ 1 — x?
x—l—-_]_—yé,y—“l+xz,x—il/l+yz,y VT—TF (4)

Ecii x m y omHoro 3Haka, T. e. eciu xy >0, To, 3aMeHss B pPaBEHCTBE
(3) ¥ u y ux 3HaueHusiMH (4), nosnyyaem:

LU ma+ Y S0+ g =0
VIi—grde + V1T —x* —x4dy=0.

Orciofa HenocpeJCTBEHHO CJeNyeT PaBeHCTBO (2).
110. dokasath, 4YTO YpaBHeHHE

P+ =a(*—y"), a%0 (1)

B OKpecTHOCTH ToukH x =0, y=0 onpejessieT 2se auddepeHapyemble

yHKRUHA y = y; (x) U y = ya(x). Haitru y; (0) u y, (0).
HJouwasarenncTBo. s pocratouHo manoro ¢ >0 u o6oro ¢puk-

CHPOBaHHOTO X € (—e, €) M3 ypaBHeHus (1) HaxoiuMm jABa 3HaueHus y: y=
=¢(x) H Yy = —p(x), rne

@ (x) = l/]/Qa’"xz—}— -‘f—; ——x”-—-—g;.

Tak onpepenennas ¢yHKkuus ¢(x) HenpepoiBHa Ha (—e, ¢) H ¢ (0) =
ITosTOMy MOXHO OmpelenHTb YeThipe HenpepbiBHbE (YHKIHH:

_ ¢ (x), ecmn 0 < x <e, . { —o (x), ecn 0<<x<<e,
(%) = { —o (X), e —e < x< 0; Y2 (%) = ¢(x), ecin —e<<x<0;
Ys(¥) = ¢ (x) (—e<x<e); Ya(x) = —5(x) (—e<x<e),

yaoBaeTBoOpsitoliie ypaBHeHHIo (1).

HUccnenyem Ha ,uncp(pepenunpyemocm st pynkuud npu x = 0. C sroit
uesbio BhiyucauM ¢  (0). HMmeem:

oo (0)=lim £&2—2 O _ y;p T ]/2a2Ax —{—-—Ax —-5‘5—

Ax—+—0 Ax Ax—+— 0

-‘/2a2Ax2—}—-—-—Ax4—Ax2a2—%-
= lim

Ax—+—0 .
Ax ]/2a2Ax2+ e+ X 5

— lim [Ax |V a® — Ax® —

Ax—+—0 ; 4 a?
Ax ]/2a2Ax2+T+ Ax? |- 5

———Va2 — Ax? — 1
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¢ (4%) — 9 (0)

AHanornyHo HaxoauMm: ¢t (0) lim Y = 1. Otcioza cpasy cue-

Ax~-0
AYET, 4TO (PYHKUUH Y5(X) H Y, (x),:e uMetoT npoussogHoi npu x =0. Ilo-
ckombky yi— (0) = —p’ (0) =1, yiy (0) = ¢%(0) = 1, 10 pymkmns y, (x)
HMeeT NPOU3BOAHYIO IPH X = 0, paBHYIO elHHIE. AHAJIOTHYHO U3 PABEHCTB
Y3—(0) =92 (0) = —1, y54(0) = —% (0) = —1 crenyer auddepenmy-

pyeMocTb (PYHKUMH Y, (x) npu x = O, npuueM y; (0) = —1.
111. Hafitn ¢’ mpu x=0 u y=0, ecm
(* + o7)? = 3xy — i, (1)

Pewenue. IlpeacraBum KpuByilo, onpejensieMyio ypasHenuem (1),

B nmapameTpuyeckoM BuJe. C 3TOi neJ/blo NOJIOXKUM ¥ == tx. Toraa u3 ypas-
3t — 13

Henus (1) Hafizem: x = ENTE IloncraBuB HaliieHHOe 3HAUeHHe X B pa-
t2_z4

BEHCTBO Y = [X, TNOJYYHUM: Yy = T o 3ametum, yt0o x=0u y=20

NpU TPeX 3HaueHusx mapametpa t: t; =0, t, = V'3, t; = —)/3. Ocraercs

BbIYHCJIMTL IPOH3BOJHYIO OT NapaMeTpUyeCcKH 3aJaHHOH (PYHKIMU IIPU 3THX
3HayeHMsIX napametpa, T. e. npu x = 0. Mmeem:

dy (14123 (6t — 413) — 4¢ (312 — 14)
dx ~ (T £)(3—3) —4 @3f—p) °

Orciona npu £ =0, =13 u t = —)/3 naxomam: y; (0)=0, y, (0)=

=V3, y,(0)=—V'3.
112. Haitu ¢, y” n y", eciu x*> 4+ xy 4+ y? = 3.

PemeHnue. Ilomb3ysice dopmyioi g% = — —;:x , ToJiyyaeMm:
4
dy __ _ 2x+y .
dxr = XT3y (x == —2y);
dy _ (+202+y)—x+y(+2¢y) 18 O\
dx? T (x + 29)° = Gy F W

dy 54 N
@—W(I—P‘Q!/)“mjz(x#m%).

113. Hatitu ', y" v y” npu x=0, y=1, eciu
x2—xy+ 22+ x—y—1=0. (1)
Pewenune. Tpuxael aubdepennupys pasenctso (1):
2x—y—xy +4yy'+1—y =0;
2 ____le —xy” + 4y12 + 4yylr _yll — 0;
—3y" —xy" + 12y'y" + 44y —y" =0
M TIOJACTaBJsAs B pe3yJsbTaThl 3HaueHuss ¥ = 0 u y = 1, moJiyuaeM CHCTEMY
ypaBHeHuit 3y’ =0, 2 +3y" =0, 2+ 3y” =0, u3 KOTOpoH HaXoAHM:
’ ” 2 . (/4 2
Yy =O; Y =__.?, l =-—-—3—
114. Jlokasatb, 4TO 1151 KPHUBOH 2-r0 MNoOpsiika
ax?® 4 2bxy +cy® + 2dx + 2ey +f =0
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CIpaBefl/IHBO PaBEHCTBO
p ( _ 1)
a\w) 3/=0. (1)
Pemenue. M3 ypaBHeHus KpuBo#l mosyyaeM:
= ic(—(bx +e) + V (® —ac) X2 + 2 (be —cd) x + &2 —¢f).

Haxonum BTOpyl0 mpoM3BOAHYIO:
. (6% — ac) x 4+ (be — cd)
y = c( biV(b2~—ac)x2+2(be—cd)x+e2—cf
" 1 (62 — ac) (€% — c¢f) — (be — cd)?
y ¢ V((b2 —ac) x* + 2 (be — cd) x + €2 —cf)3 )

OTcrona nosyyaeM paBeHCTBO

2
2 2 2 —_ J— 3
()T = ( L a0 e ——t;f) (be Cd)2) 3((bz_ac)x2+2(be—cd)x+ez—6‘f),

M3 Kortoporo caenyer paBeHcTBo (1).

Hns GyHKUMH 2 = 2z(X, y) HAHTH YacTHble IPOM3BOJHBIE NEPBOrO H BTO-
POro TOPAKOB, €CIH:

115. 22 — 3xyz = a®.

Pemenune. Yactuele npoussoiHele GyHKuHH 2 (x, y), OnpelesseMOi
ypaBuenueM F (x, y, 2) =0, Haxoaum mno ¢opMmyJam:

OF oF
0z 0x 0z Oy
5= T OF oy T OF
0z 0z
JlJs Hallero cjayyasi HMMeeM:
02 —3yz yz 0z _  xz
Ox 322—3xy 2Z—xy’' 0y 22 —xy (22¢xy).

YuureiBasi, 4to 2 = 2 (X, Y), HaXOAUM BTOpble INPOHU3BOJHBIE:

0z 0z
2 i Rl
9%z (22 —xy)y 35 U2 (22 3% y)

dx? (22 — xy)?
a yz yz
— (2 xy)yzz—xy yz<2222—xy y) _ 2xy3z
(22 — xy)? (@ —xy)¥
0%z 2yx’z |
TET T @)’
' 0z 02
2 __ ol g
oz (2% — xy) (z—]— yay) yz (22 3y x) _
oxdy (2% — xy)?,
2x22
( — Xy) (2 “l‘ y) yz (22 1y — x) _z (2% — 22%xy — x%4?) (z2 - x )
= F— T T @ —wp Yl
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116. 2=V — . tg ——.
sz_yz

Pewenune. AHajJOrHyHO mpejblAyLIeMy HMeeM:
— t 4+ 1/ %% = y? cos™2 . ‘
0z sz_yzglfxz_yz y ‘ V=g (Vx2—y?)3

P 2 1
1 —VY x2 —y2cos™2 ¢ —
V Y sz__yz sz_yz

M3 ycmoBusi caepyer, yto

2 z
tg}/xz_yz=]/x2__y2’

Hcnonb3ys 5TH paBeHCTBa, MOJMYYaeM:

2

-9 . 22
cos Vm—xz_yz—l—l.

. X 2 4 Xz ( 22 l)
0z _ ]/xz — 2 V2 — y? (2 —y?) | 2 — y_z' + __ x2 (x2 - 2)
ox 2* x2 — y? g
=,
T 6 . 0z yz 2 2
aKHM e CnocoboM HAXOIMM: & = — s (£® =& y?).

Haxoxum BrOphie MpOM3BOAHBIE, HCMOJb3ys HaHJEHHbIE IepBble IIPo-
H3BOJHbIE:

ox? (2 — )2 =
x2
2 __y2 _— 2
_ (x y)(2+x2_ 2) 22x . (2 = )
- (x2 — y2)2 - (x2 — y2)2 y)
0z —_
p P2 =) x T o
oxdy (x2 — y?)* o (x2 — y?)? -
xXyz
= (xz___y,ﬁF (x* # y?);
0z
0% (x* —y?) (z —y @) —yz(—29) 2z s s
%= @ = = —w—g " FY)

Haiitn dz u d?z, ecau:
X 4

117. ?= ln;"l— 1.

Pemenune. Cyuras, uto 2= 2(x, y), B pe3ynabrare aupdepeHuupo-
BaHUA TOJIy4aeM: ,

2dx —xdz _ Y ydz — zdy
22 2 yz ’
yzdx —xydz —yzdz + 22 dy = 0. (1)

Orcrona

d d
dz = LI (v —) )
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| Huddeperurpys paBeHCTBO (1) M BBINOJHAA YNPOLIEHHS], HAXOAUM:
y(x 4 2) &’z = zdx dy + (2 dy — x dy) dz — y d2*,

OTKYJla, Ha OCHOBAHHMH paBEHCTBa (2), OKOHYATEJIbHO MOJIyyYaeM:

2 (4 dx — x du)?
A2z = 2 (yyz(i+§)3y) (x = —2).

118. z—x = arctgz J

— x ¢
Pewenue. Huddepenuupys, nosyyaem:

1 (2—x) dy — yd (z — x)
d(Z-—-X) | ( )2 ¢ (z — x)? ’
+ 22— X
oTcloJa
(z—x%)?+ y* 4 y) d(z — x) = (z— x) dy, (1)
_ (z—x)dy
HJIH dz-_dx+.(z_x)2+y2+y.

INuddepenunpys pasenctBo (1) (Z—x)P*+ ¢+ y) d2(z—x) =
= —2((2 —x)d(2—x) + ydy) d (z— x) ¥ NOACTaBJIsAs B pe3y/bTaT BbIpa-
X)enue 1aa d(z— x), HaiinenHoe u3 (1), nonyuaem:

o o g, 2 1) (—x) (=)
Fl—x=dz= (z—x)*+y* +p)° dy’.

119. Haiitu %, et F(x+y+2 22+1y2+22)=0

Pewenune. IlocnenosaresbHo audppepeHnHpys HJaHHOE paBEHCTBO,
HaXOJIuM:

Fi(dx -+ dy 4 dz) + F, (2x dx + 2y dy + 2zdz) = (1)
F;'l (dx + dy + dz)* + 21”12 (dx -+ dy 4 dz) (2« dx+2y dy+2zdz) +
+F, d%+F,, (2x dx+2y dy + 22 dz)>+2F y(dx?+ dy? +dz?+-2d%2) =0.
HaiineHHoe u3 mnepeoro paBeHcTBa BbipaxkeHHe 2xdx + 2ydy + 2zdz=
= —-—f- (dx -+ dy + dz) noxacraBnsiem Bo Bropoe. B pe3dyabrate mocie
npeoﬁpasoBaHun MeeM: '
—F.*Fgy+ 2F | F3F {3 — FF{]

(F} + 22F}) d = = 2 M (dx 4 dy 4 dz)* —
2
— 2F, (d2® + dx* + dy?). (2)
OnpenenvB u3 pasenctsa (1)
__ (Fi 2xF}) dx + (F{ + 2yF} )dy
dz = —= Ve (3)
BBIYHCJIHM CYMMY
2F, d — y) di
dx + dy + dz = 2 ((2 ;);;;F(: ydy) (4)
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U3 pasencts (2), (3) u (4) Haxonum BTOpOi AMdbepeHunan
4 (F "Fgp — 2F 1FyFuy + FFY))

d’z = — (F + 22F})® ((Z —"x)2 dx2+2 (z_x) (Z""y) dx dy‘{"
, (Fy-2xFy)2dx® 4 2(Fy + 2xF3) (Fy - 2yF 3)dx dy
+(z—y)2dy2)-——2F2 1 2 : _I{_QZFQ): (Fq - 2yFo)dx +

Fy -+ 2yF3)? dy? ' , f—
4. (;ITL +y22;’2,)3y — 9F} (dx® 4 dy?) (F) + 22F1)~%

[MosoBuHa koadduurenTa npu dx dy paBHa aa )" CunegoBartesibHO,

02 4 Z'—X) '—“y) ” L ol 2
b_xaz_&__ EF’—FQ(ZFZ)J (F F22—2F1F2F12+F2F11)“
2(F 4 2xF3) (Fy + 2yF %)
G _;221.}2)3 2 F, F + 22F, =+ 0.

120. Hafitu d%2, ecu a) F(x + 2, y + 2) = 0; 6) F(%, —g-) = 0.
Pewenue. a) IlocnegoBaresnsno audpepeHUHPYs, NONydaeM:
F (dx + d2) -{—”F; (dy + d2) = 0; (1)
Fyy + (dx + d2)’ + 2Fy, (dx + dz) (dy + dz) +
+ Faa (dy + d2)* 4 (Fy + Fp) d’2 = 0. (2)

M3 pasenctBa (1) Haxonum nepBbil AudepeHunant:

F, dx - F)dy
dz = — L=
Fi+Fs

H BbIYHC/IIEM CYMMBbI:

dx-{-dz:dx__Fl'dx'i-Fé dy _ Fj (dx —dy)

FirFy P F
Fidx++Fydy  Fy(dx—dy)
dy + dz = dy — 1= = TTF X

HMcnonb3yst 3TM COOTHOLLIEHHs], U3 paBeHCTBa (2) HaxoiuM BTOpoH Audrpe-
peHuHat:

2 = —(F| + Fy)~ (FyFfy — 2F|FFjy + FYFp) (dx — dy)?,
6) Mmeem:

F;zdx—xdz_{_F,zdyz—ydz 0. (3)

YMHOXKast 3TO paBeHCTBO Ha 2° U eule pa3 auddepeHuHpys, MOJSydaeM:
n (2dx —xdz) (2dy — y d2)

F:l (2 dx —;x dz)? +2F A +
+ Py @V (o) 4 yFy) d2 = 0. (4)

N3 paBenctpa (3) Haxonaum mnepBbiil AuddepeHmalt:

dz = Fidx+ Fjdy
xFy + yFy
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H BBIYHC/ISIEM CYMMBI:

. ydx—xdy, _ . ydx—xdy
de—xdz_ZF2—_~xF{+ng’ 2dy —yde = zF'l——xF{—}-yF;‘ (5)

Pemas pasenctso (4) oTHocHTeNBHO d?2 M HCNOJB3Ysl paBeHCTBA (D), Haxo-
IuM BTOpoi auddepeHLHa:

@2 = (xF} + yF;)~ (F,Fyy — 2F  FyFyy ++ FUFy,) (y dx — x dy)™
121, Ilycte x =x(y, 2), y=y(x, 2), 2= 2z(x, y) —yHKuuH, omnpe-

— , 0r 0y O _
nensieMole ypaBHeHueM F (x, y, 2) = 0. [okasath, 4TO 3 9 ox —1.
JlokasareanctBo. [lpexnonaras, uto x = x(y, 2), M3 TOXKAECTBA
F =0 o _ _Lq
(x(y, 2), y, 2) =0 Haxoaum 9y = — F,- 1locTymas aHanornuo H B
JApYrux cjyyasx, NoJyyaem:
oy __ __F, 0z _ _Fy
0z F;’'ox F'
M3 HalineHHBIX COOTHOLIEHHH BBITEKAeT PABEHCTBO:
ox oy 0z _ (_fé) (_ﬂz)(_ix) — 1
dy 0z ox F} F; F,] ‘
122. Haiitn Z—x H @, eCJIH
2 dz
x+y+z=0, P+ 4+22=1 (1)

Pemwenue. [lannag cucrema onpefenseT (QYHKUUH X = X(2) U y =
= y(2), MPOM3BOJHbIE KOTOPHIX HaxoisTcss mo cdopmysaMm (4) mynkra 4°.
Iuddepenuupys pasedctBa (1) no 2z, nmosyyaeM cuCTeMy

dx | dy . dx dy _
a“z'—|—d“z+1——-0, 2xa+2yd-5+2z—~0,

o dx | 2—X
M3 KOTOPOH HAXOQUM: —- == =——, —= = prpy (x = y).

dz \ xX—y
o dx dy d?x d%
123. Haiitu 5 I 3 5t
|
+y=52, xt+yt+z=2
Pemenue. Ilpeanonaras, uyro naHHas cucteMma omnpeznensier (yHKUHH
x=x(2) u y=y(2), auddepeHInpOBaHHEM €€ N0 2z TOJyYaeM:

mpu x=1, y=—1, 2= 2, ecsin x* -+

dx dy dx | dy
[lonaras B (1) x =1, y= —I1, z= 2, nonyyaem cucremy
dx dy ax , dy
" bataz="h
o . dx dy
H3 KOTOPOH HaXOmuM: — == 0, 5 = L
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s HaxoXAeHHsT BTOPBIX NPOW3BOJHBIX IpoxutpepeHupyeM paBeHCTBa
(1) mo z:

d2x d2y dx\? (dy)2 gL dx | d%y
2x3ﬁ+2yaﬁ+2(a§) t2g) =bataz=0
dx dy
[Tonaras B sTHX paBeHcTBax ¥ = 1, y = —1, &= Ou 5 = —1, nosryuaem
. dx 1 d%y 1
CHCTEMY, pellias KOTOPYIO, HAXOMMM: ——5 = — —, —5= .

124. Ha#itu du, dv, d*u, d®v, ecom u -+ v = x -+ y, ysinu — xsin v=0.
Pewenue. [dudpdepeHuupys naHHble pPaBEHCTBA, MOJyYyaeM CHCTEMY

du 4+ dv =dx 4 dy, ycosudu — xcosvdv = sinvdx —sinudy, (1)

peliasi KOTOpYIo, HaxOIUM:

dis = (x cos v + sin v) dx -}- (x cos v — sin u) dy
Xcosv-ycosu '

do = (y cos u — sin v) dx -+ (y cos u -+ sin u) dy
Xcosv-ycosu *

J11s1 HaXOXKAeHHUsT BTOPbIX AHGdepeHiyanoB npoaudpdepeHIHpyeM CHCTEMY
(1). Tlocse nmpocTeix mpeoOpa3oBaHHH MOJYUHM:
ycosu du — xcos v d® = (2 cos v dx — x sinv dv) dv +
+ (y sin u du — 2 cos u dy) du,
d*u 4 d?v = 0.
Orciona

A% = —dy — (2 cos vdx — x sinvdv) dv + (y sin u du — 2 cos u dy) dy
_ - ycosu-- xcosv ’

125. Haittu du, dv, d®u, d*v npu x=1, y=1, u=0, v-—-———:{—,
- v X = v y

eciH e* cos— = —=, e* sin-— = =,
y V2’ y V2

Pemenne. HubdepeHuupya obe yacTH AAHHON CHUCTEMB!, HMeeM:

u u
— v xdu—udx — . v ydv—uvdy dx
e* C0S— ¢+ ————— —e%* 85I — » Y/ = —
y x? y y? Ve’
u u
— . v xdu—udx ~— v ydv—udy dy
e* sin— ¢« ————+e* cos— * T/—m——= = ——, 1

1
T’

[lonaras 3gech x=y=1, u=0, v 110J1yyaeM CHCTEMY
du —dv + 7 dy = dx, du+ dv— - dy = dy,

H3 KOTOPOH HaXOIHM:

du = 5 (dx + dy), dv = % dy — o (dx — dy). @)
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Hanee, nuddepenurpys pasenctsa (1), nosyuyaem:

£ 22y — 2 — £ 2 d29—2(y dv—ov dy)d
0¥ COS%.x d?u (xxcsiu udx)dx__exsm_s. y2d?v (yygv vdy)dy

u 2 2 X
T cos_;.((ﬂﬁw) __(_y_dv_;ﬂ_!z) )__Qex sin 2 x
xdu —udx ydv—vdy_o

x2 * y2 — Y

z 2 42, —_
exsini.xdu 2(xiu udx)dx
y x

+

X

u
+e* cos% X

u 2 2
y*d>v —2 (ydv—uvdy)dy - . U [[xdu—udx ydv—oud
X y3 +ex sin — .___x.z__._ — _?_!Z ..I_.

u
'y du—ud dv—uvd
+2e"cos%-x uxzu .Y vyzv Y=0.

LY
ITonaras B nocsequux paBeHcTBaXx X =y =1, u=0, v= 4 ToJydaem

CHCTeMY
d*u — 2du dx — d*v + 2dv dy — % dy? + du® —
2
—(do—% dy) —2du (do— 7 dy) =0,
d*u — 2du dx + d®v — 2dv dy 4 —gdy2 4 du? —
2
—(do— 7 dy) + 2du(do — 7 dy) = 0. 3)

M3 cucrem (2) u (3) Haxonum: d?u = dx?, d*v = ~21 (dy — dx)>.

126, Ilyetb x=¢ ¢, y=2+t72, 2= 4 3. Haiitu %’ g_i,
d¥y d?
dx?®? dx®°

Pemenne. Cucrema onpefenseT Jpe mapaMeTPHUECKH 3a/laHHbIE
¢yHKUMH:

x=t4t  x=t4t7
y=1 42 2= 48
CuieroBaTe IbHO,
dy
dy _dt 2t —2{73
dx T dxT T—i%F ( )(fv&il)
dt
d(dy)
dy _ di\dx] _2(1—¢t
e~ dx (1_ )—Q(f#il),
dt
dz
dz df 3t2 — 34
- 1—F7T — (fz+t2+1) (= 1)
df
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d (dz)
d®2 _ di\dx) 6(@t—t7% 1
S YET P
dt
127. B kako#i obsactu nsockoctd Oxy cucreMa ypaBHEHHH
x=utv, y=ut+v? z=u®4+v° (1)

rae napaMmeTpel # H U NPUHHUMAKT BCEBO3MOXKHBIE€ BEUIECTBEHHLIE 3HAaUY€HHS,

ONpefessIoOT 2z Kak (YHKLUHIO OT nepeMeHHbIX X M y? Halith npoussBoiHbie
02 0z

a‘x H @ .
Pemenune. Cucrema (1) ompenenseT oAHO3HAauHyIlO (QYHKUMIO 2=
= ¢ (X, y) AJsg TaKOro MHOXKeCTBa To4ey (¥, y), A/ KOTOPOIO CHCTEMa

x=u+v, y=u*+t0o (2)

HMeeT OJIHO3HAYHOE pellleHHe OTHOCHTENBHO IepeMeHHbIX # M v. CHcrema
(2) cocrout u3 HempepuiBHO AuddepeHunpyembix ynkuuit. ITostomy, ecam

D (x i
Dgu’ Z; OTVIHYEH OT HYJI B HEKOTOPOH TOUKe (4, V), TO B OKpecT-

HOCTH 3TOH TOYKH cHcTeMa (2) HMMeeT eIMHCTBEHHOE HenpephiBHO Augrpe-
peHIHpyeMoe pelleHHe

aKkoOHaH

=u(x, ), v="0(x, y) (3)
MMoxcrapasis pasencta (3) B Tpetbe W3 ypasHenuit (1), mosyyaem ¢yHk-
Mo 2 =g (x, y). Oynkuus ¢ (x, y) — nuddepenuupyemas (cM. Teopemb 3,

4, m.

f1kobuan g—%—%% = |2u op| =2(v—u) omIMUEH OT HyJd, €C/H
v—u=V2(u+v®) —(u-+ v):=1V 2y —x2 % 0. INockoabKky 2y — x*=
= 2 (u® 4- v?) —(u + v)=(u—uv)?>0, T0 U3 ycioBus V 2y —x2=£0
CNefyer, uTo y > 5 - CrenoBatesibHO, JUIi MHOXKECTBA TOYeK (x, y), nns

x2
KOTOpPOT'O BBINOJIHAETCS HEPABEHCTBO Y > DR CylieCTByeT €IHHCTBEHHAaA

OHO3HAYHasi HenpepuiBHO AudepeHnUpyeMas QyHKuus z = ¢ (X, y).
C uesbl0 BHIYHCJEHHS] YACTHBIX TPOU3BOAHBIX HaXOIHM:

dz = 3 (u®du + v*dv), ' (4)
rae du u dv ompeiessioTCs CHCTEMOH
dy = 2u du + 2v dv.

3amensst B paBeHcTBe (4) du H dv X 3HayeHHsIMH, HalJEHHBIMH H3 CHCTEMBI

(5), moayyaem: dz = —3uvdx 4 i (4 4 v) dy (4 — v = 0). KosbhPuuneHTs
d

npu dx U dy paBHBI g—i H gy COOTBETCTBEHHO. TakuM o6pasoM, 5—5 —3uv,

0z 3

= =5 U+0) (u=0).

235



128. Cucrtema ypaBHeHHI

xe4tv 4 2uu =1, ye*—v — = 2X

1+v

onpenensier auddepeHuupyemble GyHKuMH 4 =u(x, y) H v=0v(x, Y)

takue, uto u(l, 2)=0 u v(l, 2) = 0. Haiitu du(l, 2) u dv(l, 2)

Pemenune. Bomuuciasga auddepeHunansl ot obeuMx wyacTed AaHHBIX

PaBEeHCTB, HMeEEM:
xet+ (du -+ dv) + 2 (udv + v du) -+ e*+v dx = 0,

g~ (du — dv) — CEG Rt ® - enmv dy = 24

INlonaras spgecb x =1, y =2, u =v= 0, nonyyaeM cuCTEMY
du 4 dv = —dx, du — 2dv = 2dx — dy,

H3 KOTOpO#i HaxoiuM: du = — —;’— dy, dv = % dy — dx.
129, Ilyctp
x=¢(u,v), y=4¢ @, v).

(1)

Hafith yacTHble NPOM3BOJHBIE MEPBOrO H BTOPOrO IOPSAKOB OT OOpaTHbLIX

byukmuit: u = u(x, y), v=ov(x, Y.

Pemwenune. [udpdepeHuupys paseHcrsa (1), noayuaeMm cucremy

0 0 0
de =2 du + B dv, dy =¥ du 4 % do,
M3 KOTOpPOH HaxOoJHM Jm(N)epeHuHaJIbI OoT oOpaTHBIX q)yHKunﬁ‘
=1 (%ap 2 S N P )
du——T( dx dy) dv = — 5 (audx dy
Op oY _ J¢ 0¢

roe [ = 3% 30— 3v Bu . U3 paBencts (3) nosnyuaem:
ow__ 1oy ou_ _ 1dp dv_ 1oy duo_ 109
ox T ov*dy T oo’ dx T ou’dy I du’

Huddepenuupyem cucremy (2):
Oz——@dzu—}-;dzv—}—a du® —I-2 dudv+a;?dv
0=2am + o 4+ T8 +25%%)dudv + 2t o

H HaxoauM BTOphle audpepeHuHansl OT 0OpaTHBIX (PYHKIIHH:

31 dp 0% aq»acp) (gg %y 0y 9% )
du ((av ou®  Ov du? du® -2 dv dudv  0v duov du dv +-

d¢ 0% 0y 0%
+(% v v 602)dv)

_ L ((ob 2% _ 09¢ 0% oy 0% Oy )
d20“1((auau2 ou 6u2)d2+2(6u0u00 aub‘zf%d”d”’*'

+ (3 T —on ) )
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[loacrapnss B 3TH paBeHCTBa BblpaxkeHus (3) Ass qucddepenunanos u cobu-
past KospuuuenTol npu dx?, 2dxdy u dy?, nonyyaem:
0% ((acp 0% 0y 9% )( q;)
ox® dv 0u® v du?) \ov +
o0p 0% _ 0y aw)w 0y (gg %y 0y 0% )(w)”)
+2(avduav do 3ud0) o0 ou T \av a0 v a2 ) \au) )
0% 0y 9%  d¢ 9*y\ 0y
u s ((‘l" o "I") ‘«IJ <P+

ox 0y v ou®~ dv du?) ov dv
+((5o_a_zi__qip 0%¢ )(a¢ 6~p+04¢ a‘o)_l_(aq» 0% 09 a%p) q»)
dv Ou dv v uodv/\ov du " ou v dv v~ Ov 0v%)ou du)’
0%u dp 0% 0y 0%p) (d¢
o ((dv v azr) (295) T
il -3 B2+ B E-8)E)
5v dudv v ouodv) du du ov dv2 Qv 0dv?/\ou

H T A
130. ®yHKuMs u = u (X) onpenensieTcsi CUCTEMOH ypaBHEHHI:

u=f(x,y, 2, g, y, =0, h(x, y, 2) =0.

du  d®u
Haﬁmg-nd2

Pemenune. Ilpennonaras, yto JaHHas CHCTeMa ONpelessieT TPH AHG-
(epeHuUpyeMble QYHKIMH U = u (X), y =y (x), 2 =z (x), AuddepeHuUpyeM

CHCTEMY TIO X:
du 6f+6f dy | 0f dz

dy dx "0z dx?
9% 9gdy  Ogdz
0= +6/dx+dzdx’ )

oh dy . oh dz
0_5;&"‘0, dx T oz

V3 nocsienHuxX JABYX PaBeHCTB HaXOAWM IPOH3BOJHBIE:

dy I, dz I
fadr = @
_D(g, h) __D(g h) D (g, h)
rae llﬁD(y, 2’ "2 Dz, x)°’ Iy = D(x, y)°

Hcnonp3ys (2), U3 1nepBoro pabeHcTBa cucTeMbl (1) nosyyaem:

du ] af I 6/’ 1 of of of
dx + I2 oy + T, A (115x+ ]259 R az)
_1D{ & h)__ 1 (I_D(f, g, h))

- D(x, 4 2/
Has onpenenenusi g 5 AuddepennupyeM cuctemy (1):

d*u 02f+02f (dy) +a2f (dz) 1900 9%f dy+26<)3“]; Zz+
Z ax

dx? = ox2 02?2 0x 0y dx
_0%f dy dz aidy Of d?*z
+2 dy 0z dx dx+ oy dx2+ dz dx?’
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ZE4 TR - T o L U 2L
+ %%-i%%%%%%f o
0=+ ZH(E) -+ T (5 + 20 o+
+ 250 3§+2a‘122353§+3’j§;+3’§3§§

Hcnonbaonas ¢opmyaipl (2), mocsaenHHE paBeHCTBa nepenHileM B GoJsiee KOM-
NIAaKTHOM BHUJIE:

d*u 1 of d¥y |, of d%z
W (110x+[201+ Sﬂ)f"{"ajdxz"l"azdxzr
1

og dy |, dg dz | 0 0 0)2

dy dx2+az dxe? }2‘(]15)2+126“y+[353 & (3)
1

oh dy = oOh d?z | 0 ) a\?

Gt am=—n(hat gy + lags)
1

Hs NoCJIeAHUX OBYX paBeHCTB HaXO}II/'IM IIPOU3BOAHLIC:
= e (et gy 1oge) =G+ By Ly e,
ZZ 7 (%Q(]lax"‘ 126y+ [302)2g gﬁ( 10x+ 120y+ I?az)zh)
¢
H BBIYHCJIIEM CyMMY
Lt L= (L2 8) g+ b+ Tagy) b+
:
=%(§-{-§—%( Bt g+ hag) o+ el x
X (11 2+ 1229% Iy a—‘z)zg). @)

Hakonen, u3 paBeHcTB (3) U (4) OKOHYATEJNBHO MOJYYAEM:

d2u D(g, h)(, 0 0 0)2
dx2_——(u(y’ Z)( 15}"" [2()—!/—'—]3-0—2 f+

(h, f) D, g)( d 9 0)2
+D(y z)( 10x+[20y+13az) g+D(y, 2) 11&"‘]2@4"1307 h)'-

131. Ilyctb x=f(u, v, w), y=g @, v, w), 2=h(u, v, w). Haiirn
ou 6u ou
ox' oy X oz
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Pewenne [dubdepeHuupys HaHHBIE PaBEeHCTBA, IOJIYYaeM CHCTeMY:
dx = fudu + fo do + fo dw,
dy = gudu + gy dv + gu dw,
dz = h, du -+ hy dv 4 he dw.
Orciona BbluucasieM JuddepeHuyal:

{ dx f,', fw {
du = | 4, - %
DG g m|Y & 8|~ DG ah
D(u, v, w)|dz hy he D (u, v, w)
D (g, h) D, )4 D, g
><(D(u 50w X+ b0 Y T Do w)dz)
CJsienoBareibHO, (%‘=i[i, %— 1[2, g: é—‘?, rae [:_g_f/‘u_,’f:_:);, I =
D h) _btp ; _DG 9

Dw,w*® *? D@w’® % D@w"’

132. Ilycts ¢yHKuusi 2 = 2 (x, y) YROBJETBOPSICT CHCTEME YDaBHEHHMH:
fx, y, 2, )=0, g(x, y, 2, ) =0, rae ¢-—nepeMeHHLIH mapamerp.
Ha#tn da.

Pemenue. ViMeem cucreMy ypaBHEHHM:

frdx+ fody+fidz +f,dt=0
ﬁm+y@+¢a+gm=a

Orciona fd Fay |
dz = — QX +Tyay It |- 1
D(f &|o!d d D(f, g
D(,t)g x -+ gy dy gt Db

14 ’ ’ r 14 r 14 r l
X ((Fxgd — T 8x)dx + (Fyge —Figy) dy) = — 7, (hdx + 1, dy),

D, 8 _D( g D(f, g)
e h =565 =54 s=5e n
133. Ilyctb 4 = f (2), rie 2z —HesBHass (QYHKUUS OT IepeMeHHbIX X
H y, onpenenseMasl ypaBHeHHeM 2z = x -} yo (2). [okasarb ¢opmyay Jlar-
paHKa:
ony  ont

o o @ ).

JokasateabcTBo. IlpumMeHnM MeTox MareMaTH4eCKOH HHIYKLIUH.
Ilns sToro mpexnae Bcero mokaxkeM, uTo (opmyJia JlarpaHxKa crnpaBensinBa
npu n= 1. V3 ypaBHeHus z = x - yo (2) HaxonuM:

0z 92 (2 )
ox | de’ 0y | dcp(fdz*l @)
ydz ydz

df ar

u _df 0z _ @) dz ou __df oz _  dz
oy “dzaog ¥ do® Ox  dz ox dp "
1"—.1/(72 I“ya
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O1ciona

=@ 5, ®)

B Mbl yOexjaeMmcsi B CIpaBel/IMBOCTH (opMyJinl ‘Jlarpanxka npu n = 1.
OcraeTcsi JoKasaTh, YTO U3 CIpaBeTHBOCTH ¢opMyabl Jlarpanxka npH
HEKOTOpOM & > 1 BbITEKaeT CIpaBelJIMBOCTb ee mpu k4 1, T. e.

ok+1y ok 0
=2 @y 3. ®)

Itnddepennnpysa gopmyny Jlarpanxka npu n = k, noaydyaem:

g,.:/:il: = axktzkl oy {(‘P @)* gi;} - 5?’3_.‘11 (% {((P @) %}) ) @

Hcnonb3yst paBeHCTBO gs = ¢ (2) gg , BbiTeKaiolee u3 paseHcTB (1), u ¢op-

Myay (2), mpeoGpasyeM BhIpaXKeHHE a% {(cp (2))% gg}. Hmeem:

2le@rl) =ke@—1 R E Lt 6@ =
=k R @ F F+ 6 P g (5) -
— k@R ZL L pEra(c0l)=

0z 0 2
= k@R Yy (o (o () k- B 22 2

= {t+ DEEFE Z 5+ ¢ @ Gi=2 e @rn 3.

Orciona u u3 paBeHcTBa (4) HemocpeACTBEHHO caenyer (3).
134. Oynkuua z =z(x, y) 3ajaHa ypaBHEHUEM

F(x42zy™, y+ax)=0. (1)

I'lokasars, uto x g)—zc -+ yg-; = 2 — Xy.
Pemenne. [uddepenunpys paBeHctso (1), mosyuaem:

Fl' .(dx_}_ydzy—ZZdl/)_l_le .(dy_l_XdZ;de):O.

Orclozna

__ Y (zF; —x°F)) X (2F{ — y?F;) , ,
dz—x(xF{—i-sz' ax + y (xF{ + yF3) dy, xFy + yF, +0.

CaenoBaresbHo, .
0z _ y(2Fy — x*Fy), 0z __ x(zF1— y*Fy)
0x — x(xF{-+yF;)’ oy  y(xF{ +yFy)’
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YMHOXKas mepBoe PaBEHCTBO Ha X, BTOpPOe Ha y M CKJaiblBasg HX, YyOex-
JlaeMcsi, 4TO
' dz _ y(zF, —x2F1)+x(zF1—y2F2)
6x + ay xFi -4 yF,
_ *F{ (2= xy) +yF; (z—xy)
xF\" -+ yF;
135. Ilokasate, uTo GyHKUMSA 2= z(X, Yy), OmpejeseMass CHCTEMOH
ypaBHEHHH:

= 2 — XY.

xcosa 4 ysina + Inz = f(a),
—x sina 4 ycosa = f’ (a),

rie a = a(x, Yy)—InepeMeHHbili mapamerp H f(a) — mpou3BosibHasg Audde-
peHuupyeMasi yHKIMS, YAOBJIETBOPSAET YypaBHEHHIO

(&) +(5) ==

Pemenune. [dudpdepenuupys nepsoe paBeHCTBO CHCTEMBI, IOAYYaEM:

cosa dx -+ sinady + (—xsina 4 ycos a — f’ (a)) da + d{ =0. B cuay
BTOPOrO PaBeHCTBAa CHCTeMbl, KoadduimeHT npu da paBeH Hy/mo. Ilostomy
dz= —zcosadx —zsinady. Ortcioga 5 = —2zc0Sa % _ _zsina

’ Ox ' Oy !

02\ oz 22 e 2 2 2
3 + T = 2“cos®a - 2°sin“a = 2°

136. Ilokasarb, uto ¢yHKUMSA 2= 2(x, y), 3aJaHHAS CHCTEMOH ypaB-
HEHHH

(2—[f(@)* = x*(y* — o),
(2 — [ (@) [ (@) = ax?,

rae a = a(x, y) — nepeMeHHbIH MapameTp H f(a) — nMpoH3BOJbHAA AH(pde-
peHuupyeMasi QyHKIHUSA, YAOBJETBOPSieT YpaBHEHHIO 5; . 5; = Xy.

Pewenne [lupdepeHuupya nepBoe paBeHCTBO CHCTEMBI, MOJY4aeM:

2(z—f(a)) (dz —f' (2) da) = 2x (y® — a®) dx + 2x* (ydy — ada).

B cuany BrOoporo paBeHCTBa, KO3((HLIHEHT npu do paBeH HYyJI0, a B CHUAY
IepBOrO PaBeHCTBa, y® — a? = %(z — f(a))® Tlone3ysicb 3THM, nosyuyaem:

_ 1. xydy 0z _z—f(a) 0z _ x2y
dz— X (Z f ))dx+ f(a) ’ ax— X ’ aj Z—f(a) (Z#i(a))-
0202 _ z2—f(a) x%y _
Orciona BbiTeKaeT, 41O 5 A e

137. Tlokasate, uto ¢yHKUMS 2z = z(x, y), 3aJaHHasg CHUCTEMOH YypaB-

HEeHHH

z=ox +yo (a) + ¢ (), 0= x+yo' (2) + ¢’ (a),
rae o = a(x, y)— nepeMeHHbIH napamerp, a ¢ (a) U ¢ (&) — MPOHU3BOJIbHLIE
0%z 0% ( 0% )2

nuddepenunpyembie GyHKIMH, yIOBICTBOPSET YPABHEHHIO 5— a7r \away) =

= 0.
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Pemenue. W3 mnepBoro paBeHcTBa HMeeM: dz = adX 4 ¢dy -+ (x +
~+ yo’ + ¢')da. CornacHo ycnoBuIO, KO3(OdHIMEHT INpH da paBeH HYJIO.
YuutbiBasi 310, HaxoAuM Bropo#l audbepeHnuasn:

d*z = (dx + ¢'dy) da. (1)
Iuddepennman do. HAXOAUM H3 BTOPOTO PaBEHCTBA:

: "4 4 da = 0, da = — E O
dx—l—(?dy.l—(ycp +('I))da_0’ da’ y?”_l__q)// .

Orciona v u3 (1) nomyyaem:

ds — __(dx+¢'dy)? 9%z 1 0%z ¥
v + 9 02 y¢ + ¢’ Oxdy ye" + ¢
0%z __ _ _(¢)?
ayz y(PII + q}r/ .

Tenepr yGexxnaemcs, uTo

?_23 * ('32_‘2_ 0% ’ = ((P')z —_— ((P,)Z . ” "
ox oy (0x6y) w7 1o Gr o= 0 "+ ¢ == 0).

§ 5. 3ameHa nepeMeHHbIX

~1°. 3aMeHa nmepeMeHHBX B BHPaXeHHAX, COAEPXKAWHUX
OGBHKHOBEHHbEe NPOU3BOAHHE. IlycTh 1aHO HEKOTOPOE BHIpAXKeHHE

d dz
w=w(x, Y, Eyi’ l—i;z’ "‘)’ (1)

COZiepaKalllee HE3aBHCHMYIO IepeMEeHHYI0 X, (YHKUHIO OT Hee y M Ipous-
BOJAHLIE OT y MO X JO HEKOoToporo nopsiaxka. Tpebyercsi nepeHTH K HOBbIM
nepeMeHHbIM — HE3aBHCHMO# NepeMeHHOHM ¢ H ¢yHKuMH OT Hee u. Ilpnuem
3TH MEepeMeHHbIe CBSI3aHbl C NPEXHHMH MEPEMEHHLIMH X H Yy YpaBHEHHSMH:

x=f@ u), y=g( u (2)
W3 ypapnennit (2) Haxomum:
dy ag+aggz_¢ | d (dy)
dy _df _ ot oudt d _ df \dx ()
dx dx of , ofdu’ dx* dx *°"°
dt ot ' Oudt dt
Hcnonpsysa pasenctea (1) —(3), noayuaem
du d?u
w—F(t, u,a', fi_t_z—’ .).
Ecnu crapble H HOBble nepeMeHHble CBSI3aHBI pPaBeHCTBaMH:
Dx, y, t, uy=0, ¥(x, y, t, u)y=0, - (4)
TO, HCIOJB3ysl MNpaBuH/ia AudpepeHHUpOBaHUS HesiBHOH GyHKuuH, H3 (4)
Ldx dy  dx o dy e CisieM mpom3BonHble oY
HaXOMUM: =, -7, o gz » +++» A 3aTeM BbIUH p )it de!
d%y
’d'}i’ L3N ]
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2°. 3aMeHa nNepeMeHHbBIX B BHIpAaXEHHUAX, COAEPKAUWHUX
yacTHBEe MpoH3BOAHBIe. OrpaHHuuMcs cjydaeM JABYX He3aBHCHMbIX
nepeMeHHbIX. B ocTanbHBIX c/yyasx nocrynaeM aHasoruudo. [lpeamosoxum,
YTO HaM 33JlaHO BbIpaxKeHHe
A=F(x g2 %,%, .., (5)
coliep:Kallee He3aBHCHMBbIE TMepeMeHHble X, Yy, QYHKUMIO 2= 2(X, y) U ee
YyaCTHBIE MPOU3BOJAHEIE. BMeCTO He3aBHCHMBIX NEpeMeHHBIX X, Yy H (QYHKUHH
2 =2z(x, y) TpebyeTcsi BBECTH HOBble He3aBHCHMBIE NEepeMeHHble 4, U H HO-
Bylo ¢yHKiMiO @ = w (4, v). Ilepemennsie u, v, w BbIpaxKalOTCsa yepes X,
Y, 2 C TIOMOLIBbIO PaBEHCTB:

u=9(x, y,2), v=9(x y, 2, w=y( y, 2, (6)
rae ¢yHKUMM ¢, ¢ H ¥ AOCTATOYHOe 4YHCJIO pa3 jguddepeHUHPYEMbl H
M¢ 0 B uHTepecymwllled Hac o6JacTH
B (x4, 9 pecy '

JIoist pellleHHs MOCTaBJIeHHOH 3ajayH JOCTAaTOYHO BBbIPa3HTb AapryMeHTHI
ow o
¢yukuun F yepe3 u, v, w C sroit mespio 3anuieM Aud-

' Ou’ o’
¢depeHIHaNbLl PABEHCTB (6):
du =P dx + % dy+"°"("zdx+ ) (7)

, !
dw_—.ggdquggdu— dx—l—ayd y+2 (axd—l— ) ©)

JaMeHsisi B TocJelHeM paBeHCTBe du U dv ux Belpaxenusmu (7) u (8)
U TpupaBHUBasg Ko3(PHUHEHTH NpH dx H dy, nonyqaeM CHCTEMY:

ow(dp , 09 az) (&p A az) X 9z
( + 52 0% +Ov + 5z % +0z0x
aw dp , 09 az) ( P az) gL | 0%z
ou (6y+02 dy +av +0z oy +0z dy’ (10)
. 02 02
M3 KOTOpOH HaxXOoAHM (T H 6!—/ .
owdp  Owdy  oX dwde | dwd) oY
e _ _Gudoxtdudx _ox 0z _ _uoy T woy oy a1
ox dwdp  owady L’ Oy " dwoe dwody ox°
oudz " ovoz oz oudz ' ovoz oz

YactHble NMPOU3BOJHBIE BTOPOTO TOPSIKA ONPENENSIOTCS H3 PaBEHCTB, MOJY-
YeHHBIX B pe3yJbTaTe BBIYHCJIEHHsI MepBoro nudpepeHumnana ot yxe Hai-
JIeHHBIX TNPOM3BOJHBIX IIEPBOTO IOPSIIKA.

AHasnoruyHo mpoM3BOAMTCS 3aMeHa NepeMeHHBIX W B CJjyyae, KOTAa Ho-
Bble NepeMeHHbIe CBSI3aHbl C MPEXKHHUMH NEepPeMeHHBIMH paBeHcTBaMmu: @ (u,
v, W, x, Yy, 2)=0, Oy(u, v, w, x, y, 2)=0, O3(u, v, W, x, y, 2)=0.
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B uactHocTH, ecru x = f(u, v, w), y=g W, v, w), 2= h{u, v, w), rae
dyskuuu f, g u A pocratouHoe 4ucs0 pa3 AudQepeHUHpYyeMbl, MOCTyNaeM
caenytomum obpasoM. Kcnosbaysi mnBapHaHTHOCTD ¢opmbl INepeoro Axgde-
peHllHa/a B paBEHCTBaXx:

dz — az(afdu+0fd _l_af(awd + ))+

+ (L4 2 +"g(‘9‘” ut2 ))=audu+‘§—’;dv+

* 5% 0w (au du + O dv) (12)
cpaBHUBaeM Ko03(p¢dUUHEeHTH npHU du, dv H NOJy4YaeM CHUCTeMY
oz (of of dw og dw) oh ow
( +0w0u'+éj( +6w0u)_ +0w0u’ (13)

dz of of ow 0z (dg , 0gow 0h Jw
( +0wav)+0y(av+0wav) 6v+0wav
o 02 0z 0w ow
H3 KOTOPOH HaXOJHM s- H 39 Kak (QyHKUHUH 3 ¥ a5
138. IlpeoGpasoBath ypaBHeHus:: a) y'y” —3y"?=x; 6) y*y'"V —
— 10y'y"y” + 124"® = 0, npuHAB y 32 HOBYIO HE3aBHCHMYIO NepeMeHHYIO.
Pemenue. CornacHo npapuny jau¢¢epeHunpopanus oOpaTtHCH (¢yHK-
MM, UMeeM:

d3x
dy l.dzy__ld(dy)_ld 1\ dy
dx — dx’ dx®  dxdy\dx)  dxdy|dx | =~ [dx)? 713
dy dy y \dy (d_/)
L\ _dxd ()
day 1 dfdyy_14d dy> \ _ dy3dy dy?)
a w5 (@)
_xax g a:
diy 1 d [d3 1 d dy3dy dy? .
dx*  dx @(T) dxdy dx\® -
ez o\ (3

dix (dx d3x d%x dx (dﬂx)?’
. —ggz( ) 0 P\

&)

3aMmeHsi1 B paBeHCTBaX a) U 6) NPOM3BOJHLIE

dy d’y d% dy

dy’ dxz’ d 1 g TOM

d3x dx
KO YTO BBIMMC/EHHBLIMH HX 3HAYEHHSAMH, noJiyuyaeM: a) T -+ x( dy) =0

6) 25 =0.

139. IlpeoGpasoBath ypaBHeHHe Yy’ -+ 32? y' + y=0, npunsB x 3a QyHK-
nMo U { == xy —3a He3aBHCHMOE IIepEMeHHOe.
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Pewenune. [ludpdepeHuupys paBeHCTBO {= xy, TmoJyyaeM: dl =
= xdy + ydx. Otciona ¥ U3 TOro, 41O Y = ~» Haxozum:

dy 1 t ()

dx dx X%
Cdt
BolymciseM BTOPYIO HPOU3BOAHYIO: .
d?x
dy ddy 1 d 1 t\ _ _ dft 2 +2t @
dx®  dxdx ~ dxdt dc ~ & | dx\3  gdx ' a3°
A - R

d?x
M3 ycnosus 3apaun u paseHcts (1), (2) okoHuaresqbHO mosy4yaem: —— —

de?
3
—t(‘g) = 0.
Beoasi HOBble nepeMeHHble, NpeoOpasoBaTh CJELYIOLIHE OOBIKHOBEHHBIE
JuddepeHIHaNbHBIE YpaBHEHHA:
140. x%y" +xy' +y=0, ecu x = ¢,
Pemenue. Hmeem:

dy _dydt _l1dy ldy  _idy

dx = df dx dxdt et df T dt?
dt

¥y . d tdy)z (4P dy

e = ¢ (e—?z? e \ar —d@)

3aMensis B JaHHOM ypaBHEHHM X Ha €, MPOHBBOJHbIE y' 4 y" — BBIUHC/IEH-
d%y
HBIMH BBILIE HX SHAYEHHSMH, NOJY4aeM: —s Y+ y=0.

m __ 6y
141. y" =, ec £ =1In|x|.
Pewennte Ilpu x==0 nmeem:

dy _dydt __dysgnx _ ldy
de  dtdx  dt |x| ~ xdt’

oy_la(la)_1L d_%_/__@g).
dx? ~ x dt \x dt 2 \dt2 — dt)?
dy __1df1 d%y__d_y_)) l(dy . )
A3~ x df diz — dt des dt2
Takum o6pasom, gaHHOE ypaBHeHHe ano6peTaeT BHJ:
ady _
ar dt2 : + 2 —6y=0.

142, (1 —x?) y" —xy’ +nPy =0, ecm x = cost.
Pewenue. Beruucanm npoussoiHbie:

dy___ ldy 1 dy
dx  dxdf — ~ sint  dt’
df
d?y 1 d( 1 dy)_ 1 d% costdy
dx® " sintdf\ sintdf) " sin?tdf® = sindtdf’
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IloncraBnsas uX B JaHHOe ypaBHEHHE M 3aMeHsis X Ha Cosf, IoJyyaeM:

143. y" 4y the + 2y =0, ecrn x=Intg 5.
Pemenue. HNmeem:

dy 1 dy . dy
ix=dx =S g
dt
d’y _ . d.dy)_.z_a_@ : dy
dxz—smta(smtt-ﬁ = sin tdﬁ +smtcosta?.
1 .
A Ttak Kak thx = —cost, —— =sin?¢, To
ch?x

" ’ 2 b d2
y +y thx—}—zﬁm-gexy:smzt(d—tg+m2y)=0.

Orciona 2 + m?y =0
TCIOAa a—t;—}—my— .

X
\ -1 { oo
144. y" +p(x)y +qx)y=0, ect y=ue ™ .
Pewenue. Haxoxum npousBoaubie:
X X X
d d -—;- S p(E)dE " - l? S p(E)dE y ") -—;— S p(E)dE
V-Te w P W o=(%_pRu
-t " g ue (dx 3 )e S
X
3
= -\ p(E)dE
d¥y _ (d%u ndu  udp | up? (x)) 2
dxz“(dxf"p(x)ﬁ Tt o)t

[Nocne nmoacTaHOBKH HX B ypaBHEHHE MOJIyYaeM:

d2 2 1 ’
o (g0 —EQ — 1y (0)u=0.

145. x%y" +xyy’ —2y* =0, ecin x=¢€ u y=ue, rae u=uff).
Pemenue. Ilo dopmynam (3) m. 1°, umeem:

du of
dy _ (a—{ + 21!) e

du
B = (),
d (dy d®u | ,du ),
; ﬂ(a) (a‘tfz‘+32?+2”," P | o du
79 _. — =22 3% 49
A T e =ap TOogr t 2
dt

Toraga ypaBHeHHe 3anHllieTcs CJelyIOLUM 06pa3oM:

d? d
Tt @+3)5 +u=0.
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146. (1 + 1%y " =y, ecu x = tgi{ m y-—-—%, rie u = u(f).

Pemwenune. AHaIOrMYHO NpeNLIAYLIEMY NPHMEPY HMeeM:
u cost+ usint

dy cos? ¢ . .
P i = U COost - usint,
cos?t
d?y u"cost—u'sint 4 u' sint-- ucost " 3
T ] = (u” 4 u) cos’ ¢,
cos2t
rae u' = du CrenoBaTeJIbHO L (W +u)cos®t = —  mm u" =0
dt* ', cost ¢ cost’ ’

47. y' +(x+y) (1 +y)’=0, ect x=u-+t u y=u—;¢, rae

u=ul(f).
Pemwenue. Ilo ¢opmynam (3) m. 1°, umeem:

dy w —1 d¥y 1 .(u’—l—l)u”—(u'—l)u”__ 2u"
dx — uw F1°dx® o +1 ' + 1)2 T W F 13

du
rae u’ = - . TloacTaBnss 5TH BblpaXdeHNHsi B ypaBHEHHE M 3aMeHsis B HeM
X U y COOTBETCTBEHHO Ha u +f W u —¢, noayuaem: u” -+ 8u(u')®=0.

148. y" — x*y" +xy' —y =0, ecmu X=- H y———%, rae u = u(t)

Pemenue. Ilo ¢dopmynam (3) n. 1°, umeem:

du
4 a—t —u
dy 2 du
dx = = it
e
d (dy)
dy di\dx] _ d?u  du | du) __ ,3d%
el TR ‘( %w‘%*ﬂﬂ—fw’
dt
d (d2y)
d3y  df \d«? o 3d%u g d%u
ded T T dx =—1 (t aw T3 )
dt
Takum ob6pa3oM, naHHOe ypaBHEHHE MPUHUMAET BHUJ:
d3u d*u | du
5374 4 atu ek
e + (3¢ + 1) 5z + % 0.
Ay
= nosaras

149, Hpeo6pa§OBaTb ypaBHeHune Crokca y" = C—aE =D

w=- Z 5y L= lnl%“_ﬁ—i, M cuuTas u (pyHKUHMEH NepeMeHHOH f.

Pemwenue. U3 dopmyn npeoSpasoBaHus mnpu %—E—% > 0 Haxogum:

o _la—=20bet g __a—b _(a—bu
¥—a= T Y b= = e
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CaieioBaresbHO,
Ay _ Au(l —et)? |
(x—aE(x—b2 (a—b)oek ° (1)

HaxozuM npoussogHbie:

d dt - d
d-zzd_x_—_(et-—-l)~—u-{-u, (2)

dt

d dy) . (du du)
d2y dt(dx (=Yl — 3

de? dx = (a —Db)e*
dt

CpaByuBas paBeHctBa (1) M (2), mocse ynpolleHH# moJyyaeMm:
du du __  Au

— — — TS

AHanornyHO nocTrymaeM, eciH x_—_ 5 < 0.
150. ITpeo6pasoBath ypaBHeHHe (1 —x®)?y”" 4 y=0, nonaras x—
= tht, y =£Z, rae u=u(f).

Pewenne. [uddepenunpys y Kak napaMeTpUyecKH 3afaHHYIO (yHK-
LHIO MEepeMeHHOH !, HAaXOAUM:

u' cht—usht
Zi Chft =u' cht—usht,
ch?¢
giz u” chtl uChtz(u”—u)chat.
ch2¢

d%u
Orcioga u M3 yCJOBHSI CJENYeT: o 0.

" 2
1561. Hokasatb, yto mBapuuad S (x(f)) = ’—;—% —%(;, g;) HE MEeHseT
CBOEr0 3HAyeHHs IpH JAPOOHO-JMHEHHOM npeoOpa3soBaHHH Yy = i;—g))-_%—g
(ad — bc + 0).
Pemenune. Hmeem:
’ x' . " __ X" 2cx'? .
g = tad—b0) 2 v = (ad —b0) g — )
_ x" 6ex’ x” 6c2x’3
y" = (ad —bc) ((cx T @t T d)‘*)'
Orciona
g 3 (V¥ _ 6cx” 6c2x’2 _@_(x" % )2 _
Sy =5z — 2‘(7) =¥ T atd T @t 2\r atd



_—

X" 6ex” T 6c2x'2 3 (i’:)Q 1 A i
x' cx+d ' o(cx 4 d)2 2 \x' cx+d  (cx-+ d)?
X" 3 (x 2
== —7(7) = S(x (7).

[TpeoGpasoBath K MOJSIPHBIM KOOpAWHATaM r M ¢, moJjaras X = rCosq,

y = rsing, cienywllye ypaBHEHHS:
dy _x+y
152' d—x -—_ X — y .
Pemenue. Ucnonbsys ¢opmyasr (3) m. 1°, Haxonum:

‘—izsin -+ r cos
dy _ dg " ¥ i 1)

dx EI Ccos ¢ — r sin
de ¢ ¢

CnenoBaTelIbHO,

dar .

az-Psmcp-l- rcos ¢  cosp-sing
T cosp—sing®

511 cos © — r sin
do 9 ?

o dr
INocsie npeo6Gpa3oBanuil MOJydaeM: i ="

153. (xy' —y)* =2xy (1 + y'%).
Pewmenune. HMcnonbays paseHcTBo (1) npenwipyiiero mnpumepa, Io-
Jyyaem:

r’ sing -} rcos ¢
(rcoscpr, cosp —rsineg

r’ sin¢g - r cos <p)2)

r' cos¢—rsing

2
—r Sirlcp) = 2rzsincpcoscp(l+(
1 —sin2
2 ___ ? .2
Orciona r--——————smmp ré

154. (¢ +¢°)°y" = (x + yy')’.
Pewenune. [dudpdepenuupys paBeHctso (1) us nmpumepa 152, nmosyyaem:

4 )
,,__dcp(y o2t — " (,__dy r,__dr
y = dx "~ (r"cos ¢ —rsin ¢)? ¥y = ~ de)°
de

r3r’3

2 N2 __ .4 "8 _
Tak xak (x*+ y?) =7% a (x+yy') = (oo e —rsimgpe TO Aannoe
ypaBHEHHE 3allHILEeTCs B CJAERYIOLIEM BHJIE:
(2 2r'2—rr")y rir'3
(r"cose —rsing)® ~ (r’ cos ¢ — r sin ¢)3?

r' cos e —rsing =% 0,

un r(r2 4 2r' —rr") = r'3,

155. Kpupusny njiockoil KpuBoil K = [ Y |

3~ BbpasuTb B TIOJsp-
’9 2
1+ g
HbIX Koop,zmna'rax r n Cp.
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Pemenune. Ucnonp3yss Boipaxenus aas y' W y’, 3andcaHHele B Mo-
JISIDHOH cHcTeMe KoopauHar (cM. mpuMepsl 152, 154), Haxoaum:

r24-2r'%2 —prr” ,

K = (r' cos ¢ —rsin ¢)? = 24 2r'? —;3”” (' cos @ — rsing # 0).
(l—{—(’l sincp-{—rcoscp)2)2 (r2++r'2?2
r’ cos ¢ —rsin ¢
166. B cucreme ypaBHeHMi
4f~y+kx(x2+f‘) = — X+ ky (x* + )

IEePeATH K MOJSPHOH CHUCTeMe KOOpAMHAT.
Pemwenue. [IuddepeHunpysi paBeHCTBA X = r oS¢, y =rsine nof,
NOJIy4aeM CHCTEMY

de dr . de dy dr dey
T dtcosqz rsm‘f’ﬂ’dt tSlncp—{—rCOScpa?,

H3 KOTOPOH HaXOJIUM:

dr _ dx dy . de 1 dx
217 = JCOSCP + it Slncp, a == —(—“-SIHCP + a—COSCP)
dx .
YuuteiBasi, 4TO 77 = rsing + kr® cos cp, = — rcos ¢ - kr® sin ¢, oKoH-
YaTeJIbHO HaXoAHM: ?: = kr3 %P = —1.
d?y d®x
157. IlpeoOpa3oBaTb BBIpaXKEHAE W = X - 7 —Yzm» BBOAA HOBLIE

dyukunn r =V 32+ 12, ¢ = arctg7 .
Pewenue. duddepenuupys paBeHCTBO ¢ = arctg —!jc— , Haxoaum:
d dy dx
dp _“at Y
dt x4 y2

de dy
24?9 _
Orciona r 5 Jdt

,ZlmbcpepeHquyﬂ TNocJIefiHee paBeHCTBO, OKOHYATENbHO MOJTyYaeM:

d( dqo) xdzy d%x

a\"ar ar  YaE

158. B mnpeoGpa3oBanun Jlexxanapa kaxjaod Touke (x, L J) KpnBoi’i y=
= y(X) craBuTcs B cooTBeTcTBHE Touka (X, Y), rne X=y', Y =xy'—y.
Haiitu Y', Y" u Y.

PemeHH e. Cudrasg x mapaMeTpoM, HaxOAUM:

'_wo

dY
dy __dx _ xy” +y—y — ¥
dX — dX Yy ’
dx



), oS0
a2y _dx\dX) 1 &Y _ax\axz)] g

E——&: qi( =y//, dxg—T“_‘"—(y”)d (_lj #:O)
dx dx
BBoas HOBble He3aBHCHMblE IepeMeHHble & W 7, PELIHTb CJAeLYIoLiUe
ypaBHEHHS:
0z 0z
159. g = oy €O E=x+yun=x—uy.

Pemenue., NmeeM:

0z _ 0z0% |, Czoq _
0x 0E6x+6n6x o§+6_~r_;’
t_92 0z 0§ + dzdn 0z oz
dy  0tcy ' oqoy o0t o'
0z Cz __ 02 0z
Orciona x oy = 2% = (0. Takum o6pa3om, pelluasi ypaBHeHHe o = 0,
HaxomuM z=¢ (§), WA 2= ¢ (x 4 y), I'Ae ¢ — Npou3BOJbHast AHp{e-

peHquyemaﬂ (YHKILUSL.

160. y(1 xa——O e E=x U = x° +y

dy
dz dz 0z
PewmeHnue. Bouncasas npousBoiHbie i bE + 3 2x, =" . 2y,

HaXoIuM: y—g-; gz = Ja& 0. Orciopa 2=¢ (1), WM 2= ¢ (x -+ 47,

rie ¢ — npou3BoJibHas AugdepeHuupyemass QyHKUHS.
161. a§§+bg;-= l1(@=+0), eciu §=x n 7=y —bz.
Pemenne. Hmeem:

0z 0z\ 0z _ 0z 02
o1 ae+6n( ”a)'a“y—é“("‘"a*g)'
62 1 9z 9z\™? o
OTcrona =% ( 140 071) ) By = or (1 4 b ) IMoncraBasisa HaineH-

4
Hble NPOH3BOAHBIE B JaHHOE ypaBHeHHe, NMOMyuaeM: = = .. W3 nocnen-

Hero paBeHCTBA HaXOJUM 2 = —i— + o (), M 2= —z— + ¢ (y —b2), rae

¢ — npousBoJibHaa auddepeHUrpyeMas (PYHKLHA.

0z 0z Y
‘) — _— === —_— - —
162. xax—l-yay 2, €CI1 E =X H 7 -
Pemenue. HaxotuMm yacTHble NmpoOH3BOJHLIE:

0z 0z oOzy Oz azl

ox  0E onx®’ dy  om x
Takum obpa3oMm, ypaBHeHHE MpeJCTaBJASeTCS B BHJE E-—= 2. Orciona

2= Ep (1), uH 2 = x¢ (7), rie ¢ — MPOH3BOJIbHAA AHpdepeHuupyemasn

($yHKUIUA.
[IpyauMas u ¥ v 32 HOBble He3aBUCHMbIE TepeMeHHble, MpeoGpa3oBaTh

CJeyIolIMe YPaBHEHHUSI:
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163. xg;zc-l—]/l —[’—yzgz= xy,ecimu=Inxuv= In(y +1'1 + y3).
Pewenue. Ilo npaBuny nuddepeHuHpoBaHHA CJI0XKHOH (DYHKIIHH,

HMeEEM!
0z 0z0u |, 0zdv _ 0z

|
ox = ouox T doox oux’
(x = 0).
0 _oeou | o200 0 1
Oy  Oudy ' ooy YT+’

Hcnonb3yst 3TH paBeHCTBa M TO, YTO X = e*, y = shv, U3 ycjoBus noay-
dz , 0z

« - —= pU
uaeM: -+ % ; shv
164. (x+y)£-——(x—y)%3y= 0, ecu u=InyYx*+4y> u v=
= arctg -ch— .
Pemenne. AHalOTHYHO NpelbIIYLIEMY HMEEM:
0z __x 02y Oz, 0:_ y Oz, x Oz
ox x4yt ou  x24+y?0dv’ dy x2+4y20u ' x24y200°
lNoxcraBnsisi 3TH BbIpaXKeHHS B JaHHOE YpaBHEHHE, IOJyYaeM: g% ——gv—fz 0.
165. xg; +y%.=z+]/x2+y2+zz, eCJH u=~)yc— H v=2z+
+ Vx4 g2+ 22
Pemenune. Hmeem:
x4z QE
?3=2€%+?_2§2___y_%+ Ox 9z | 0z
0x odudx ' dvdx = x%0u l/x2+y2—{—z2+ax ov!
Rl
02 _ 020w 020v_ 10z (_“T70y | 0)a
dy oudy ' dvdy  x du VeEF g2 oy’
Orcroaa
y 02 x 0z 1 o0z y o0z
oz _ T xouto—z00 oz xou' v—z00
ax |__v 02 ' oy 1 v 0z °
v—z v T uv—20v
2 2 2
Takum o006pasoM, JaHHOe ypaBHeHHE MNpeJCTABHUMO B BHJE f—l’;—Lﬂ X
0z 0z 1 .
X o5 =70, W 5 = 5.
0z dz __ x Oy 2 - Y
166. xaj—c—}—ya&—-?, eI U =2X—2° N v = ok

Pemenune. Ilo npaBuny auddepeHunpoBaHus CJ0XKHOH (yHKLHH,
HMeeM:
dz 0z 0z 0z y 0z
T QZa)JFaa( ;?a‘x)

e _ o o0\, 0z(1 _
@_ﬁ(%@hvxizwﬂ
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Otcrona

2_03 1 0z
0z __ ou 0z _ z v
ox y 0z ’ oy 0z , y 0z °

A I+ 225+ %

Torna nanHoe ypaBHeHHe 3anmuleTCss B BHJIE:

2% 0z Yy 02
Ou 20 __ x
Yoz —z°
t+ 22 ou + 22 ov
2
Tonaras sgech 2% =u + 2%, L =, ~:- =2 tzz , Tocjie  ynpolleHHH
noJyyaem: gg = Z :f zZ (2% £ u).
167. Hpeo6paaoBaTb BhIpaXKeHHe
0z 0z
= (z+e")a—x+(z+ey)a~y——(22——e"+”),

. IPUHSIB 32 HOBblE HE3aBHCHMblE IEpeMeHHbIe
E=y-tze7*, n=x+42""Y (1)
Pemwenne. U3 cucreMnl

0z _ 0z _,0z _.x) az( _yg)
a-ae("’ ax € 2| F gL+t 5 )

0z —x 02 —y 02 —
oy 6&(1+e )+0n( Yo yz)’

NONy4eHHOH B pe3yJsbraTe AuddepeHIUpoBaHUs 2 KaK CJOXKHOH (yHKuuH,
HaXoAUM:

i 02 _ ,o—y92
2_ "¢ e+an o2 o o
ox l_e_xzzz__ 02’ oy | % Q{___ —yoz *
03 o 0% o

Ianee, myTeM mpocThiX nMpeoOpa3oBaHHil IOJMyYaeM:

(z__l__ex)(?_{_ -—x62>+( +ey)( 26— 02)
— 0 o (2_ex+y)z___‘
’ —x 02 _y 0z
1— = —e Y-
(7.3 oy
_ Y — 22 02 _yaz )
T _ % (1—es et gm0
0% oy

rae x u y onpenensiorcss cucremod (I).
2
.68. [IpeobpasoBaTh BblpaxkeHHe A = (@) +- (%) , onarafg x = uv,

y= 5@ —0).

ox Yy
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Pemenude, HupdepeHunpys 2z Kak CA0XKHYIO (YHKIHIO, MOJyyaeM
cucreMy
0z __0z0x , 0z0y az
gu— oxon T 3y oy du  ox + ay
0z 0z0x , 020y 0z 0z

v axau"’"a/au 8xu_bgv’
H3 KOTOPOH HaxoAuM:
L0 o o
9z __  ou “ 5o 0z _ ou_ ° v (& + 0% = 0)
ox~  ulfv® ' oy uifo? 7 U)-
CaenoBaresibHO,
02 0z\? 0z 0z (02)2 (az)“
Aﬂ(”sﬁ“%) +<“'az 60) _ea) Tl
- (u2 -+ 0v2)2 u 4 v? i

169. IlpeoGpasosathb ypaBHeHHe (x——z) i 4y a—y-— 0, npuHsSB x 3a

GYHKUHMIO, @ y U 2 — 32 He3aBUCUMBblE NepeMeHHbIE.
Pemenue. 3anumem papeHcTBo (9) n. 2°, noJarasg B HeM U = 2,
v=y, w=x. [loayuum:

0x [0z 0z 0x
dxr =5 (5; dx + 3, dy)+5‘ d

CpaBHuBast Koatpcpuunembl npu dx u dy, nonyqaeM CHCTEMY
Ox 0z 0 — 0x 0z

1= 0z 0x° 9z 0y + 6y
H3 KOTOPOH HAaXOIMM:
0x
o _ 1 ax_ 0y
ox  0x’ dy = Ox
0z 0z
IanHoe ypaBHeHue npeoOpa3yeTrcsi CJeLyIOIIUM 00pa3oM:
p 0x
x—2 oy ox _x—z
BT --Q, H 5o = — (y = 0).
02 0z

170. Ilpeo6pa3oBath ypaBHeHHE (y — 2) -g; + (y + 2) g—; = 0, npuHAB x
3a QYHKIHMIO, a U=y—2, U=y -} 2—3a HE3aBHCHMBbIE II€DEMEHHbIE.

Pemenue. Ilonaras B paBeHCTBe O nm2w=x u=y—2z v=
= Y 42, HMeeM:

X 0z 0z ox 0z 0z
dr = 2 (dy — Zdx — L dy) + Z(dy + Fx + % 4y).
CpasHuBasi K03pdHIMEeHTH NpH dx U dy, nonyqaeM'
| = 0x0z , Ox0z 0x  0x0z 0x 0z

0u0x+000x 0= ou 6u6y+6v+606y
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Orcioza

ox , Ox
0z _ 1 _qg__ﬁ+$
Ox —0x_0x* oy Ox_ Ox’
dv Ou dv  ou
ox , 0x
0z u 0_u+55__

0z _
(y——Z)a—}-(y+2)a!}=aj_%——vgf—.g{—0.
ov du dv du
[Tocne ynpoluennii OKOHUaTeJbHO HAXOJHM:
0x , Ox u ox , Ox
Z+i—2 (oo w3
0z\* | [oz\?
171. Tlpeobpa3oBaTh BbipaxkeHHe A = =] T 5;) » TPHHAB X 3a
QYHKUMIO M 4 = X2, U = yz — 32 HEe3aBHCHMbIE IlepeMeHHbIE.
Pemenune. AHaNOrH4YHO NMPEABIAYLIEMY HMEEM:

0 0 0 0 0 0z
dx=ég(zdx+x£dx+x5-;dy) +£(zdy—|—y£dx+y-éydy).

Oox  0x
IIJIH onpe,u.e.neﬂm O_u H 50— InoJayyacm CHCTeMy

ox dx 02 Ox 02
V=25 +%55 T Y50

0x 0z ox 0x 0z
O—x5E5§+Z55+y555_7/'
Orciona
1 —2 ox xu — u? 0x
dz __ ou ou
ox s ox o ox ox\ '’
xau+yav xz(ua—u-{-va;)
_ 0 2
0z __ dv _ du
oy ox , ox ox  ox\
A PP iad N 2
* 5u Y& x (”au+”au)
CaieroBaTeJIbHO,

. ou ov Ox ax\?
x4 (u 0 + v ?5)2 ou g0 .
du ov

172. TlpeoGpasoBaTh ypaBHEHHE % + % + gg = 0, mosarag § = x, n=
=y—x, {=2z2—x.
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Pewenue. uddepeHunpys u Kak C/IOKHYIO (QyHKLHIO, HAXOXHM:
Ou_0u_0u_0u u_du u_ou
Ex_a&“aﬁ oC* oy om’ 9z o¢°
Ou __ou
CanieroBaTtesibHO, ax + 5 R 5 = =0.

173. B ypaBHeHuu
ou ou ou
tetug+rteztuy +x+ty+a,; =x+y+2

NOJIOKHTD: e~——x—-—u eh=y—u, e =2—.Uu.
au Ou 6& Oudn | dudl
Pemenne. Hmeem: %= % ox + = 97 ox -+ 5 ax ° Orcloma, MoJyb3ysch
paBeHCTBaMH
k¢ Ou) On __ ou o au
ox = ¢ ( —5})’ ox —€ G ax  ¢ Ox
HaxoAum:
e—¢ a_u
Ou 0t
ax —t ou — Ou -t QLI
L+ 0% T oy + ot
AuaJjioruyso
au -t au
ou __ 67] Ou o
AT T I Y TR Ty
14¢ +e -!- FTa e 0&+e an-l-e 57
o du Ou ou
Hcnonb3yss HalifieHHbIE BbIpaxKeHHUs1 /s H ==, & TaK¥Ke paBeHCTBa

dx* dy 0z’
x+y+z=3u+te +e+e, y+2+u=3u+e ¢,
x+z24+u=3ute +e, x+y+u=23u-te+e,

H3 HCXOIHOro YypaBHE€HHs IOJy4yaeM:

ou', du , Ou ¢ —
a“s+5;]+bz+3u+e‘+en+ec—-0

0 0
(1 + e—t u-—l—e a‘;-;-e—ca%‘# O).
Hepemn K HOBbIM IlepeMeHHbIM 4, U, W, Ile w = w(u, v), B CJeay-
IOIIUX YPaBHEHHSX:

0z 02 1 1
174. y 5 x(.Ty——(J—x)z ecn u = x° +y,v=;+;,w=
=1Inz—(x+y).
Pemenue. Ilonbsyscy ¢opmynamu (11) n. 2°, nonyuaem:
ow ow 1 ow ow 1
0z _ e ! QE___(?LZ% g iz !
ox 1 ' oy 1 .

4 4
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Crie10BaTeJIbHO, JIaHHOE ypaBHEHHE 3alHIIeTCsi B BHJE
dw  yzow dw , xzow _
xyz - — G5, T U2 Qxyz%-}-;ga;-—xz—-(y-—x)z,

o 0w
WM TI0C/IE YNPOLIEHHH = = 0.
0z 0z 1 1 l 1
22L 2—:.:: 2 = = e ———— T e e —
l75.xax+yay 2%, e u=x, U= T W= = -

Pemeunue. Ilpumensas ¢opmyay (11) n. 2°, Haxonum uacTHeie mpo-

H3BOJHbIE

ow  Ow 1 1 ow 1

2_ wlTwmETE a_wip
ox 1 oy 1 ?
T2 L

ow
TOACTABIsAA KOTOPble B JAHHOE YPaBHeHWe, MofydaeM - = 0.

176. (xy—-z)g;—l—(l —-yz)g—;——:x—}—yz, €CIH U = Y2 — X, 0 = X2 — Y,

w=Xxy—2.
Pewmenue. Hcmoansys Ty ke ¢dopMmynay, 4TO W B INpeabiAYLIeM MpH-

Mepe, HaXoIHuM.
_w o, dw _dw
oz _ w WY e wfTaw
ox~ ~  Ow ow ' 9y ow ow .
YTyt YT 5+
OTCIOZIa H H3 JAaHHOI'O YpaBHEHHUs IIOJy4YaeM:
ow Ow 2 ow Ow
(xy + 2)(5;—50—z+y) + (1 —y?) (—‘&12""%""") _
ow ow X+ y2
3. Y Ty ¥+
0'

HJIH, NOCJIE CBEAEHHUSA HOI00HBIX YJICHOB, 5 =

177. (x ) Yy '5!—/
Pewenune. [ssa onpenenenus a1 oy

sanuiieM cucremy (13) m. 2°
0z ow 0z Ow ow

ou dy = ou =
0z Ow 0z ow ow
Orcioga
(14 o) (1 + ) 2
0z ou 0z du
ox ow ow dwow * dy ow ow 0w ow*
l+ugzt-—l—vaa—+uva—;b~5- l-}-u-az--l—vm-—}— uv&?@?

P 6171

2 2
az) +( az) =22g;%, €C/IH X = ue¥, y-=oe%, z = we?
2 0z o w ow
U 7~ Kak (QYHKLHH OT w "
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TakuM o6pa3oM, B HOBBIX IepeMEeHHBIX 4, U W W JAAaHHOe ypaBHeHHe
UMeeT CJEeAYIOLUH BHJ:

2 2
(uew(l + w) g_w) + (vew(l + ) g?)

0w Jw
2,2w Y YW 2
. R T (14 w)
w 0w dw\® ow ow dw\®  ’
(1—}—u +Uav+”vb'u_5?) (l—f"u(%‘-*-va;—l—lwa;é;)
o (u@)z—l_(vg_w‘) 9 0w 0B
HJIH TI0CJIe YNPOLIEHHH |4 - 3w =W s
178. IlpeoGpa3oBaTh BblpaxKeHue

A= ‘E G XY

x oy
nosarasi u = In /' x® + ¢2,

v=arctgz, w=x+y-+2 rie w=wu,v)
Pemenue. Tlom3ysacy dopmynamu (11) nm. 2°, HaxoauM yacTHbE
0z 0z
NPOM3BOJHBIE == H 3"
ow__x ow_y
0z Ou x+y* 0z ou x4yt
ox I 0w | "0y [ ow .
1+ 2% 0v 1+2200

IloncraBnsia UX B AaHHOE BbIpa>KeHHe, I1o/Jaydaem

1 ow
A = xX—y _ 14 22 ov
. X 0w, y 0w 1 _ow
x2+y?2 ou ° x2+y?0u x2+4y? ou
1  oJw
1+2200

[Mockoabky x? + y® = e

= c0S20¥, TO OKOHYATEJbHO HMeEeM!

A= gw (l—cos vgw-)
gu
179. B ypaBHEeHHH xa—l—ygj—{- %Z:u_;_’izg
“’l=%, § =

[IOJIOXKHUTD: & =
2, wm—zu—, rire w=wi(, v, ¢

Nl}g

14

Pemenne. HMcn8np3ys cBoOHCTBO HHBAapHAHTHOCTH MepBoro audde-
peHIpana, MMeeM:
ow
d

dx  xdz _ydz
dw = a&( - >+0n( )+a* =

Lz 4L (axdx—l— dy + % )
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CpaBHuBasi Koa¢hHUUeHTH NpH dx, dy M dz, monyyaeM CHCTeMy

1ow_ 1o

z 06z Ox’

Low _ 1o

z0oyn zady’
X 0w y dw |, Jw u 1 du
22 6 2% oq +6* 22 + z 02’

H3 KOTOpPOH HaXOAMM:
u_Ow Ou_Ow Ou_u xO0w_  yow,  ow
k' dy On’ 0z z  zoE z Oy oc *
ITonb3ysicb HalAeHHBIMH NPOHM3BOAHBIMH, JAHHOE YypaBHEHHe IpeolGpasyeM
ow
K BuHOy ( T = .

[IpeoGpa3zoBaTh K MNOJIAPHBIM KOOpAMHATaM r H ¢, Ilojaras x = r cos o,
Yy =rsine, CIeAylOUlHe BbIPAKEHHS:

ou ou ou\2
180. a) w= x-——_/ax 6) w= x —[—-jay B) w—(a) -+
ou\?
+ ()
Pemenue. HMmeem:
Ou __Oudr , Oude Ou _ Oudr Ou J¢
ox 6r0x+6<95}:’ ?3@”6‘6"*‘@?@‘ (1)
dp Or 6cp or
IlpousBopHbIE ¢’ 9x* 5y M oy HAXORUM H3 CHCTEM, TIOJyHEHHBIX B Pesyib-
Tate JH(pepPeHIUPOBaHHS PABEHCTB X = r COS ¢, Yy = r sin¢ IO X H y:
or . d¢ or . O¢
1= COScpg———-rSlncpa, 0= COSq>—~- —rsmcp(T,

=sm(pa —l—rCOScpa ; l—smcp +rc05(p

Orcona

or 09 sine Or d¢ __cos9
Ez—COSC‘P, T T aT/~—-Slrl(p, pand) (2)

PapencrBa (1) sanmuiiem B Buze

Ou __ou Jusing Ou ou Oucoscp
'a—x—arCOS(P—'aTP-—;_—, ’55 ar Sln —I- . (3)

Takum obpasom:

ou 6u Ccos ¢ ou Qusing ) _ du
a)w_rcos<p( -sine —]- . ) rsmcp( CoS @ — 3% 7 )—6'—9’
ou au sin ¢ 6ucos<p ou ,
6)w_—_rCOS<p< cos ¢ — o )—f—rsmcp(~sm -]- )__ 5

__ (o Ousin ¢ ou Ou cos ¢ au) l(a_u)2
B) w"‘(a;cos‘?*a? r ) +(0rsm +6q> r ) (ar = dp/ °
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0%u |, 0%u 0%u 0%u 6
181. a) w=ga+5e 0 W=23i4 2y s+t B e =

0%u s 0%u ou du
y a Qx./axay +X ( C§+y5y)
PemeHnue. ,U,Hq)qpepeﬁunpyﬂ paBeHcTBa (3) M HCIOJB3YSl paBEHCTEA
(2) u3 mpumepa 180, Haxoamm:

_a_fu J (ou ou) 0% Q_g ou sin? cp du cos cp sin ¢
ox% — or (ax) ax T acp(ax) % = oz 08T ¢ + 57 + 25— +
0%u sin? sin® ¢,
+ a(? rz b
0%u 0 (ou Ou)0p __ 0%u Ou cos cp sin ¢
xdy . or (0x) 59 T 99 (a}) 9 — o Cosgsing —= + -
sinf¢@ —cos2¢  O%ucosesing
X——F g
o*u _ 0 (Ou Ou\de _ 0%u . o ou cos? ¢ Ou cos ¢ sin ¢
B or (ay) 3y T 5o (ay) wo sty — —25—m— +
9%u cos? ¢
+ o 0¢? T
Ha OCHOBaHHH'aTHx PaBEHCTB IOJyYaeM:
1 ou 1 0%u 9 0%, __ 0%
a) w= 0r2 + r or +}-2"§p_5’ 6) w=r orz ’ B) w—W'
182. B poipascermn [ =22 %% renath sameny x = rcos
: P ~ Ox0y Oyox A y _ 't
Yy = rsing.
Pemenne. Ilockomeky (cm. npumep 180, paBenctBo (3))
O _ 0o Qising B0 dusing
ox dp r °? ox = ar €08 dp r
ou 0u Ju cos cos g, ov  odv . dv cos <p
3y asm—[— 0 3y asm-1—
] — (au dv  Ou @_z_))
T0 droe Opor)’ . .
183. Peunth ypaBHeHUe gﬂ = a® gx2, BBEJI1 HOBblE€ HE3aBHCHMbIE Tie-

peMeHHble § =X —af, n = x -+ at.
Pemenune. I/IMeeM°

ou Ou 0§ Ou 0o
&m+mm“ +E'
0% o%u

02___: 0 (Ou) o Ou\oq _
Froianl 3 (6x)6x+6n( ) 052 "‘Qa&an +

(?u 0udg | Oudn
=%at T amor — aé&""aéﬁ’

_(?f_t_f - ? du 671 9 (lﬁ 9 6 u 9 0%u
T ( ) +an( )at o — 20 ey T @G-
Takum o6GpasoM, JaHHOE ypaBHEHHE npuﬂnmaeT BHJ

azu__o
%&dq
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Orciona mnoc/ie10BaTeNbHBIM HHTErpHpoBaHHEM HaXOIUM:
- |
F=10, u=[[Ed+y@m) =20+,

rae ¢ () = Sf(E) ds u ¢ (n) — npousBo/ibHBIC JUDbepeHipyeMble (YHK«
uud. Bosppallasicb K IpexXHHM INepeMeHHbIM, OKOHYATeJbHO IOJyYyaeM:
u(t, x) =g —al)+(x+a).

IlpunsB u ¥ v 3a HOBble He3aBUCHMBbIE MNepeMeHHBle, MpPeoGpPas3oBaTh
cneﬂyroume ypaBHeHI/IH

0%z 022
184. 2 Ox2 + 0xdy T + ax

=X—Yy— 1.

Pemenue. Tlo npasuny audcpepeHUUpOBaHHS CHI0KHOH (YHKIUH,
HaXoAUM:

9z _020u , 0zdv __ 0z , Oz

ox —oudx Tavax  ou +'07ﬂ

——O eCM u=x-42y +2, v =

22 F3 0%z

gx~ a(z (gjzc) 0x + ov (gx) gz 6u2 +2 oudv + 602
AHaJloquHo HaXOIHUM OCTaJbHBIE MPOU3BOAHBIE:
0%z 0%z 0%z 02 0z 0z 0% 0%z 6 2 0%z
%0y au2 5+ dudv 00’ Oy  “ou  0v’ oyt 45;2- Guav + 5z dv? *
I[ToncTaBnsist BBIYHC/IEHHBIE IIPOM3BOJAHLIE B }laHHoe ypaBHeHHe, IOoCJe CBe-
JleHHs1 NMoJ0OHBIX YJIEHOB, nonyqaeM 3 (;Z; —|— au = 0.

185. (1 + 1) 22+ (1 +J2)a Ly 9?—0 ecan u = In (x 4

+V1+x2),v—lnu+l/1+y-

PeweHnue. AHaTOrMYHO TNpeAbIIYLIEMY MPHMEPY HaXOLHUM:
0z 0z du 0z 1

ox " oudx ouyitse’

0%z 0 (dz\du |, Oz d 1 0% 1 02 x
Ox% _ Ou \0x dx+6udx(1/1+x2) ou? T x2 .5&1/(’1'_{'_';?)'5'
dz 0dzdv __ 0z 1

oy  Oduvdy 551/r:py'z"

0%z 0 [0z +azd 1 _ 0% 1 = oz y
dy? 60(0y dy 0vdj(1/1+y T o214y Qv VI+yd®

2 2
CnenoBaTe/JIbHO, YpaBHEHHe mpeoOpasyeTcss K BHAY g-f + gv: == (),
186. 0x2+0y—0’ ecJiu u=m,()=—m.
Pemenue. Hmeem:
0z 620u+02@ 0z y*—x> +__ 2xy
Ox  ouodx " 0udx oOu(xEL g2E ' ou(xF g2 ;
% 0 (az‘) 4 (02) o0 0Pz (P—x? | 0% 4dxy(y®—1xP) , 0%
o — au\dx)ax T do\dx)ox 0t (P F 0 T oudo (B yHF T on2X

4x2y? 022x (x2— 3y 0z 2y (y* — 3x?)

2
)
A T KR A R L
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AHaJjlorHyHO HaXoIUM:

0z 0z 2xy +% 0z y?—x? |
oy~ ou(x® + )2 " o (2 F D)
0%z 0%z 4x%y? 622 dxy (y* — x?) | 0%z (y2 — xH? 9z 2x(x2—3y")

02 0wt (2 ) dudv (gt O (DY du E g
__ 022y (y®> — 3x%)
W GEF g
I 0%z |, 0% 0
OCJI€ 3TOro JAaHHO€ YpaBHEHHUE IIpDHHHUMAET BHI G2 Toae Y

02 02 1 o —
187. axz; y??'y—z: 75; (y > 0), ecau u=x—2]/Z/, v=x+2V y.

Pemenune. Ilo mpaBuny aucpdepeHuHpoBaHUs CJOKHOH (yHKIHUH,
uMeeM:

0z 0z ou 0z Ov

ox — duox Tovaxr ‘+%;

02z 0 (az 0z dv .
9x2  ou ax) dx +; ov (Gx) ox u2 + dv? +2 ouov’
?E 6z6u+0260 0z 1 +Qz__l__

dy oOudy ' ovoy = ou VJ ov 1/"’

0’z 0 [0z 02\ v o( 1\ _od%1 0%z
oy~ ou (Oy) oy t 5 (0/) oy + ( 0u+0v) dy (Vy) T 0wty —2 Fago X
1 0% 1, o0z 1 oz 1

Xy tary Ta 2Vy 2y Vy'

3aMmeHss B JaHHOM YpaBHEHHH YaCTHbI€ IIDOHM3BOAHLIE HX BbIYHCJ/ICHHbIMH
2

i _?_ =
SHAUCHHAMH, IOJTydaeM: 5—
022 0%2 X
2 2 — — - *
188. x Y e =0, ecaun u = xy, 7
Pemenue. Iloctynas tak ke, Kak H BHIlE, HaXOAUM:
0z _ 0z 0z 1, 0% _ §? 9%z 1 |
ox Y ¥Y+% duy’ oxF 6u2 + 255 auav + 5 0% y2°
0z _ 0z 0z x 0% _ 622 0%z x? 622 x2 | 0z2x
gy ut Tyt oy o —26u60y T Etmee
Takum oGpasom e e0GpasyeTcss K BHIY i = o %
p , YpaBHEHHe mpeobpa3y BULY 7= = 5. 5+

189. C nomouiblo JIMHeHHOH 3aMeHbl & = X -+ Ay, M = X -+ Aoy Hpe-
00pa3oBaTh ypaBHEHHE

0%u 0%u 0%u
AW+2BW+05[F_O’ (1)

rie A, B n C —nocrosuupe 1 AC — B? < 0, Kk Buay

0%u
0&(97} = 0. (2)

Ha#itu o6muii BUJ (pYHKUMH, YIOBJETBOpsoilell ypaBHeHHIO (1).
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Pemenue Bbluncssas yacTHbie npou3BOLHBIE

ou ou_  0u 0% 0%u
ox + an o o= T 2 5 acam + o an2 ’
ou 0%u 0%u . 2 0%u 2

ay aﬁ)‘1+an 25 aj_a&2l+2aa )\)\2+a? 2
0%u 62u
axay )\1 + a&a 0\1 + )\2) + a 2

H NOACTaB/AAsA UX B YpaBHEHHE (1), foJry4yaem.

(CAF +2B)y + A) 33 +2(Chiks + BOG -+ 13) + 4) Foe +
+(Ck24—23l2%~A)——”‘0 @)

Ecau A\ u Ay fIBAAIOTCA KOpHsAMH ypaBHeHus: CA2+2BN4-A =0, 1. e
—B +VB*—AC

)\1.2 = C
32 H g?—g obpawaiorcas B Hyab. Ilockonbky AC — B2 < 0, TO Ay == g
H C)\1)\2+B()\1+)\2)+A¢0

CnenoBartesibHO, ypaBHeHHe (1) mnpeobpasyercs K Buay (2). Pemenvem
ero Gyzer ¢yHKuusa (cM. pemenue ypaBHeHus (1) npumepa 183): u =
= ¢ (§) + ¢ (). Bosppamiasicb K CTapbIM IE€PeMEHHBIM, MOJyyaeM: U =
= ¢ (X + My) + ¢ (¥ + Aoyp). »

V4

190. Hdokasath, uto ypaBHeHue Jlamyaca Az = —— PP + ay =0 He Me-

HseTcst MpH Jt00O0i HEBBIPOXKIEHHOH 3aMeHe INepPeMeHHBIX X = ¢ (4, U),
Yy = ¢ (4, v), yAOBJETBOPAIOLIEH YCJIOBHSM:

dp 0y dp__ 0} '(1)

(C + 0), To B ypaBHeHHH (3) KO3(HUUEHTHI NpH

ou v’ v ou’

Pemenune. dubpdepeHuupysa 2z Kak CJAOKHYIO (YHKUHIO H HCIIOJb-
3ys ycaosue (1), momyuaem:

0z 0z20p 0dz09 0z 0209

ou _ 0xou 0Oyov’® dv 67%+8y6u'

2 2
AHaJIOrHYHO BHIYHUCJISAEM BTOpbIE€ ITPOU3BOJHBLIC gzz H gvz;:
0% __ 0% (6(9) o 0% aip@_}_az(a@) 4 0z0% 0z 0% ,
9t~ 0x2\ou 0x0y dudv ' dy?\ov Ox 0u® Oy Oudv ’

o0t dx? +2 9x0y Ou ov 3z 902 T 3y dy oudv °

CkJ1anpiBasi /1Ba NMOCJEIHHX PABEHCTBA, IOJy4YaeM:

% , % _ ({dp)? (acp)2>( 622) ( )02
o T = ((a“u) +a) g+ 0y® + 5z t 502 3z (2)
Hanee, nupdepenuupys nepsoe u3 paseHcTB (1) mo u, BTOpoe —mo U:

P _ 0% O M
ou?~ Ouvdu ’® v Oudv '’

0% 0% (69) 0% 09 0p + ( ) +az 9% , 0z 0%
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ybexnaemcs, 4To

62 02
o+ g = O ()
Hakonel, u3 TOro, 4to 3ameHa HeBbIpOK/L€HA, H3 paBeHCTB (l) cienyer:
0 O o 0%
D §) ou Ov _ ou Ov _(%)2 (aq,)
D(u v) |9 0¥ _oe o= \a) T # 0.
ou 0dv ov Jdu

2
Takum o6pa3om, U3 paBeHCTBA (2) HaXOJUM: gu2—|— 3022‘ = 0.

191. IlpeoGpasoBath ypaBHeHHS: a) Au = (gxz L a—y"_ 0; 6) A (Au)=0,

nosaras u = f(r), rne r =V 1%+ 4>
Pemenne. a) Mwmeem:

ou dudr __du x , 0%u _ d%ux? dur? — x2

O — e ——

0u  du dur? — y? '
AHajlornyHo HaXOAUM: AT fz 5 ,3y . CnenoBatenbHo, Au =
__d*u , ldu
=ar T T ar :
6) [Nocrynas, Kak W Bbillle, MOJyYaeM:
0(Au)  d’u x d?u x du x

ox _ardr ar? r? dr r3?
0% (Au) _ d'u x? d3u 1 d?ur? —3x%2  dur?— 3x2
0x2  drt r? +d_r_3—7 ar? — A dr~ %
0% (Au) _ dtuy®  dPu 1l | dPur®—3y° du r? — 3y?
oyz  dri r® tasT TaE T A o

du | 2d% _1duw , 1du
Takum obpasom, A (Au) = —= -|-75§§——2—d’2 +r3 g

192. [IlpeobpasoBath BhipaxkeHue A == x e —l—z axay + ax, noJsiarast
x+y=X, y=XY.

Pemenue. [lockonbky smech X = x -}y, Y=x_y}_y, TO, AngPe-
PEHIMPYSl 4 KaK CJOXKHYIO (DYyHKIIMIO, MOJyYyaeM:

ou du ou Yy

ox 0X o xFp’

0%u _ d%u —9 0%u Y 2u y? ou 2y

ax®  oX® 0X6Y(x+y)2+ay2(x—|—y4 1L'6}’()5—}—14)
0%u 0%u 0%u x—y 0%u Xy ou x—y

dxdy _ 9Xe® + Jxov Fy? OVE(xtg)t Y (xFy?°

CrenioBaTe/IbHO,

y 0%u 0%u o0%u
("+y)ax= 7+ 9XoY "‘ax XE)?E"Yaan‘*”ax
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193. Tlokasarte, YTO ypaBHeHHe
02 0 0
ot 2L 25—y 5+ e =0

He MeHsieT CBOero BuWJa B pe3yJbTaTte Hp@O@pHSOBaHI/IH [NIEPEMEHHBIX:

=, y= L. (1)

U

1
Pemenue. M3 cucremn (1) nonyuaeM u = xy, v= 7" IlocTynas

o€blyHbIM 00pa3oM, HaxOAHM IMPOH3BOJAHBIE!
0 _ 0z 0z_ 0z 02l 02 _ 0% ,
- w? Tt T aE o ot
Ilpu sTOM naHHOe ypaBHeHHe npeoOpas3yercss K BHAY
9%2 o 02 3, 02 2,2,
a—ug—}—qu 5Z+2(v——v)az;+uvz = 0,
uYTO ¥ TpeboBa/NOCh NOKa3aThb.
194. IlpeoGpasoBath ypaBHEHHE

0%u 0%u 0%u
XY 5%y +yzm; + x2 5= =0,

nosnarasa x =g, y=§&;, z="_§n.
Pemenue. Ilockonbky u(x, y, 2) = u(n¢, &, &), To, mo mpasuny
JudxpepeHIIUPOBAHHSA CJIOXKHOH (GYHKUHH, HMeeM:

Ju __ Ou ou Oou __ Ou du ou _ Ou ou
E=p Ta" 7= atTab a-attay®
Orciona omnpenensieM ou ou O, satem
ox’ Oy 0z’
ou ou ou ou
ou ou ou ou
2!/5;-— a’g—ﬂg;]-Fng,
du Ou ou ou
0%u

Tenepp BHIYHCJHM BhIpaXkeHHE 4xy5x—a-g:
red(ed) ==t 2t Z)—n2(n 2]+ 3 (c Q)+ 2.
AHanoruyHo
e =t (&) =m0 6) — e e+ ane
sy ==+ (+8) ;0 ) — e (o) + 20 -
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Hcnonb3ys mocnefHne TpH paBeHCTBa, IOJyyaeM NpeoGpasoBaHHOE ypas
HeHue
d (., ou a [ ou o (,0u) _ 0% 02u 0%u
(2 %) g (n 5+ e (%) = 2(en o + 7+ ¥ )
195. IlpeoGpa3oBath ypaBHEHHE

0%2 0%z 0%z 0%z 0%z 0%z
3? T 5}2 T 5?—6—; T 0x,0%, T 0x,0%3 + 0x,0%5 0,

NoNarast Yy == Xp -+ X3 — X1, Yo = X1 + X3 —Xa Y3 = X; + X3 — Xs.
Pemenue. HudpdepeHuupysa 2 Kak CIONKHYIO (PYHKIHIO
3
0z 0z % .
e . Ax. (]=1’29 3),
0x; & 0y 0%,

HaxoIum:.
02 0z 02 0z

0z 02 0z 0z

7 E Vol i Tl AU PRl PR A T
0z 0z , 0z Oz
Oxg Oy; ' 0y, Oys’

Hanee, BrluMc/sieM BTOpbIE IPOH3BOJHBIE:

022 0 [ 0z 0 {0z 0 ( 0z
= o, (0] - 3 (3 + as (o) =
022 02z 022z 0%z 022 02z
B & * Eg T 5;3 0y10Y» 0y10ys + 0Y,0ys *
e _ 0 (02) 0 (o) 0 (o)
0x,0x, Oy \Ox, 0ys \0X, dys \0x,)
L 02z . 9% 0%2 + 02z
dyf ayg d : 0y10Y,

Brlync/iMB aHaJIOTMYHO OCTaJsIbHBIE NPOW3BOJHBIE, 3anHiIeM INpeo6pa3oBal-
HOe ypaBHeHHe

196. IlpeoGpasoBaThb ypaBHEHHE
0%u %u 0%u 0%u 0%u %u
27 » 27 # 27 % — e —
X oxE +Y oy? +2 02?2 + 2xy6xay+ 2x2 0x02 + 242 dyoz 0,
noJsiaras E=—;'i—; 7;==%, { =y—-=2
Pewmenne. Hmeem:
Ou __ (Ouds |, Quon)  .0u  Ou
=i (F R )=t R
du _ (0uds | oudt) _  0u , du
yé&“-’/(éﬁ‘y"‘aca“y)“sﬁ+yac'
du __ _(oudn  udt)_ ou___du
zb‘;‘-z(mﬁ‘ﬁa‘z)*"aﬁ 25¢ *
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Ecan onepatop A onpelesnHTb paBEHCTBOM
ou ou - ou
Au—x(—?}-,—y@—{—Z‘a*z,
To NaHHoe ypaBHeHwe 3anuiercss B Buie A’ — Au=0. Taxk kak aisa

mamero  caywan  Au = U, A2u=A<Au)=A(Ca~c)=c5-(c%‘—£)=

0%u
TO OKOHYATeJbHO MONYUaeM: 5ry = 0

0%u
2 +C0C7A2u—/4u_c2 oc2 !

(y + 2)
197. BoipaxeHnus

_{ouN | [0u)? (()u) 0%u | 0%

By = (5}) + (Fy) {5z » Qe ax2 o 3 T 922
npeo6pa3oBaTh K C(epHUYeCKHM KOOpJAHHATaM, MNoJarasg x = rsinf cose,
y=rsinbsing, z=rcosé.

Pewenune. IlpencraBum JaHHOe npeoOpa3oBaHHe B BUIE KOMIIO3UIIMH
JBYX IpeoOpa30BaHUM:

x= Rcosg, y= Rsing, z=2 1)
R =rsinb, ¢ =¢, 2=rcos®b. (2)

[Tpu samene (1) umeem (cm. npumep 180, B):
ou\® | (ou)® _ 1 6u)2 (0u)2
(&) +(G) === 5) + ()

1 \2 a 2
CaenoBaTesbHO, A = = (%T + (a%) -+ (6—2) .
[Tpumensis mpeoGpasoBanue (2) (cM. npumep 180, B), noayyaem:

S+ 3 <36+ b - 3
or) T\az) =7\ o) RE\Ge) = Temro\ag) *

OKoOHYaTe/JbHO HaXOHM:

ou\® | 1 (ou)? 1 0u)2
A}““(a“;) + (56) + e (an -
AHasloruyHo, ocyinecTBiasia npeobpa3oBanue (1), mosyuaem (CM. Ipu-
mep 180, a):
1 ou 1 0%u

Bgtt aR2+R 6R+R20cp2+6z2'

CorsiacHo npeo6pa3oBanuio (2) (cM. mpumep 180, a),

0%u 0% 0%u 1 du 1 0%u
6R2+022= or? + r or +72——OT2'

[Tonarasi B ‘paBeHcTBe (3) U3 npumepa 180 y =R, ¢ = 06, rne R =rsin0,

NoJIyyaeM:
Lou
R OR

r or +r2sin9 00 °

ou du cos 0 1 ou cos 0 du
~—rsinﬂ(arsme_{__ )
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1 azu 1 ?itf
R2Og®  r2sin?0 op®
1 ou 1 0%u 1 ou cos 0 du

Hs JABYX IOCJIEIHHX PAaBECHCTB H TOro, 4TO HaXxoIuM:

A2u——0r2 + r 6r+r2 062+ r or + r2 sin 0 55+
1 o 1(9d 20u) 1 a( ) 1 g_ﬁg)
+ AT o ﬁ(?;("é? + s a0 (8119 35) + T 592

022 0z 0z\2
198. B ypaBHeHuH z( i ay) (a-x) +(5§) BBECTH HOBYIO (YHK-
M0 W, mnoJiarasg w = 22.
Pemenune. NmeeMm:

Jw Oz aw az
02w 0z\“ | 022 0%w 022
W-Q(a) T 255 57 Q(a) + 2255

OT1cio/la HaxoAuM:
az 1 ow dz 1 ow

dx  2z0x’ ay 2z 0y *
2z 1 0% 1 (aw) 7z 1 0w 1 (aw)2

2T 00 " w\3x) farET 2 dw\y

Hcnonbsys mafineHHbie GopmyJibl, 3amdllieM JaHHOE YpaBHEHHE B BHJE

0%w _ Ow\’2 (6w)2
oG +5) = (5) + (%)
ITpuHsB © M v 32 HOBble He3aBHCHMbIE IlepeMeHHble H W = w (4, v) —
3a HOBYI0 (pyHKuHMIO, npeoOpa3oBaTh CJeAyIOLHe YpaBHEHHs:
0%2 0z 2 x
199. y'éy—2+253_}" ecJIl u-—?, V=X, W=2X—1Y.
Pemenue. Ilpumensas sropyro us cdopmyna (11) nm. 2°, nosyyaem:

ow b
0z _5‘-‘-(_?)—'_1 __._1_92_4_1_
oy —X T y?0u x*
Boiuucnisss BTOPYIO IPOH3BOJHYIO
_Q_zin__l_02w<_9§+_2_6w x6w+26w
0y? Poutdy " yPon  yiou® ' 4% du
02
yOexxjaemcsi, 4TO JaHHOe ypaBHEHHe MPHHHMAET BHA 5— = 0.
0%z 0% 0% y

2
200‘525_25:73}"'_555’20’ ecid u=x -y, v==-, W=
Pemenue. Ilpumensas dopmysst (11) m. 2°, Haxogmm:

y z
ox 1 T T ou x 0v x’
x %)
w 1
0z _  Ou +av X Bw__l_aw
dy 1 dv °
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[TponudpepeHHpOBaB MOJyueHHBIE PaBeHCTBA, MNOJYYUM BTOpble IIpOH3-
BO/HBIE:

0%z 02w y 0w y* 0%*w ow
sz.é&?—27 du dv +;‘55?+2_0_u’

02z Jw (y 1) 0w y 0%w ow
oy = Yo T \x T Hawew T T
0%z 02w 0%*w 1 02w

6y2=x_5ﬂ_2 +26u60 —l—?gv_‘z ’

3amensst B 1aHHOM YypPaBHEHHH BTOPbIE MPOM3BOJAHBIE . HAHNIEHHBIMH HMX 3Ha-
02w
YyeHHdaMH, MNOCJe CBEJIACHUA HOJIOGHbIX YJIEHOB, IIOJy4YaeM: 5 = 0.

ov?
0%z 02z 02z
201. 5;2-—}—2-5}@-4—5?—0, eI U =X+ Y, V=X—Y, W= XY —2.

Pewenune. IlpuMenss te xe (opMyJsbl, 4TO U B NpeJbIAYLIEM NpH-
Mmepe, HaxoJHM:

0z ow ow 02 cw Jw
A i O P i
Janee,
Pz 0w g 0w 0w P2 Ow Pw
ox2~—  ou? duov 0v® ' Oxoy = ou® U gu? ’
0%z 2w 02w 02w
= o T 25 o

2
.Takum o6pasom, -g-l;; — ;— =0.
0%z 0%2 02 1 1
202. 75t gyt = S U=5(X+y), v=F5(r—y), w=

= zeY.
Pemenune. Cornacuo ¢opmynam (11) n. 2°, umeem:

ow 1 +Q‘fvl.
o _ @2t wmIT_1, 0 0
ox —eY =3¢ " \GuT 5.

Haxonum Hy»XHble HaM BTOpble IIPOH3BOAHBIE:
0%z 1y (0% 0%2 0%z
(9)6—2278 (5—u2+26u60+602)a
0%z 1 _, (0% 0% 0z 0z
5eoy — & @9 5 2 o 2&%

0 0%z
BanuceiBaeM Terepb NpeoGpasoBaHHOE YPaBHEHHE: 5— + =— = 2w.

0%z 0%z y\ 0%z
203. 5——)62—25}—09-{—(1 +7)5y—2 0, ectu u=wx, v=x-+4y, w=
=X 4y +z
Pewenue. Ilpumensis dopmyast (11) m 2°, Haxozumi
0z Ow , Jw Jz __ Ow
w-wute b yg=a="h



JHupdepenuupys nocjeiHue paBeHCTBA, IOJYdYaeM:

02z 02w 02w 0w
e~ o T 2500t a7
0%z %w |, 0w 0% _ J*w

0x0y Oduov | ov®’ 8y 00t
B HOBBIX nepeMeHHBIX ypaBHeHHE NPHHHUMaET CJEAYIOMHA BHA:

‘92‘“’—(1 ")93‘-”=o.

ou? T u ) ov?

2 2
204. (1——x2)§;;+(1—_-y2)37§=xg-;+yg—;, e x =sinu, y=

= sinv, 2= ¢e“
Pemenue. CocraBnsiem cucremy (cM. dopmydnl (13) m. 2°)

%cosu—-ewgz—” a—zc —
ox Y ou 9y 050 =¢€"5; "
Orcloga HaxXoouM:
0z _ e¥ 0w 02 e” ow

dx cosuodu' Oy cosvou®
BbiuncisieM BTOpble NPOH3BOJHbLIE:

0% 0 (dz\du _ 9 (9z\ 1 1 e’ 0w e? (0w\® | sinu
ox®  dul\dx|dx = odu (0x g:_c—— cos u cosu0u2+cosu ou —I_cos?u X
du

0% _ 0 (dz\dv _ 0 (dz\ 1 1 (ew 0%w e aw)z sinvewaw)
oy>~ dv\dy)dy  dv\dy)dy  cosu\cosvou? +cosv ov +c0520 )
du

[ToacraB/sis 3TH NPOM3BOAHBIE B JAHHOE YpaBHEHHE M IIPUBOAS IOJOGHEIE
yJIeHbl, MOIYy4YaeM:

0*w , 0w ow\?2 Ow\?2
ottt (3) +(3) =0

0z 0z
P Fe_ ) 5 Ve 30044
205. i+ 5 = 2~ it — e (13 >1y)), ecnn u=x+

¥4
Yy, v=X— W= ——.
+y b, Vo

Pewenue. Ilpoussoausie nepBoro nopsiaka HaxomuM mo ¢opmyJiam
(11) n. 2°:

2 _vE (% 02
b}“V" y(6u+60)+x2-——y2’
9z _, s (0w _@\) Yz
oy Vx y (Ou dv X2 — 42
JuddpepeHiypys nocienHHe paBeHCTBA, II0J1y4aeM BTOpHIE MPOU3BOLHLIE:

P _ v E (0 (%, 0w\ou , 0 (0w ow)\ou)  (dw  Ow
5}‘2*-]/36 4 (674(&4 +5?7)6x+60(6u +00)ax)+(6u +60)X
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X5V F=7 Z&x(x2 2)+ 7=V"T:?(au2 + 2 g +

0%w ow zy2

+602)+szx (au +av) =

0w 0%w 2y (0w  Ow zx?
2 g 0w | oW owy X"
Vx Y (auz 2 ou dv + ov? ) V e (Ou ov ) (x2—y2)2
0z 62 0%z 0%
dx’ 0y’ 0x%’ oy? ]

0w
JICHHBIMH 3HAYe€HUSIMH H TPUBOASl TNOJNOOHBIE W/EHBI, IOJYYaeM: =T

0%*w
-l— 5‘55 = 0.
206. lokasatb, utO J1060€ ypaBHeHHe

axd_/+ 0x+b _I_CZ—O

(a, b, ¢ — NOCTOSIHHBIE) MyTeM 3aMeHbl 2 = ue** %, rne a U B — nocrosu-

3aMeHsisi B JaHHOM YpaBHEHHH MPOU3BOAHBIE UX BBIUHC-

0%u
Hble BEIMYHHBL U 4 = U (X, Y), MOXKHO INPHBECTH K BHAY %o +qu=20

(¢, = const).
INokaszateabncTBo. IlycTb o M B —mocTosiHHBIE, KOTOpHIE oOmpee-
JauM Hmke. [ludgepeHuupysi paBeHCTBO

2 = ye*+by (1)
Haxo[uM:
gz — (a_u. + au) eax‘i‘ﬁy g_; — (?ﬁ + Bu) eax—}-ﬁ!/’ (2)
622 02u ax—l—ﬁy
oxdy (6x0y+ 6y+30 -l—apu)e ’

3aMeHsAs B JJAHHOM YpaBHEHHH (YHKIMIO Z U ee NPOH3BOAHBLIE MX 3Ha-

yeHusiMu ¥3 (1) u (2), nocie coxpamennﬁ Ha e**+P¥ mosnyyaem:

@t DE b+l @ ot tu=0. @)

Yucna a u B onpepenuM Tak, utobel @ +B =0, b+a =0, T. e. a=
= —f, b= —a. A TOrza aB-}—aa-}-bB—[—c——c—ab—g H ypaBHEHHe

(3) npunumaer BuA aa 5 + cu=0.
207. TlokasaTb, yTo ypaBHEHHE

0%z 0z
oxt oy 51)
He H3MeHsIeT CBOer0 BHIA IIpH 3aMeHe IlepeMeHHBIX §= -g- P M=
x2
w=}ye¥e.
Pewenue. Bocnonb3osaBummcs ¢opmysiamu (11) m. 2°, nafizem:
x2
0z e Yow 2
Ox y V7 ou 2y’ 2)
x2
0z _we Wow ¢ W ow 2w
oy g2Vyou g yyor 29" 4427
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22
Ocraercsi BBLIUHCIUTL = !

0x?
_x
0% _e Y owou , 1 wd(_%\ z  x0z_
0x2__y1/g 0ut 0x ' 41/ you dx\e 4y %y  2yox
x2 x2
e ¥ 2w xe Yow 2z | axt (3)

TEVEE T avi e u e
W3 pasencts (1), (2) u (3) caenyer, uto

X -

e W 0%w  xe 4y6£)__3_+2!__152_

2Vy ou? 2Vy ou 2y ' 4y?

x?

x?2 ~ i

. X_ T ow e Y ow 2z 2
v Vy

ETRE Ve i TR v

| _

Orcioza moc/ie CBefieHHs NMOJOGHBIX WIEHOB M COKpalleHHs! Ha — V-e
y'vy

2
IIOIYYHM pPaBEHCTBO e = 30 ?

208. B ypaBHennu
g1+ 925 — (4 p+q+209) e + p(1 4+ p) L2 =0
ox? Ox dy oy? ’

yTO U TpebOBaOCh NOKAa3aTh.

TAe p=g—; H q=gz, NOJIOXUTb U=Xx-42, V=y+2 w=x+4y+z2
CyHTasg, 4T0 W= w (4, v).
0z 02
Pemenue. Haxonum mpousBoiHbe - = p H =9 (cM.  dopmyisl
(11) m. 2°):

% _1 =1
p=_a“A ,q=—-‘2{-’-2——,r11e A=g—u—"3 g;f——l.
Orcrona
du \ v ov \ du
g1+ =——g—, p(4+p=—""0—L (]

1 7]
L+ ptatom=g(l—G —5 +25 %

3ameyasi, 4TO

ow ow 1
Qz_t__l_l_ __ov dv ____Tﬂ_
ox P=Z 1 5=P= A
ow 1 ow
ou ov ov Ou
y=9=""a— ,@—1+q=7,
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HaXoJAHUM BTOPLIC TIPOH3BOIHLIC:

0%z _ dpou + dpov 0| du + u | ou .
ox  ouox " ovox  ou A av A A

. 0%w [ dw _9 0%w Jw [ow +62w Jw —1 2 .
= E’»(W(@) auau“év‘(éi ) d0? (au ) '

0% Opou , Opodv | (0*w dw (0w 0*w ow
0xdy 0u6y+6vaj A3(0u2 00(60 )+0uav<au+ 1)+
0%w dw [dw

+ 52 o (6u —.1)); (2)
0’z __0qou , dqov 1 (F*w 619_2__2 ’w 0w Q_w___l 4.
5&5_@@+55(3—y— A3(6v2 ou ou 0v du \ ov

0*w [ow 2
+ 5 (3 —1) ).
62
N3 paBencts (1), (2) u naHHOro ypaBHEHHsI CJELyeT, YTO a—u—gv =0,

209. B ypaBHeHuu

26 u 9 0%u d%u ou\? ou\? ou\?

6x2+l ay2 +22022 “( ax) + (y@) +(za_z)}

MOJIOXKUTb X =¢%, y=e1, 2=¢", u=¢e% rae w=w(t, 7, ¢).
Pemenune. B cuny uHBapHaHTHOCTH IepBoro auddepeHunuana, uMeem:

du=‘?i‘dx+g‘-;d +§—;‘dz=‘i“dw, WK
du = Eds+ e’?d +—e< ew(—~d5+a dn+ 3 dc)

Orcioza
ou ow ou ow ou ow

e e w7 w ou _
YR Y= famT (0

lludxbepeﬂuupyﬂ nepeoe U3 3THX PaBEHCTB N0 X H IOJb3YSAChb TEM, YTO
=* = ¢—*, moJyyaem:

dx
02u ow\? ., 02w\ d& 0w _
ot = (e‘”(a“) +e“a‘a'f)ﬁ" (&2 +(as))e "
Orciona ¥ u3 (1) Haxoaum:
0%w 02w ow\2 ow
3n=e i+ (5-5)
ox? 0g2 0% 0t
AHasniornyHo
0%w 02w ow\2 OJw
20W __ (0T ow\"__ow
Y oy? e” (0n2 + (Gn) o ),

0 0%w - 0*w dw\2  Ow
o _ew(acz +<5c—) —af;)‘

273



Takum o6pa3oM, B HOBLIX NEpPEMEHHBIX JAHHOE YpaBHEHHE HMeeT CJle-
AYIOWHUA BUJ:
%w , %w , Fw

g+ = =D ((F) () E) FE R

0%z 0%z 0%2
ox? 0y (m
npH JoOoM pacnpefie/ieHHH poJieii MeXKAYy NepeMeHHBIMH X, Yy U 2.

Pemenwne. Ilyctp, Hanpumep, x — OYHKUHUSA, a Y U 2 — HE3aBUCHMBIE
nepeMenHble. Mcnonb3aysi mHBapuaHTHOCTH (GopMbl nepporo auddepeHnHana,
HoJyqaeMm:

210. IlokasaTp, 4TO BUJ YpaBHEHHS ) = 0 He MeHsieTcs

0x [0z
dx dJ+az(axd +0y )

CpaBuuBasi Kos(pdunneHTsl npu dx u dy, nonyqaeM CHCTEMY

ox 0z ox 02
= 9z 0x? 0= 6y + dz oy’
ox
M3 KOTOpOH HaXOaHuM: oz __ 1 0z _ 0y
9x  ox’ oy  ox'
0z 0z
HaXOIU/IM BTOpbIE€ IIPOU3BOJHBIE:
0%x
02 _ 0 [1\0z _ 0z% .
%‘*:b?(&)&— T Jox\3’
0%x Ox 0%x 0x
9%z ] 0z 022 dy 020y 0z
" 0x0y 0y (ax) + 5 0z (0x) dy ox\3 ’
0z 0z (a—z)
o ox O (0x\2_, Fx Dxdx | O (0x)2
922 o oy T oy \oz oy? (az) 0z0y 0zdy ' 02* (ay)
o~ og\ x| Ta\ o |y T T 353 ~
9z 0z (b—z)
CuieioBaTe/IBHO,
9%z 0%z 9% \2 (0%« 0%« 0%x \2\ [0x\2__ 0
ox% 0y® (ax ay) - (52? 0y® _(m;) )(&) R
0%x 0%x 0% \2__
T. €. —8—2—5@5—'(52—0‘[/) =
AHajornyHo HoCTynaeM, cuuTtas y (PyHKIUeH, a X U 2 — He3aBHCUMbIMH

IiepeMeHHBbIMH.
211. Peumnth ypaBHEHHE

gz\? 0%z 20202 9% + @2622_0
(5&) dx2~ “ 9x dy 0x dy (ax oy !

NpUHAB X 32 (QYHKUHIO OT NEepeMEHHBIX y H 2.
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0z 0z 0%
Pewenune. IlogcraBnsis B naHHOe ypaBHeHHe BMECTO 5oy 5.5 By
2 2
(%;-g H —g—y% MX BBIYHUCJICHHBIE B NpejblAyILIeM IpuMepe 3HA4eHHs1 U NPHUBOASA
0%x ox
nofo0OHBIE YJIEHEI, TI0JIyYyaeM ypaBHeHHe Froh 0. Orciona =9 () nx=
= yo (2) + ¢ (2), rae ¢(2) u ¢ (2) —npou3BoJIbHbBIE H HEOGXOAUMOE YHCJ/IO
pas auddepeHurpyemoie HyHKIUH.
212, IlpeoGpasoBaTb ypaBHEHHE

0z 0z\0%2 dz 02\ 0% dz 02\0%2
A5 @)a—xEHB(a’ a;,)—axaﬁc(a—x’ a‘y‘)a‘ﬁ*o'
npuMeHsisi ipeobpasoBanye JlexxaHjapa '

0z 0z 0z 0z
Y=g, Z=x5+Yy5—% (1)

X=07c’ oy’

rie Z=272(X, Y).
Pewenue. Ilpexnonaraem, uto pyHKiusa 2 = z(x, y) YAOBJIETBOPSIET
YCJIOBHIO
0% 0% 0%2\2_ D(X,Y) ,
_a—xzéﬁi-(axay)—D(x, y)'#o' 2

Iuddepennypys Tpetbe U3 paBeHCTB (1) Mo ¥ M MO y W yUuTHIBasl, 4TO
0X 0% 0X 022 oY oY 0% ,
E—w,(g:m——é;,a—y‘:a“ﬁ,HOﬂyqaeM.

0Z 9’z |, 0Z 0% 0%2 0%z

X Tavagor— “oe T Yoyon

0Z 0% 0Z %2 0% 0%2

ox %oy T av apr — Faway T Yo

Orcrona, B cuay ycJoBus (2), HaxXOAMM:
0z 0z
X = a- ’ y = a_y‘ . (3)
Hanee, auddepeHuupys paBeHCTBa (3) MO X H IO Yy, HMEEM JBe CHCTEMBL:
0%Z 0% 0*Z 0%

I'=5% 0 + 53X oV dx 0y *
0 PZ 0% 0L 02
0X oY 0x* ' dY%o0xdy
H
0 9z 0% n ?Z 0%
0X29x0y ' 9X oY oy2!
|02 2 | 9°Z0%

=ayaxaxay+ayza'g}'2

Dix y __ 1
50 R B

C omnpenenndre/sieM, OTJHYHBIM OT HYJIA:
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ITosToMy yKasaHHblE CHCTEMBI OJHO3HAYHO OMNpPENEJIAIOT BTOPLIE TMPOU3-
BOJHbBIE: .
VA 027 02Z

02
9% _0Y: 9% __ 0XoY 9z __ 0X® )
ox2 T 1’ 9xdy I L ' gy [t
Hcnonb3ysi paBenctsa (1) u (4), 3anucbiBaem npeo6pasoBaHHoe ypaBHeHHe
62
A (X, Y)0Y2 — 2B (X, Y)aan + C (X, Y)6X2 0.

§ 6. Mopmyna Telnopa.
Hekotopblie reoMeTpHyecKMe NPMNOIKEHHUS
AndpdepeHUMANnbLHOro McUMcneHMs

1°. ®opmyaa Te#tnmopa. Ecou dynkuua f(xy, 1o, ..., X,,) 3a/1aHa
H n + 1 pas nubdepeHupyeMa B HEKOTOPOM OKDPECTHOCTH ToukH M, (x,,
Xgy ..y X)), TO ANS BCeX ToueK M (%;, Xa, ..., X,) H3 3TOH OKPECTHOCTH

cnpaBenJmBa dopmyaa
n
° N ] o, @
FOn, o, vve 5) =[5 5 ey %)+ X (0a— ) 2
k=1

L] o k o -] °
+(x2"'x2)5(2”x2+ e +(xm_xm)'a_i;) f(xla xg; so 0y xm)+

+ Rn (xb x2’ s 00y xm)a (1)
rune

Rn(xl, Xoy e ooy xm)=(7-l|-—-l_).l ((xl—x;)@%"i' (X2_x;)a—i2+
=T ge] T8 — ), £ 0 e —x) +

R +x,°n+0(xm_x;1))’ 0<b<l

2°. Pan Teitnopa. Ecom dyskuua f(xg, X3, ..., X,) OeckoHeyHO
audepennupyema u lim R, (%3, X2, ..., X,) =10, To 3Ta QYyHKIMA AOMYC-

e 00

KaeT npeacras/ieHHE B BHAE CTECNEHHOIO psaa

f( %oy ooy %) =[O0, X5 oon, X)) +
00 . o k
T A (P A X SIS BLY Y
k=1

X F(xyy Xgy oovy Xm), 2
KOTOpbIAi HAa3bIBaeTCs pﬂaom Teidropa pnss GyHKUMH (X1, Xgy «ovy X)
B OKPECTHOCTH TOUKH My (X5, X3 o« s Xp).

Uacthele cayuan ¢opmya (1) u (2) npu x, = 0, x = (), x3 == 0, ,
x, =0 COOTBETCTBEHHO HOCAT HasBaHue ¢hopmy.ol Marcxzopeua H p;zaa
Makaopena.
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3°. OcobOble TOUKH NJOCKHX KpPpHBBIX. ['eomerpuueckoe Mecrto
TOYEK, KOOPJHMHATHI KOTOPBIX YJIOBJIETBOPSIOT ypaBHeHHIO F (x, y) = 0, Oynem
Ha3bIBaTb KpuUeoU.

[Ipocmoin ompeskom Kpueod OylneM Ha3biBATb TeOMETPHYECKOe MeCTO
TOYEeK, KOOPJHHATHl KOTOPbIX XOTA Obl B OXHOH NPSIMOYTOJIbHOH cHCTeMe
VAOBJETBOPSIOT YPaBHEHHIO y = f(X), X; < X < Xp, T/€ X; U Xy — IIOCTOSIH-
Hble yHCJa, a f(x) — HempepblBHAsi OAHO3HAuHasi YHKIHSL.

Touka M,(x,, Y,) HasbiBaeTCsi  OOLIKHOBEHHOU MO4KOU  KPUBOH
F(x,y) =0, ecau CyuleCTBYIOT TaKHE€ NOJOXKHTEJNbHBIE YHCJIA o H B, 4TO
nonastiasi B NMPSMOYTOJIBHUK | X — Xo| <&, |y —yo| <P uacTb Kpusoii
F(x, y) =0 sBasercss mpocTbIM oTpe3KoM. Ec/iu XKe TakHX yHcesa a U B
He cyuectByeT, To Touka M, (X, Y,) Ha3bIBAETCS 0c060U mMOUKOU.

OcobeiMu Toukamu KpuBoit F (x, y) = 0 MoryT OBITb TOJIBKO T€ TOYKH,
B KOTOpPbIX BBINOJIHSIIOTCSl YCJIOBHS

F(x, y) =0, F/(x, y) =0, F,(x, y) =0 (3)

(3mech m Janee Mbl mpefmnoJsiaraeM, uto (yHKuMs F HMeeT JocTaTO4HOe
YHCJIO YACTHBHIX NPOH3BOAHBIX).
Ecmu B ocoboii Touke M, BBHIMOJHSIOTCS ycJoBHS (3), a YCJIOBHs

A:‘"F;’x(xo; Yo) =0, B=F;'y(x0, Yo) = 0, C':ng(xo, Yo) =0-(4)

He BBINOJHSAIOTCS, TO TouKa M, HasbiBaeTcs 080UHOU 0cobod mouxoli. Ecin
e BBINOJHAIOTCS ycaoBust (3) M (4), a cpeidt NPOU3BOAHBIX TPETHErO IO-

Ul Hi e

psaka Fyex, Fop Fopy Fyyy x0T OBl OXHA B TOUKEe M, OTJIHYHA OT HYJIS,
TO TOYKy M, HasbBalOT mpourod ocobod mouxod. B obuem cayuae, ecsu
B Touke M, Bce yacTHble NPOH3BOAHBIE 10 (7 — 1)-ro mopsaka BKJIOYH-
TeJIbHO PaBHbI HYJIO, HO Cpelld NMPOU3BOAHBIX M-I'O TOPSAAKA €CTb XOTs1 Obl
OJHA OTJHUYHAS OT HYJISA, TO TOUKY M, Ha3BIBAIOT N-KpamHoL 0co60t mo4xko!l.

Hasa  KnaccupUKauuy JABOHHBIX OCOOBIX TOYEK PpacCMOTPHUM YpaBHEHUE

FJ,C')C + QF;/yf, (xO) + Fgl/’yf’z (XO) = 09 (5)

nosiydeHHoe B pesyJsbrare AuddepeHuypoBanus toxaectsa F (x, f(x)) =0,
rre y = [ (x) — npoctoii OTPe30K KPHBOH, M NPEIMNOJIONKEHHUS, UTO DYHKIHsA
F(x, y) nBaxnasl aubdepeHnupyemasl.

1) Ecom kopHu ypaBHeHusi (5) KOMILIEKCHEIE, T. e. ecin AC — B? > 0,
TO MPOCTOrO OTpe3Ka, cojepxkauero Touky M, (Xy, Y,), HE CYILeCTBYeT.
B srom ciyuyae Touka M, HasbIBaeTCA U30AUPOBAHHOU 0c000U MOUKOU.

2) Ecum kopHHu ypaBHeHHs (5) KefCTBHTEJIbHBIE H Pa3Hbie, T. €. ecd AC —
— B?®< 0, To CywecTByIOT [Ba B3aHMHO I€PECEKalOIHXCsA INPOCTHIX OT-
pe3ka. B sToMm ciyyae umeeM y3.408yw0 0cobyr mouxy.

3) Ecin xe KopHH ypaBHeHus (5) KpaTHble, a B 3ToM caydae AC —
— B? =0, 1O 06e BeTBH KpHBOH MMeIOT B Touke M 0OILYyIO KacaTe/nbHYIO.
31eChb MOXET OBIThb:

a) TOYKa Bo3BpaTa 1-ro poja, Koraa o6e BeTBH KPHUBOH pPacnosIOXKeHbl
MO OJHY CTOPOHY OT oOLIell HOpMaJH U MO pas3Hble CTOPOHbI OT OOkieiH
KacareqbHOH B Touke M,;

0) TouKa Bo3BpaTa 2-ro poja, Korja o0e BETBH KpPHBOH pacroJIOXKeHbI
Mo OJHY CTOPOHY OT oOLiell HOpMaJu U MO OJHY CTOPOHY OT oOLieH Kaca-
TeJIbHOH;
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B) TOYKAa CaMONPUKOCHOBEHMS, KOrZa oOe BeTBH pacCIOJIOKeHb No ofe
CTOPOHBI OOUlell KacaTeJqbHOH U 1O o0e CTOPOHBI OOlLeH HOpMaJH;

) u3oJMpoBaHHas ocobasi TOYKa.

B cayyae A= B =C =0 B0o3MOXHbl 0oJiee CJOXHbl€ THUIB OCOOBIX
TOYeK.

4°, KacaTenbHas npsMas U HOPMaJbHas NJOCKOCTD.
ITycte KpuBasi B TpeXMEPHOM IIPOCTPAHCTBE 3aJdHA ypaBHEHHEM

x=9), y=9(), 2=20), 1€, b), )

rie GYHKUMH ¢, ¢ H 7y HMEIOT IPOH3BOJHbIE, HE PaBHBIE HYJIO OXHOBpE-
MEHHO, T. e.

(¢" Eo)* + (9 (2))* + (' (t0))* >0, Lo € (a, b).

HYCTb nanee, xo =9 (to), Yy =9 (o), 20 = X (fo) M x; = ¢’ (f0), Yo = ¢’ (fo),
20 = ' (t,)- Torma ypaBHeHHe KacaTesbHOH npsMoil K Kpusoi (6) B Touke
M,y (x, Yo, 2) UMEET BHA:

x—xo Y—Y% _2—2 (7)

Xo Yo 20

YpaBHeHHe HOPMaNbHOH IVIOCKOCTH B 3TOH TOYKe 3alHLIeTCH CJedyIOLIHM
o6pasom:

(x — x0) %5 + (9 — yo) ¥ + (2 — ) 2, = 0. S ®

5°. KacatenpHass nmJoCKOCTb U HopMaJab. Ilyct nosepx-
HOCThb 3aJlaHa ypaBHEHHEM

F(x, y, =0, (x, y, )€ D,

rae ¢yskuus F HenpepbiBHa BMecTe CO CBOMMH IIPOM3BOAHBIMH F, F,,
F, B Touke M, (xy, Yo, 2) € D, npuuem

(Fy (Mg))* + (F; (Mq))* + (F;(My))* > 0.
Torpa ypaBHeHHE KacaTesNbHOH IVIOCKOCTH HMeeT BHI:

(x —xo) F (M) + (y —yo) Fy (My) + (2 —20) F, (M) =0, )

a ypaBHeHHe HopMasau B Touke M,

X—X _Y—Yo _ 2—2
Frl) = Froty) — FI(Mg (10)

B uyacTHOCTH, €CJ/Id MOBEPXHOCTh 3ajJaHa ypaBHeHHeM 2 = f(x, y), rae f—
audpepenunpyeMasi B Touke (Xo, Yo) GYHKUHA U 24 = [ (Xy, Yp), TO

of (%o of (xo»
(r— ) Lot (Aot (1)
— ypaBHeHHe KacaTeJbHOH IJIOCKOCTH H
X—X% __ Y —Y _2"%
Of (¥0 Yo)  Of (X0 Yo) —1 (12)
Ox oy

~— ypaBHeHHE€ HOpPMaJIH.

278



Ec/H noBepXHOCTb 33/aHA ypPaBHEHHSMH
x = x (u’ v)’ y= y (u’ U)’ z = Z(u’ v)’

rae QyHKUMH X, Yy U 2 — HENpepbiBHO AH(depeHIpyeMble B HEKOTOPOi
obsactu D u B TOuke (Xo, Yo) €D OyHKUHH X, Yy U 2 NPUHHMAIOT COOT-
BEeTCTBEHHO 3HAUEHHUS Xy, Yo U 25, TO

(x—x0) A+ (y—yo) B+ (2—2)C=0 (13)

— YpaBHEHHE Kacate/bHOH IIJIOCKOCTH, a

X—X_Y—Yo_2—2
i~ B ~¢C (14)

— YpaBHE€HHE HOpMaJIH, rAe

dy o0z 0z 0x ox dy

ou Ou du ou ou Ou
A= dy 9z |’ B= 0z x|’ C= ox ayl|’

ov dv ov 0v dv 0Ov

3nech 3HaueHHs] YACTHBIX TPOM3BOJHBIX BbIYHCJEHBI B TOUKE KaCaHHsl.

6°. Orubawmass cemMmeicTBa NJOCKHX KpuBBX. Orubaro-
1asi KpUBasi OAHOMApaMeTPUYECKOro ceMeHCTBa KpHBLIX F (x, y, a) =0 (a—
apaMeTp) yJIOBJIETBOPSIET CHCTEME YpaBHEHHH

Fx, y, )=0, Fa(x, y, @) =0. (15)

Ecnu, HanpuMep, BBIMOJHEHBI YCJIOBHS: 1) B OKPECTHOCTH TOYKH (Xq, Yo, Zo),
YAOBIETBOPSAIONIEH CHCTEME (15) npousaozwble Fy, Fy, Fix, Fuy u Fy, He-
TMpepLIBHEL, 2) B 3TOH TOYKe F -+ F + 0, Fy. # 0. Torna auckpumunaHrt-
Hast KpuBas (I€OMETPUUYECKOe MecTo Toqu YAOBJIETBOPSAIOIIHX cHcTeMe (15)),
NPOXOJsIasi uyepe3 TOUKY (Xq, Yo), ABJASETCA B OKPECTHOCTH 3TOH TOUKH
orubarolieil pacCMaTpuBaeMOro CeMeHcTBa KpHBBIX.

213. ®yuxuuio f(x, y) =2x* —xy—y* —6x —3y + 5 paszioxKuTh
no ¢opmyne Tefiiopa B okpectHocTH ToukH A(1, —2).

Pewenue. [lanHas (yHKUUS HMEET HeNpepbIBHbIE YACTHHIE NPOU3BO/I-
Hble Jo0oro nopsiaka. ITockosibKy BCe uacTHbIe INPOH3BOZLHBIE MOPSKA,
BBILLIE BTOPOIO, PaBHBI HYJIIO, TO OCTATOYHBIH uneH R, Vi > 2 obpauiaercs
B Hysb, H opmyna Teiyiopa mpuHHMaeT caeqyIOLWIHA BHA:

Fo ) =F(1, —2) + LD — 1)+ LDy 4 9) 4
+r (2 e — 1 2T (e — 1)(y +24+ ()
9% (1, —
+ =2+ 97).

Haxozmm JaCcTHEIE l’IpOPIS BOJHbIC:
of (x, y)

Pl y) 4 Py _ 4. &Y __o
0x2 ’ 0x0y ’ dy? *
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Buuneasia B Touke A (1, —2) 3HaueHHA (YHKUHH H €e TNPOHU3BOAHBIX

ox o, dy - Ox?
r, =) _ . =),
O0x0y ’ doy?

H NOJb3ysCh pasjoxenueMm (1), nosayuaewm:
fx, ) =54+2x—1P—x—1E+2—u+2>

214. Dyukuno f(x, y, 2) = x° + y* 4 2° — 3xyz pasnoxurb no ¢op-
mysae Teiliopa B okpectHoctd ToukH A (1, 1, 1).

Pemenune. Ilockonbky Bce yacTHble MNPOM3BOAHBIE TOPsAKA Bhille
TPETbEr0 PaBHBl HYJIIO, TO OCTaTOuHbIA ujeH R, ¢opmynan Teiopa paseH
HYyJI0 15 Bcex n > 3. CrnenosatesibHO, B JaHHOM caydae ¢opmynaa Tei-
Jopa NpHHHMaeT BHA

F(x, 4, 2)=F(A) + df (A) + & & (A) + 5 dF (A), (1)

rie dx=x—1, dy=y—1, dz=2z—1. Bouncasas B touke A(l, 1, 1)
3HaueHHs (YHKUUHM H ee Ju¢¢epeHLHaNoB
f(A)=0; df(A)=0; &®f(A)=6((x—17+@H—1P+E—1)?—
—@x—=DE—=1) —@Ex—=—De—)—@F—)E—1) &f(4)=
=6((x— 1P+ —1+E—1P—18x—1)(y—1)—1)

H NOJAb3ysChb pasyoxeHueM (1), mosyuaem:

e g A= 3D G—P e—D—e— D — 1) —
—=De—-N—W—NE=1)+Ex—1)+@G—-1)0+Cc—1)—
—3(x— 1)y —1)=1).
215. Haitru npupaienue, nonyyaemoe pynkuuei f(x, y) = x%y -+ xy?> —
— 2xy, npu nepexoie oT 3HaueHuil x =1, y = —1 K 3HaueHUsM x; =

=14+h, y1=—1+k
Pemenne. B nanHoM ciyuae pasnoxkenue ¢ynkuuu f(x, y) no ¢op-
myae Teflsopa B okpecTHOCTH Touku (1, —1) -MOXHO 3amucatb B BHAE

A, =D =Fx, ) —F(1, =) =L e—1) 4 LED (4
1) g (=D (1 o LD (e 1y 1) +
+ 200y 1) g (ZLO D 1 4 8 2L D (12

dy®
a3%f (1, —1 o3f (1, —1
+ 1)+ 38D (e (g 1 ZLL D ).
Ilonaras 3pece x=1-+h, y=—1 4+ k ¥ BbuMCIAA YKa3aHHBIE MPOH3-

Bo.1Hble, mosyyaeM: Af(l, —1)= h—3k— h®—2hk + k* 4 h*k -+ hk™

216. B pasnoxennu ¢ynkuun f(x, y)=xY no ¢opmyae Teiinopa
B oxpecTHOCTH TouKH A (1, 1) BbimHcaTb 4/eHb JO BTOPOro MopsikKa BKJIO-
YHTCNIBHO.
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Pemenune. Haxomum cHauana uacTHele TPOWU3BOJHBIE JO TPETHETO

nop;mxa BKJIFOYHTEJILHO:
(x, yy=yx=Y, [, (x, yy=xvlnx,

fx (x D=y —Dx2 fa ) =(1+ylnxe, fr, p)=
= x¥ In?x,

ot D=yly—1)—2) 22, fo,(x, )=y —1+yly—
—_ l) In x) x¥—2,

fer %, )= (@I x 4+ 21Inx) xv=1,  fo(x, y)=x"In’x
3aTeM BbIYMCJSEM 3HAuYeHHs1 (DYHKIHM M €€ NMPOH3BOJAHBIX NMEPBOrO H BTO-
poro nopsmxos B TOUYKE A(l 1): f(l 1)= 1, ., =1, f,(1,1)=0,

fe(l, )=0, f,,(1, 1)=1, f:(1, 1) = 0-u sanucbiBaem auddepeHHanst
NepBoro H BToporo IIOpHJlKOB B sTol Touke: df (1,1)=dx, d*(l,1)=
= 2dxdy.

Hckomoe pasJio2kKEHHE 3amnuueTCs B BUIAE
1
fee, ) =71, 1)+df(1,1) + 5 @ (1, 1) + Re (1 + 8dx, 14 8dy) =
= | 4+ dx + dxdy + Ry (1 + 0dx, 1 4 0dy),
rie de=x—1, dy=y—1; 0<0<1; Ry(x, y)=—16-d3f(x, y) =
—1 2 —1 —1)
=%(y(y )G =2 g5 | 3% ty =D InE gy 4

yintx42Inx
X

+3 dxdy?® + In® xdy"’) .
217. Pasnoxutb mo ¢opmyse MakjopeHa 1O 4YJ/IEHOB - YETBEPTOro Io-

psllka BKJIOYHTENbHO (yHKuMO f(x, y) =V 1 — x2 — 2.
Pemwenune. Haxonum auddepenunans ¢yHkuun f 10 ueTBEpTOro no-
pAlKa BKJIOYUTEJbHO:

1

ly
f ()C, y) = (1 —x* —‘yz) 2—' df (x’ y)':’QI-(I — x? ___y2)"2“ (—2de-—'2ydy),

3
f (x, g) = —5 (1 —x* — ") T (—2xdx — 2ydy)?® +
1
45 (1 —x2—g?) 2 (—2dx® —2dy?),

B (5, )= 2 (1 — 2 — )™ T (—2adx — 2ydy? -
—y3) o (——2xdx — ydy) (—2dx® — 2dy )

705, 6) =1 (1 —xt— ) T (—oxdx — 2ydy)t + P —x—
—yY) T (—2xdx — 2ydy)? (—2dx* — 2dy?) — % (1 —x2—y) T X
X (—2dx® — 2dy*)>.

[Tonaras smecs x=y =0, dex=1x, dy=y, noayyaem: (0, 0)=1,
df (0, (()) =0, (0, 0)=—(*+ ¥, @F(0, 0=0, dif(o, 0)=
= =3 (¢ + )
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Teﬁepb JIETKO 3anucatb TpebyeMoe pas/ioxKeHHe:

F(0, 0)+ df (0, 0) + 5; &F (0, 0) -+ 57 &% (0, 0) + 1 d% (0, 0) =
=1 — 3 (@ +4) — 5 (@ +

218. BoiBecTH npHOJIKEHHbBIE Q)opMyJIbI c TO‘{HOCTblO JI0 4JIEHOB BTO-

poro mopsiaika JJis BbIPaXKEHHH: a) —; 0) arctgl +xiz
Pemwenue. a) Ilonb3ysce q)opmyJIaMH

cost=1—5 +0(?), = =1-+q+¢+0(),

CIIPaBeI/IUBLIMH COOTBETCTBeHHO npd ¢ -0 u ¢ — 0, nosayuaem:

1 _1 x% 4 o (x?)

cos x 2
cosy 1——;—y2+0(y2)
=1 — g4y )yt () = 1 — B
6) O6osnauas f(x, y) = arctgli-i—z
d*f (0, 0):
f(0, 0) =arctgl = 7 ;

. 2 (1 + y)dx — 2xdy g
df(x’ y)"‘ (1—x+y)2—i—(l+x+y)2 ’ df(o O)_dx

d2f (x y) —(2(1+4-y)dx—2xdy) (2 (1—x+4y) (—dx+dy) 4-2( 1+x+y)(dx—[—dy))
’ (T—xF 9° + (IeF £+ 9) 22
&7 (0, 0) = —2dxdy.

Hanee, noabsysicb ¢opmyJioii MakiopeHa

F(x, 9) =F(0, 0) -+ df (0, 0) 4 & d* (0, 0) 4 +-+,

= (1 ——%xz—l—o(xz))(l + é‘zﬁ—l—o(yz)) —

, Beigcasem [ (0, 0), df (0, 0),

rae dx = x, dy =y, noayyaeM HCKOMYIO NpPHOMIKEHHYIO ¢opMmyJy

arctgl+iiz +x—xy.

219. YnpocTuth BblpaxkeHue cos (X -+ y -+ 2) —cosxcosycosz, cuutas
X, Y, 2 MaJbIMH 1O a0COJIIOTHOH BeJIHYHHE.
Pemenue. Hcnospsys dopmyny MakiopeHa ansi cosf, umeeMm:

2 —_ yz. — 22'
COSX~1—-~2~, cosy=~1—7%; cosz=1—%;
C0~°>(x-i-1/—i~2’)z1---—(x-l-y—l-z)2
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3aMeHss1 B JJAHHOM BbIPAXKE€HHH KOCHHYChI IIOJYYEHHBIMH npn@mmenm-
MU H OT6paCbIB3H BeJIHYHHBEI BbIIIE€ BTOPOro Iopsjika MaJioCTH, HaXOAHM!:

cos(x+y—1—2)——cosxcosycoszzj1——%(x-|-y+z)2_~
—(l—ﬁ)(l—%)(1—52—)=1—i(x2+y2+z2)—(xy+xz+y2)—
— 1+ 2()cg—ky +22)——(xy + x°2 +9222)—I—§x2y222x
~ — (xy + xz2 4 yz).

220. Dyuxumo F (x, y) =+ (F(x+h, o) +[(x, y+h) +[(x—h,

y)+ f(x, y—h)) —[f(x, y) pasnoxuTb Mo cTeneHsAM A ¢ TOYHOCTBIO 10 h*.
Pemenune. Ilo dopmyse MaksopeHa, umeeM:

Fr, ) = +(F+hls+ o f o o i i o (%) + f +
S hf A R Y o (b F— R+
O B B g Y o (b + F —hf, +
e Y 4 o(h) —f,

rie 3HayeHwe GyHkuud f U ee npousBoiHBIX [™(n=1, 2, 3, 4) BbuHC-
JeHbl B Touke (x, y). Ilocne npuBeneHHs] NOROOHBIX MOJNYYHM:

F(x, g) =20+ 17 + 50 + 1) + o (v,
221. Pasnoxutp no creneHsm A U k GyHKUHIO
Af(, Y)=TFT&x+h y+k—Fx+h y)—Flx y+k)+](x y).

Pemenne. Cnayana samuiem passoxenue GyHRuuH f(x 4 h, y--k)
no ¢opmyse MakJopeHa:

FOcth, g+ By =F(x, ) +n 2G04 UG 0 BPG Y

92 k202 1 0 a\"
e L) | R0 ”+L (rZ+el) i

[lpencrapnss cuMBoJMYecKyro 3anMch n-ro AuddepeHIHasa B cieayoLiel
(popme:

n

0 a\" O mpn—m O (%, Y)
(hb;"}"ka/) f(x’ y)“‘zm!(n_m)hk Oxmoyn=— mo

m=0
—1
_ mpn—m _9"f (X, Y) 0"} (%, y) n 9"f (%, Y)
2 m! (n — m)! h k" oxmoyn—m +h etk “oyn !

=1
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pasnioxenue (1) sanumem B BHIE:

Fockh, gtk =Flx, o) +h LD p A0 KD

) n—l

0%f (x, y) + k? 0%f (x Y) hmgn=m  9nf (x, y)
+ hk 0x0y 2 + E Z ml (n — m)! oxmayn—m +

n=3 m=I1
1 na [(x, 9 nanf(x, Y)
+ (0 e 1 25 0),

Hanee, ucrnonp3yst 5T0 paBeHCTBO M pasfoxeHHs QyHKuui f(x 4 h, y)

u f(x, y+k)

o0

h? 92 hn on
Flc+h, y)=F(x, y)_l_haf(x y)_l_ fa(;c2 Y Hafa(;t; 9
n=3
0 k2 02 kn on
foe g+ R =Fex g+ L5248 f;;‘zy)+§] e
3anuCbiBaeM passioxenve GyHRuuH A, f(x, y):
0*f (x, v) S hmgn—m - onf (x, Y)
A"yf (x, y)=hk 0xdy +232 m! (n — m)! gxmoyn—m *

222, Pa3/ioXHUTh 1O cTeneHsM p (GYHKIHIO
1 ,
F(p) = Q;Sf(H— pcos ¢, y - psing)de,
0

rae f(x, y) nuddepennupyeMa Jmoboe YUCJIO pa3 H pasJaraercs Mo CTere-
HAM p B CTENEHHOH psif.

Peuwenne. 3anuiem pasnoxenne ¢byHkuuu f(x -4 pcos ¢, y - psing)
no ¢opmyJe MakJjopeHa:

f(x+pcose, y+psing) = f(x, y)+2,§—,(coscpa%+sin<p§g) f(x, y).
k=1

[lpennonarasi mousieHHOe MHTErPUPOBAHHE 3TOrO CTENEHHOrO psiia BO3MOX-
HbIM, TOJIy4aeM pasjiokeHnne (yHKUHH F (p) IO CTemeHsM p:
2

Fe)=F(x y)+2,§-,—§,;§(coscpax+sin<pa) F(x, 1) de.
k=1
Tak kak
k
o . . oY k! okf (x, L
(°°S‘Po'7c+s‘““’5&) e y)=§il(ki1)! aﬁélkfi cos’e sin*~Te,
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TO pa3/okeHne QyHKuuu F (p) MOXKHO 3allHcaTh B BHJE:
2n

k! ORf ( 1
F(p)=1(x, y)+ E £l 2 TE—j)! dx/;c)jk_y’) QESCOS]‘P sin*~fpde. (1)

PaccMorpum uHTErpaJ

on
1(j, k—j) = 5 | coslg sint~igds. @
0

Ecau j = 2m—1, 1o cosie sin*~iody = P,_(sin ¢) d (sin ¢), rae Pp_(sing)—
MHorouJieH creneHn k-—1. Orcooga ciaelyer, 4To

I1@2m—1, k—2m + 1)=;,2—17—tS‘Pk__1 (sin¢) d(sing) = 0.
0

Ananoruyno, ecii k=2n—1, 10 I(j, 2n—1 —j)= 0.

CrnenoBaresbHO, HHTErpaJ (2) OT/MueH OT HYJsi TOJBKO B TOM CJyyae,

ecd k=2n, j=2m:
or

I1(2m, 2n—2m) = g cos?g sin?*—2"ode.
0

Bhiuncasss sTot HHTErpaJs HHTErpHpoBaHHEM IO YacCTaAM, II0JyUaeM!

1©Qm, 2n—2m) = %{’%%L—l [©@m—2, 2n—2m -+ 9).

Orciona cnenyer, yTo

. em—1N2m—3)..-3.1
I@m, 2n—2m) = o —s N en—tm . o= en—1 ! & 20)=
_em—nlUEn—2m—nt o,
= @n—1 1 0, 2n).

[Tosb3ysick Tem, uto (cM. mpumep 99, ra. IV, u. 1)

2r -21
(. 2 . @u—1)N
10, 2n) = 2—5(‘5 sin®*ede = — (‘5 sin®qde = ORI
NoJIy4aeM:
oy L @m—DI@n—2m— D]l (@n— ]Il
I'(2m, 2n—2m) = Tr=nn @)l
_ @Cm— DH2n —2m — NI
= @)l
~ Hanee, yunurniBasi, uto (2k — 1)1l = (2k——(12)kf) :!(Qk) o ;ii)!’ , OKOHYaTeJbHO
HMeeM:

(2m)! (2n — 2m)!

I1(2m, 2n—2m) = ST imT (7 — )1 * 3)
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3amensis B pasnoxeHnd (1) k Ha 2n, j—Ha 2m W UCHOB3Ysl paBeH-
CTBO (3), moJayyaem:

2n)! (@m)! @n—2m)! 0%} (x, y) _

Fle)y="F(x y) + 2(2711 (2m)1(2n—2m)122nn1m1 (n —m)! Ox2mQy2n=—2m "

_ 64w e
= f(x, y) + 2 (nl)2 ml (n—m)! * OxEmogen—2m

(x, 9) ~I—2 YR (1) A (x, 9),

n=|\
02 0?
rae A =gntap

Pasnoxurb B psan MaknopeHa ciepyiouiie ¢yHKIHH:

223. f(x, y) =1+ )" (1 +y)".
Peumrenune. VMeem:

f(x, y) =£(0, 0)+df (0, 0) + o7 d% (0, 0) + +-+ (1)

Bomucaum B Touke (0, O) 3naueHusi GyHkuuu u ee auddepeHIIHaOB:
[0, 0)=1;
df (0, 0) = mAx -+ nAy;
d*f (0, 0) = m(m—1) Ax®> 4 2mnAxAy + n(n — 1) Ay;

[Monaras specb Ax = x, Ay =y W moxacTaB/Isis pe3yJbTaT B paBeHCTBO (1),
noJiyyaeM pasJioKeHHe (pyHKuml [ (x, y) B pax MakmopeHa:

flx, y)=1 +mx+nx-|——2—(m(m—l)x2+2mnxy+n(n—-1)y2)+...

224. f(x, y)=1In(l +x+y).

Pemenue. Ilockonbpky aprymeHt Jorapugpma 1 -+ x -4 y — JuHeliHas
¢yHkuMsa, T0 dopma auddepeHumasa Jmoboro nopsaka o6/agaer CBOHCTBOM
uHBapuaHTHocTd. [losTomy

©o

n—1 49" _ \NY(=D" nl my—m —
f(x’ y)=z(_—l) l n —2 n zml(n—m)!xy -
n=1

n=I1 m==0

=YY Cre— D (x4 y|< D).

m! (n— m)!
n=I1 m=0

225. f(x, y) = €*siny.
Pemenue. Psax MaknopeHa ana ¢dbyHKuuu

Fe =10, 0+ N m(x 2 +42) 10,0

n=0
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npeoGpasyeM CJAeYIOMIHM 00pa3om:

[

nyxmyn—m anf 0, 0) .
[(x, y) = 2 ( ox TY5 ) F(0, 0) = Enlz m! (n — m)! oxmoyn—n

n=0
2 2 xmyn—m  anf (0, 0)
= m! (n — m)! oxmoyn—m*

n=0 m=0

[Tonarass n— m = k, noayuaem:

myk gm-+kf (0, 0)
F(x, y) = 22;1!/2' axrfnajk ' ()

k=0 m=0

Jsis1 Hamero cJayuas

Om+Ef (x, y) _ Om+k (exsin y) ( )
oxmoyk  oxmoyk =e'sin\y +k

Orciona
am+kf (0, 0) . {(—-1)" ecsi k= 2n -+ 1;
oxmoyk sm 2 0, ecin & = 2n.

[ToncraBass nocsenHee Boipaxkenwe B ¢opmyday (1), moayyaem:

—1)nxmy2nt1
e*siny = EES&QQMM<me<@.

n==0 m=0

226. f(x, y) = e*cosy.
Pemenne. Ucnompsyem c¢opmyny (1) u3 npeapiayliero npumepa.
JIJis1 3TOr0 HAaXOAHM IPOU3BOJHBIE:

om+Rf (x, y)  omtE (excosy) ( kn)
oxmoyk T gxmoyk =e°cos {y + 2
H BBIUHCJsEM HMX 3HaueHHusa B Touke (0, 0):
om+kf (0,00 kn { (—D", ecn k= 2n,
“oxmogk CoS 5 = 0, ectt k=2n-41.

[Tonb3ysice qopmyJioi (1) U3 mpeabiAylero nmpuMepa, OKOHYATEbHO INOJY-
yaeM:

—nymy2n
emw~?2(J@y<m<wmm<m.
n=0m=0
227. a) [ (x, y)=sinxshy; 6) f(x, y) =cosxchy.
Pewmenue. a) Haxonum npousBonHbie:

omHH] (x, y) _ omtt sinxshy) | S A

oxmoyk dxmoyk -

sm(x—l— )chy, ecan k= 2n 1.
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Ionaras 3nece x =0, y =0, umeem:

k

dmﬂ;xfngz,ko) = (—1)°, ecmu m=2s+1, k= 2n-}1;

om+kf (0, 0)
oxmoyk

Hcnomeays dopmyay (1) u3 npumepa 225, nosyyaem:

=0 —B OCTa/NbHBLIX CJyYasiX.

—1)sx2s+1y2n41
Sll’lJCSh_/ 22(2(3_}_))6;(2,1_'__])1 (| x| << oo, ]./,<O°)

s=0 n=0

6) Ananoruuso OpeIbIYLIEMY CJIy4Yal0 HaXOJHM:

omERf (v, y) _ omtk (cosxchy) cos(x—l— )chy, ecau k = 2n;

moyk mayk —
0x™dy 0xmoy cos(x+ )shy, ecmd k= 2n + 1.
Orciona .
omt*f (0, 0)
g = (—1)°, evm m =2s, k= 2n,
IO 0 _ o _ g ocramn :
S = B OCTaJIbHBIX CJIyYasx.

[ToncraBnss HafileHHBle 3HAUYeHUs] NMPOM3BOAHBIX B opmyay (1) u3 npumepa
225, nonyvaem:

—1)sSx2sy2n
cosxchy —-22( (28),’:2:)! (x| << oo, |Y|< o)

s=0n=0

228. f(x, y) = sin(x? + 7).
PemeHnue. Hcnombays usBecTHOe passoxkeHHe

. 2 (=1n"1y2n™1
sinu = T

CrpaBe/l/IBoe npn |u| < oo, nostyyaeM npu u = x* 4- y* dopmysny Mako-
peHa aJss sin (x® + y):

—]yn—1 (52 2)2n—1
4 = T o
n=1

229. Hamucarp Tpu useHa pasnomeﬂmx B paf MaksopeHa ¢yHKUHH

fx, y) = S<1+x)f’vdt

Pemenue. Ilpu |x|< 1, |y|< 1 HMeem:
1

f(x, y)= g(l +t2xy+%t2y(t2y-— 1) x* 4- ---)dt.
0
[Mocie uHTerpupoBanus Haxopum: f(x, y) =1+ —31~ (x —g) Yoo
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230. OyHKIMIO “TY pasNoKUTh B CTENEHHOH PSA [0 LeJLIM NOJIOXKH-
TeJBHLIM CTeNeHsM OuHOMOB x — 1 H y——l

Pemenune. IIOCKONBKY CTeneHHOH psii SIBASIETCS pﬂl],OM Telisiopa nasi
GyHRUMH f (¥, y), TO M1 NOJyuyeHHs TpeOyeMOro pas3/oxKeHHs! NPHMEeHHM
¢opmyay (2) m. 2°, KoTopasi I/l Hallero c/y4as 3aluIleTcst B BHJE:

Fee, ) = £, 1)+E;‘,—((x—l)§+<y—-1)—g})"f<1, D
n=1

[1peo6pasys nanHyo ¢opmyay ciaenyromuM obpa3oM:

00

fon =Y mle—n2+w—n2)ia, n=

n=0

L n
_2 1 z nl(x—hm@y—nr=m onf(d, 1)
o n! m! (n — m)! dxmoyn—m

n=>0 m=0

H o6o3Hauasg 7 — m = k, noJiyyaem:

[ [

— )m (y — Dk om+kf(1, 1
f(x’ y)=2 (x—1m(y )% om+rf ( ). (2)

mik! Oxmayk
k=0 m==0

Haxonum npousBojHbIe
gmRf (x, y)  (mAR (exty)  gmex gRey

== - ferenned . Y _ +y'
oxmiyk oAmoyk dxm oyk e e e

amtrf (1, 1)

3aTeM BBbIUHCJsEM MX 3HaueHus B Touke (1, 1): TamggR

H, TION-
crapias B ¢dopmyay (2), mosyyaeM:

[ o«

— N\ (y — 1)*
o, p=e 3 Y, E=UZD 4] < oo, [y) < o).

k=0 m=0

231. HyCTb 2 —Ta HesiBHasA (YHKLUHA OT X H Yy, ONpenesseMas ypas-
HenveM 2* —2xz -+ y =0, ortopas mpu x=1 U y= 1 npuHHMaer 3Ha-
yenne z= 1. HamucaTb HeCKOJBKO WUJICHOB pasnoxkeHHss (YHKUMH 2 MO
BO3pacTalUluM crenensM 6uHoMoB x — 1 u y — 1.

Pemenune. M3 ycnosus 3amaun caenyer, yto z(1, 1) = 1. Haxogum
YaCTHble MPOU3BOJHBIE OT 2 KAaK OT HesIBHO 3aJaHHOH (QYHKUHUHU:

dz 22 0z _ 1 .
ox 322 —9x’ 0y 322 —0x’
0z
5% 2 (322 — 2x) ~——2(6 P 2)2.
ot (322 — 2x)2 ’
oz 0z
922 62 a—x——Q 522 6z5§

dxdy (322 — 2x)?2 ; dy? ~ (322 — 2x)2 ;
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B touke (I, 1)

0z 0z ) _1n. 0%z
o= % 3 = ——16,5@_10, =

Hcnonb3ys dopmyny (2) npenpiayiiei 3agaud, NoJydaeM:
2(x, P=14Cx—D—@E—1)—Bx—1)*—10(x—1)(y—1) +
+3@ =1+ -
232. Hanucartp passioxkeHne B psn Tehsopa ¢yHkuuu f(x, y) =%
B okpecTHocTH ToukH M (1, 1).

. 0% 0%z

ab’?z""

......1 ——6; Y

I+ @x=1
I+ @—1)
3amMeyaeM, 4TO YHCJHMTE/b YyKe SBjseTcss pasdfoxeHueM no gopmysae Ted-

Jopa. Mcnonbsysi dopmyny Tetsiopa past dynkuuu (1 + (y — 1))~L
A+@—)7=2 (D" w—D" (y—1I<D),
ToJTyyaem:

f(x, ) =1+ (x—l))nzzo(—l)”(y—l)” (¥|< o, 0<y<2).

Pemenue. Ilpeacrabnss ¢yukumio f B Bume f(x, y) =

M3yunTe THIBI OCOOBIX TOYEK CJEAYIOUIUX KPHBEHIX:
" 233. y? = ax® + x5
Pewenue. OGosnaunm F (x, y) = y?> — ax®> —x3. CocraBuMm cucremy
ypaBHEHUH
F(x, y) =y* —ax®*—x* =0,
F,(x, yy =— ax —3x*=0,
F!;(x’ y) =2y=0,

pewuB KoTopylo, Ha#mem: x, =0, y, = 0.
Haiina sropele npoussommnie Fj, (x, y) = —2a —6x, F. (x, y) =0,

F,, (X, y) =2, BbUMC/IHM MX 3HAYeHUs] B TOUKe (X,, Yo):

A= FJ,(0, 0)= —2a, B=F,(0, 0)=0, C=F.,(0, 0) =2.

Y

[ockosbky A = AC —B?* = —2a, 1o npu a<< 0 M (0, 0) — usonupoBaH-

Hasi ocobGas Touka, a npu a >0 M (0, 0)— ysnoBass ocobasi TOUKa
3

(em. m. 3°). Ecom ke a=0, To M3 yc/OBHS CJeAyeT, 4To y = + x 2.
Cnepnosateabho, M (0, 0) — touka Bo3BpaTa.
234. a) X+ —3xy=0; 6) 4 y*=x"+y4 B £ 4y' =5
) (& + ) =a* (x> —y*) (a+0).
Peweunne. a) O6osnauas F (x, y) = x* + y®> —3xy u peluas cuctemy
Fx, y)y =x*+y*—3xy =0,
F,(x, y) =3x*—3y =0,
F, (x, y) =3y>—3x=0,

nonyyaeM x, =0, y, = 0.
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Haxonum BTOphie npousBoammie: F,, (x, y) = 6x, F (x, y)= —3,
F,, (x, y) = 6y; B Touke (0, 0) momyuaem: ‘

A=F2,(0, 0)=0, B=Fp, (0, 0)=—3, C=F_ (0, 0) =0.
[Tockombky A = AC —B?*= —9< 0, to (0, 0) — y3sioBasi ocobasi TOYKa.

6) AHaJOrHYHO NpeAbIAYIIEMY NYHKTY COCTaBJisieM CHCTEMY
Fx, yy=x*+y* —x* —y* =0,
F/(x, y) =2x —4x* =0,
Fy(x, y) =2y — 4y’ =0,

peiuasi KOTopylo, mojydaem X, =0, y, = 0.
Jlanee, BbluMCJseM BTOpHe TmpousBojubie: F, (x, y) =2 — 1242

Fo,(x, y) =0, F,(x, y) =2—12y% a 3areM HaxoiuM YucJa

A=FL0, 0)=2, B=F,0, 0)=0, C=F,, (0, 0)=2.

Y

U3 toro uto A = AC—B*=4 >0, crenyer, uro (0, 0) — u3osupoBaH-
Hasi ocobasi TOUka.
B) U3 cucremnl

Fx, y=x*4y*—x5=0, F/(x, y) =2x —6x°> =0,
F,(x, yy=4y’=0

HaxoguM, uto X, =0, y, = 0. ITockomky F,, (0, 0) F,, (0, 0) ——F';; (0,
0) =0, 1o (0, 0) sBIAETCS WM TOUYKOH BO3BpaTa, WM H30JHPOBAHHOH OCO-
6ol TOYKOH, WJIH TOYKOH CONPUKOCHOBeHHMs. [IJis1 najibHeHAIHX HCCJielOBaHUH
npelcTaBuM ypaBHeHHe Kpusoil B Buie y! = x®(x* —1). Tak kaxk mpu
| x| < 1 mpaBasi yacTb 3TOr0 paBEHCTBA HENOJIOXKHTEJbHA, a JeBas yacTbh —
Heorpuuarenbia, 10 (0, 0) — exuHCTBEHHAs TOYKAa, KOOPAMHATBI KOTOPOH
YJIOBJIETBOPSIIOT JAHHOMY YpaBHEHHIO M abclycca KOTOPOH INPHHALJIEKHT
uuteppany (—I1, 1). A 310 o3Hauaer, yto (0, 0) — u30.MpoBaHHas ocobas
TOUKa,
r) Pewasi cucremy

F(x, ) =(*+ ) —a® (x* —y*) =0,
F;(x, y) =4x (x* + y*) —2a*x = 0,
Fy(x, y) =4y (x* 4+ y°) + 22’y =0,

HaxonmM X, = 0, y, = 0. Ilockonmeky F,, (0, 0) - F, (0, 0) — F,; (0, 0) =
= —4a* < 0, 10 (0, 0) — y3n0Bass ocobast TOuKa.

235. Hccrnenosath ocoGble TOUKH CJEAYIOWIMX KpUBBIX: a) Yy —1 4
+e*=0;6) y*—1+4+e*=0; B) (y—x*)*—x*=0.

Pewenne. a) Ilyete F(x, y) =y*— 1 + e*. Jlerko NpPOBEPHTD,
yto B Touke (0, 0)

F=F,=F)=Fl, =F,=0, F/,=2.

xx =

Takum o6pasom, FyF, — F, = 0. W3 1aHHOro ypaBHeHHs HaXOAUM: Yy ==
= + /1 —e—*. Orclofa HenocpeAcTBeHHO 3aKmoyaeM, yto (0, 0) — Toy-

Ka CaMOIPHKOCHOBEHHA.
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0) 3HaueHHs] TNPOM3BOAHBIX MEPBOTO U BTOPOTO IOPAIKOB TaKHe e,
KaK M B NpeapaylieM mnpumepe. 13 1aHHOrO ypaBHEHHsi HAXouUM: Y ==

= +V1—e*, x>0. Ha ocuoBanuu rpajuka (GyHKUMH HETpYIHO
saxJoyuth, uto (0, 0) —TOuKa Bo3BpaTta l-ro pona.

B) Jlerko yGemutbesi, yto (0, 0) — ocobasi Touka. 3HaueHHs NpPOH3BOJ-
HBIX MEepPBOTO U BTOPOTO MOPSAKOB B 3TOH TOUKE TaKHe Ke, Kak H B Ipe-
AbIAYWIMX ABYX npumepax. ITockosbky o6e BeTBH Y = Xx* + x° Vx (x> 0)
JaHHOH KpPHBOH pacClOJIOKEHLI 110 OfHY CTOPOHY oOmel KacaTesJbHOH H
N0 OoAHYy CTOpoHYy oOuie#i Hopmaad, To (0, 0) ABAAETCA TOUKOH BO3Bpara
2-ro pona.

236. Hammcarb ypaBHeHHsi KacaTeJbHLIX NPAMBIX M HOPMAJbHBIX IJ10C-

KOCTeH B JAHHBIX TOYKAX K CJEIYIOIUM KpPUBBIM: a) X = asin®f, y=
. T
= bsintcost, z=ccos’t B Touke = ; 6) y=2x, z=x" B TOuKe

M@, 1, 1); 8 ®*+y*+22=6, x+y-+2=0 B Touke M(1, —2, 1).
Pemenune. a) Haxomum npouseoansie: x' == 2asintcost, y' =

. . 14
= b (cos2t —sin?f), 2’ = —2c costsint, 3areM BBIUHCIAEM X, = X| —| =
’ ’ 0 4

. a T b T c . ’ ’ T - [
=79 W=Y7)=7 AW=iHg)Te L=X\g)Ts h=
=y -} = 0,2, =2 (—Z— = —¢ W ucnojn3dyem ¢opmyast (7) u (8) m. 4°.
a b c
¥y YT 2T X z
B pesysaprate noJsyuaem: — == —, Wl — =1, y=

2

b o o | o
- — YPaBHEHHe KacaTeJIbHOl HpAMON; ax — ¢z = 5 (a” —c¢”) — ypaBHe-

I

HHE HOPMaJIbHOH IIJIOCKOCTH.

6) 3anaua NpUBOAMTCA K NpeiblAylied, ecad X NPHHATb 3a NapaMerp.
Torna ypaBHenue KpuBOH HMeeT BUI: X = X, y = x, 2= x2. Orcioga Ha-
xonum: x, =1, y,=1, z,=1, x,=1, y, =1, 2, =2. Vicnonpsys Te
ke (opMyJibl, YTO M B MpeAbIAYlLIeM NYyHKTe, noiydyaeM: ¥ —l =y —1 =

z—1

= —5— — YpaBHeHHe KacateJpHOH npsMod; X - y -+ 22 = 4 — ypaBHeHHe

HOpMaJ/IbHOH IJIOCKOCTH.
B) CuurtaeMm, yTO NpsiMasi 3aJlaHa ypaBHEHUsMH X = x (f), y = y({), 2=
= 2(¢). Toraa

EO+PO+E@O =6 x(@)+y@)+z()=0.
JuddepeHuupys 3TH paBeHCTBa 1O f, NOJyyaeM CHCTEMY
2xx" + 2yy' + 222" =0,
x' -+ y' -+ 2 = Oa

u3 Kotopoit mnpu x,=1, y,= —2, z,=1 Haxomum: xo =1, y,=0,
20 = —1. Hcnomw3dys dopmyasl (7) u (8) n. 4°, nonyyaeMm: x -}z2=2,
y + 2= 0 — ypaBHeHHe KacaTesqpHOH MOpsiIMOH; X — 2z = 0 — ypaBHeHue
HOPMaJIbHOH  TIJIOCKOCTH.

237. Hanucath ypaBHeHHsI KacarTeJIbHOH IIJIOCKOCTH M HOpMasid B YKa-
3aHHBIX TOYKaX K CJAEAYIOUIMM IIOBEPXHOCTSM: a) 2 = x® 4 y® B TOuKe
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X
My, 2, 5); 6) x*4y*+22=169 B Touke M, (3, 4, 12); B) 27 +
Yy

422 =8 B TOuke M, 2, 2, 1).
Pemenwue. a) Umeem: f, (1, 2) =2, f,(1, 2) =4. Hcnompsys dop-
myaol (11) u (12) n. 5°, nosmywaem: 2x - 4y — z— 5= 0 — ypaBHeH#He

o x—1 y—2 z2—5
KacaTeJIbHOH TIJIOCKOCTH; —5— = g 7~ = —T — YPaBHEHHe HOpMa/H.

6) B 2ToM caywae F(x, y, 2) =x*+ y? + 22 — 169. Bouucass 3Ha-
YeHus pousBoAHbX F, (My) = F,/(3, 4, 12) =6, F,(M,) =8, F, (M) =
=24 u npumenss ¢opmyssl (9) u (10) n. 5°, moayuaem: 3x 4 4y +

-+ 122 = 169 — ypaBHeHue KacaTe/ibHO# MJIOCKOCTH; ad = A 1 1_z2 o —

ypaBHEHHE HOPMaJIH.
X
YpaBHEHHe HOpPMa/ldi MOXHO IIPEJCTaBUTb B CJELYIOIEM BHJE: 5=

i__z
4~ 12

x A
B) Haxozum npouseonnbie dyukuun f(x, y, 2) =2% 42z —8:

, Zhe “me2 .,
folx, y, =27 ==, [ (%, y, =27 ==, [/(x, y, &) =

x Y
= —(7 4?22

U BbIUMCJAEM HX 3HaueHus B Touke M, (2, 2, 1):
fr(Mg) =41n2, f,(My) =41In2, f.(My)=—161In2.

ITo tem xe dopmynaM, yto U B nyHKTe 6), HaxoAUM: X -+ y — 42 =0 —
(2] Z - l

YPaBHEHHE KacaTeJbHOH IIOCKOCTH; X — 2= y —2 = — — ypaBHeHHe

HOpMaJIu.

238. Hanucatp ypaBHeHHsl KacaTe/IbHOH IJIOCKOCTH H ypaBHEHHe HOp-
Mali B YKa3aHHBIX TOYKaX K IIOBEPXHOCTSM: a) X ==acos{ cose, Yy =
=bcos¢sing, z=csiny B Touke M, (o, Po); 6) ¥ =rcose, y = rsing,
2z =rctga B Touke M, (¢4, o)

Pewenne. a) Haxomum npoussonHbie B Touke M,:

0x . dy ' 0z
5 = @ COS $o sin g, 3 = b cos P, COs @y, dp = 0;
Ox . dy . . 0z
gy = —asin o COS @q, o = —bsin ¢, sin ¢, oy = € €08 o

u Bbluncasem A, B, C: A = bccos® ¢,cosq,, B =accos®Pysing, C =

= absin ¢, cos ,. Mcnonpsys dopmynsr (13) u (14) n. 5°, nonyuaem:

x y ' . z . ©

= €08 P COS @g ~I= - COS Yo SIN g + —- siN P = ] — ypaBHeHHe KacarespHO
x sec Ypsec 9o —a _ y sec Yycosecpg— b  2cosec Yy —c¢

NJIOCKOCTH; - — = - — ypaBHe-

HHe HOpMaJlH.
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6) AHa/jorMyHO TNpejbAYIEMY NYHKTy Haxoaum B Touke M, mpous-
BOAHLIE

Ox . dy 0z 0

b—;p: ——I'g SII1 Py, 5‘;6:"0(:08(?07 anz ’
ox oy . 0z
E"‘COS(‘PO’ b—r—sm%, Emctga,

a takxe 3Hauenns A, B, C: A=rycosq,ctga, B =rysingyctga, C =
= —"ro.
CocraBsisieM ypaBHEHHE KacaTeJbHOH IJIOCKOCTH:
Xcos @y + ysingy—ztga =0

M ypaBHeHHe HOpMaJiy:
X—rgC0SPy Yy—rgsing, 2z—roctga
cosg,  sing,  —tga

239. Haditu npenesnbHOe nosoxkeHue KacaTesIbHOH MJIOCKOCTH K TOBEpX-
HOCTH X = u + v, y = u® -+ 0% z=u®4 v®, Korna Touka kacauusa M (u, v)
(4 5 v) HeorpaHHyeHHO npubJaKaercss K Touke M, (iy, U,) JIHHHH Kpas
4 = U TIOBEPXHOCTH.

Pemenue. Bouuciasem BeqMuuHBI, IPONOPIHHOHAJNBHLIE HANPABJISIOLIUM
KOCHHYCaM HOpMasld K JaHHOH HOBepXHOCTH B Touke M (u, v):

dy 0z oz 0x
du ou ou ou
A= dy 0z =6uv(v—u), B= dz 0x = —3 (v — u?),
v v dv Ov
Ox dy
ou ou
C=lox gy|=2(v—u)
v dv

M 3alHChIBAEM YDaBHEHHE KacaTeJbHOH IJIOCKOCTH B Touke M (u, v):
(x—u—0v)buv —(y —u*—0v)3Wu+0v)+ (EF—u®*—0%2=0.

Ecan Touka M (u, v) HeorpaHuueHHO npubsmkaetcst K Touke M (¢, o)
JUHUM Kpasi 4 = U TOBEPXHOCTH, TO, Kak CJeJyeT H3 TMOCJeJHEero pa-
BEHCTBA (MPU U — U,, U—> Uy, Uy = U,), KacaTesbHas I[JIOCKOCTb 3aHHMAeT
npefesbHOe MoAOKeHHe: 3xuy — 3yiy -+ 2 — 2uy = O.

Haiitn oruGarompe opHonmapameTpUYECKHX CEMEHCTB TMJIOCKUX KPHBbIX:

240. xcosa + ysina = p (p = consl).

Pemenne. Ilyetb F(x, y, «)=xcosa-tysina—p. Torna
FJ(x, y, a) = —xsina 4+ ycosa u cucrema (15) n. 6° npuHuMaer BuA:

xcosa -+ ysina—p=0, —xsina-ycosa = 0.

Hckmouas U3 31Ol CHCTEMBI mapameTp a, TOJYYaeM YPABHEHHE IHUCKDHMH-
HaHTHOH KpuBO#l X2 - y? = p?. [anee, HaxomuM:

F/(x, y, a) =cosa, F,(x, y, a) =sina.
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()

o o ”?2 rz
B Toukax nuckpumuHaHTHOH KpuBo# F, -+ F, =
B 3THX K€ TOYKax

0sta +sin?a =10 u

>4 .

——, sina = 4+ —Z—
Vity' Ve
—_— : - x2 _ y?
= —xcosa—ysina = F Ve F Ve Fp=£0,

ecti p+ 0. Takum oOpasoM, JQUCKPUMHUHAHTHasi KpuBasg x° -+ y® = p?
SIBJISIETCSl OrHbaroled.

241. (x —a)* 4+ 4* =%2.

cosa = 4

kY

Pemenune. Umeem: F(x, y, a) = (x —a)® 4 y? — a, CiienoBatesb-

2
Ho, cucreMa (15) m. 6° uMeeT BHX:
(x —a)? —l—y2—% =0, —2(x —a) —a =0.

Orciofa mnoJsyyaeM YypaBHEHHE JAHCKPUMHHAHTHOH KDUBOH B INapameTpHuec-
2

. _a 2 @ 1%
KoM BHIE: X =+, y® = HIM B sSBHOM BHAe y = +x. Kmeem, nanee,

F,=2(xx—a), F,=2y, F;, =1. B Toukax IHCKDHMHHAHTHOH KpHBOH
(FP+(F)l=4(x—a)+ 4 =220, F,,=1=0.

ChnenoBaTesibHO, OTUCKPUMUHAHTHAs KpuBas y = = X sBJseTCcst orubaroulei.
a
242. y = kx + 4 (a = const).
Pemenune. M3 cucrems

F(, y )=y —hx——- =0, F=—x+5=0

HaxoHM ypaBHeHHE AUCKPUMHHAHTHOM KpuBoH y* = 4ax. To, 4ro 5Ta KpH-
o o 2 ’2
Basi siBJseTC orubaioued, ciefyeT U3 cooTHoinenud F, + F, = k* 4+ 1 =

2a
# 0, Ff, =—7% #* 0, cnpasefyBbiX LJs1 BCEX €e TOYEK.

243. y? = 2px + P

Pewenue. OGosnauasi F(x, y, p)=y*—2px —p® ¥ 3anucbiBas
cicremy (15) m 6° y* —2px —p?* =0, —2x —2p =0, HaxXoAuM, 4YTO
5TOH CHCTEME YJIOBJIETBOPSIIOT KOOPJAWHATHI €AWHCTBEHHOH Touku: x =0,
y =0, p=0. Crnenosate/sibHO, OrubarOIUX HET.

§ 7. IKcTPeMyMbl (PYHKUMIA HECKONBbKMX NEePEeMEHHbIX

1°. Onpepenenue NoKaabHOTro skctpemyma. Ilycrb ¢pyHK-
uusa f(x) =f(x, %3 ..., Xx,) OnpeneneHa Ha MmHoxkectBe £ E, u TOuka
x@ = (x2 xD, ..., £9) ¢ E. Topopar, uto dynkuua f(x) umeer B TOu-
ke xO  jokarenoui maxcumym (munumym), ecaH CYLIECTBYeT Takas
okpecTHOCTb S (x@, 3) = {x: 0 < p (¥, x®) < 3} Touku x», yro Ans BCex
Touek x € S (¥, 8) (] E BbimoJHseTCS HEepaBeHCTBO

fFO) > Fx) (Fr) <) (1)
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JIOKaNbHBI MaKCHMYM H JIOKaJbHBII MHHHUMYM OOBEAMHSIOTCS COLINM
Ha3BaHUEM AO0KQ.1bHbILL 3KCMpemym, a TOUKH, B KOTOPBIX OH JOCTHraercs,
Ha3bIBAIOTCSl IKCMPEeMANbHOIMU MOYKAMU.

Ecau ¢dyHkuus f(x) umeer B touke x© JioKa/bHBIA 3KCTPEMYM, TO MOJ-
Hoe npupatierue Af (x©) = f(x) — f(x©@) (x € S (x9, 8) N E) 310t PyHK-
uMd B Touke X0 yIOBJETBOPSIET OJHOMY M3 CJEAYIOHMX ycaoBui: Af (x(0)<
< 0 (B ciyuae JnokanpHOro Makcumyma), Af (x@) > 0 (B cayyae Jokasnb-
HOTO MHUHHMMYMA).

2°. Heo6xoaumMoe ycJaoBHE JOKaAaJbHOTO 3KCTpeMyMa.
[Mycte dyuruusa f(x) umeer B touke xO JokanpHbIH 3KCcTpemyMm. Toraa,
€csq B 3TOH TOUKE CYIIEeCTBYIOT 4YacTHble IPOH3BOJHBIE NEPBOrO MOPsIAKA
IO BCeM IepeMeHHBIM, TO BCe 3TH 4YacTHbie MPOM3BOJHBIE pABHBI HYJIO.
Takum o6pasoM, B 3TOM CJydae B3KCTpeMajbHble TOUKH GYHKIMH [ (X)
YIOBJIETBOPSIIOT CUCTEME ypaBHEHHH

fx;.(xl, Xa, ...,xn):O,].zl, 2, cesy M. (2)
Ecimm xe ¢ynkuus f(x) auddepenmnupyema B Touke x(O, To cooTHOweHHe
df (x®) =0 (3)

IBJISIeTC HeOOXOJHMBIM YCJIOBHEM JIOKAJIbHOro 3KCTpeMyma. 1oukH, B KO-
TOPBIX BHINOJIHAETCH YcJaoBHe (2) uiau (3), HAa3bIBAOT CMAYUOHAPHLIMU
moukamu. OyHKuus f(x) MoxKer NPUHUMATh JOKAJIbHBIH SKCTPEMYM TOJIBKO
B CTal[HIOHAPHBLIX TOYKAX WJIM B TOYKAX, B KOTOPbIX 4YaCTHbIE IPOU3BOJAHbLIE
MepBOr0 TMOpsiika He CYLIeCTBYIOT. Bce 3TH TOUKM HasbIBAIOT rmouKamu
B03MONCHO20 IKCMPEMYMA.

3°. 3HakoonpegeseHHbe KBagpaTHuHbie GopMbl. DyHk-

LU
n

A, hyy oon hy) = Zlaikhihk (@ = ay) (4)
riepeMeHHbIX Ay, hg, ..., h, HaspBaeTcs Keadpamuuroll ¢popmoid. UYUucaa
Q;, Ha3bIBAIOTCSA Ko3apuyueHnmamy KBaApaTHUHOH (OpMEL.

KeagparnyHass ¢opMa (4) Ha3bBaeTCss IOJIOXKUTENBHO OIlpeLesIeHHOH
(oTpHLaTENILHO ONpefiesIeHHOH), ecJM JJs JIOObIX 3HAueHHH NepeMeHHBIX /iy,

he, ..., h,, I/ KOTOPBIX BBHIIOJIHSETCS YCJIOBHE hf —|—h§ 4 - hi >0,
sTa (opMa HMEET IOJOXKHUTeNbHble (OTpULAaTeNbHbie) 3HaueHus. [losoxu-
TeJIbHO ONpeiesleHHble W OTPHUATENBHO ompeaeseHHble GopMbl 00bEIHHAIOT-
csi OOLIUM Ha3BaHHEM — 3HAKCONpeOeneHHble opmoL.

ChopmynupyeM KpuTepuil 3HAKOOIMpeLeJeHHOCTH KBaJpaTHYHOH (Popmbl —
kpumeputi Cusvsecmpa. Jlaisi Toro utoObl KajpatduHasi oopma (4) Obina
TNIOJIOKHTENbHO ONpefieIeHHOH, Heo0XOJAMMO H JOCTaTOYHO, 4TOObI BbINOJI-
HSJIMCh HepaBeHCTBa:

e @ Ay Qyo Qy3
ay >0, |72~ 0, |an Qa2 Qog| > 0, ..., B
Qo1 oz A3y Qgy Q3
an Q12+ - Ain
Qgy Qo « .+« Q2n <0
anl an2 e o o ann



Inst Toro uto6el KBaapatTuuHasi ¢opMa (4) Gbl1a OTpHUATENBHO Onpese-
JIEHHOH, HEOOXOIMMO W JOCTAaTOYHO, YTOObl MMEJH MeCTO HepaBeHCTBa:

ap; Qi Qg3

‘>0’ a21a22a23 <O, v e 0y
Q3 Q3o Qg

all alz ¢« o 0 aln
a a e o o a
(_ 1 )n 21 22 2n

Q1 Qg2

a;;, < 0, a1 Qg

> 0.

anl aﬂ.2 LI ) a,m

4°. JlocTaTO4YHBIE YCJOBHUS JOKAaJAbHOTO 3KCTpeMyMa.
[lycth B HEKOTOPOH OKpPECTHOCTH cCTamuoHapHOH Touku x© ¢yHkuus f(x)
JBaxKapl AuddepeHIHpyeMa M BCe YaCTHbIe IPOM3BOAHBIE BTOPOrO MOPSIKA
0% (x)
dxiax’.

(¢ j=1, 2, ..., n) HenpepbiBHbI B Touke x(¥, Ecaum B 3TOH TOUkKe

n

2

Bropoil nuddeperuuan d*f (x) = E ax‘%dﬁci dx; npeacrasJaser co0oi 3Ha-
i, j=I1 ‘ i
Koonpe/ieJieHH yI0 KBaipaTHYHYI0 hopmy oT auddepeHyanos dx,, dx,, . .., dx,
HE2aBHUCHMBIX INePEeMEHHbIX, TO B Touke X(? ¢pyHKuus f(x) nNpHHUMAaeT JIOKalb-
Hblit skcTpemyM. Ilpu srom, ecau d?f (x(9) < 0, To B Touke x(@ ¢yHKuMA
f(x) npuHHMaeT JOKaNbHBIA MakcuMyM, a ecan d*f (x©) >0, TO JOKa/b-

HbI{ MHHUMYM.
Cayuai yukyuu 08yx nepemerroix. I1yctb B HEKOTOPOH OKPECTHOCTH

ctauuoHapHoit Toukd M, (x,, Yy,) dyHkuus f(x, y) aBaxabl auddepeHIH-
2
pyeMa H BCe 4YacTHble IPOU3BOJHbIE BTOPOro HOpAAKA Qpq =

_OL
—axayy 22_‘0!/2

i Q2=

HenpephBHLI B 3TOH Toyke. Torxa, ecau B Touke M,
A (My) = ay,a50 — a}, >0,

TO0 ¢yHKuuA f (X, y) UMEET B 3TOH TOYKE JIOKaJbHBIH SKCTPEMYM, a HMEHHO
MaKCHMyM NpH @y < 0 B MUHUMYM NpH a@;; >0. Ecau xe B Touke M,

A (Mg) = 11090 — ai, < 0,

To GyHKuUA f(X, y) HE HMEeT JIOKAaJbHOTO 3KCTPEMyMa B 3TOH TOUKE.
Cnyuail, korna A (M,) = anas —aj, =0, TpeGyeT NONOJHHTEIbHbIX
HCC/IeIOBaHHIT.
[Tyctb B HeKoTopo#l okpectHocTH Toukn x© ynkua f(x) = f(xy,

Xy, +.., X,) m pa3 aubdepeHunpyeMa ¥ BCE YACTHHIE MPOH3BOAHBIE 1-TO
NopsiIKa HemnpepulBHBL B 3TOH TOYKe, MNPHYEM
df (x9) =0, d*f(xN =df (xO) = ... =d"If (x©) =0, d™f(x@)=0.

Torpa, ecnmu m— HeyetHoe, TO Touyka x(¥ He gABiAeTCA 3SKCTPEMA/IBLHOM,
ec/Id e m — 4eTHoe, To B Touke x0 ¢yHKuua f(x) HMeeT 3KCTPEMyM:
JIOKaJbHBIA MakcumyM, ecad d™f (x0) < 0, u JoKa/JbHbIE MHHHMYM, €CJH
d™f (x@) > 0.
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Ecsu B cootHOweHusix (1) umeer Mecto paBeHcTso 1,15 /io6oro masoro 8 > 0
M HEKOTODBIX 3HAueHH# X, OTIMYHBIX OT X0, TO JIOKAQ/JbHBIH 3KCTPEMYM
Ha3bIBAIOT Hecmpoaum (COOTBETCTBEHHO, ‘HECTPOTHM JIOKA/JIbHBIM MHHHMYMOM
¥ HECTPOTHM JIOKAJbHbIM MakcUMyMoM). B 9ToM ciyyae JioKasJbHBIH 3KCTpe-
MYM JOCTUTaeTCsi Ha HEKOTOPOM MHOXKECTBE TOUYEK.

Ecsu skcrpemMasbHas Touka x(O npuHaasiexuT rpanuue obnactd E omnpe-
zesieHusi GyHKIMU f(X), TO 3KCTPEMYM Ha3bIBAIOT Kpaegoim (COOTBETCTBEHHO
KPaeBbIM MAKCUMYMOM M KPaeBbIM MHHHMYMOM). .

5°. dkcTpeMyM HesABHO 3aJaHHO#H yHKuuHu Ecan HessHas

byHKIUA U = U (Xg, Xg, oov, Xn)y (X1, X2, ..., X,) € EC E, onpenensercs
ypaBHEHHEM
F (%, X3 «vv, x,, u) =0, TO
F (xl’ x2, ¢ 00y xn, u (xl’ xg, LY xn)) E 0’ (xl’ xg, o0 o xn) E Eo
[Mycts dyHkuus u aBaxnawsl HenpepelBHO auddepenunpyema B E. Torza
B crauponapuoii Touke M, (x?, x%, ..., x) cnpaeenymBbl paBeHcTBa:
l 4 ’ [
du=—F.‘l:(Fxldxl+Fx2dx2+""""Fxndxn):O’ (5)
¥ (0 (0 0
F(2, £, ..., 20 4oy =0,
0) — 0 (0 (0 1

rae u©@ =u(x1’, X2, vo., Xn'). OCKOJIbKY CNpaBel/IMBO H 0oOpaTHOe

yTBep}KIleHI/Ie, TO CT&HI/IOHaprIe TOYKH MOTYT 6bITI) HaﬁﬂeHbI U3 CHCTEMBbI
Fi,=0(=1,2 ..., n), F=0. (6)

Ewe pas nuddepenuupys nepsoe U3 paBeHCTB (5) M y4UWUTBIBasl, 4YTO B CTa-
nHoHapHo# Touke du = 0, noJsyuyaem:

n
1 0%F
_._F_Z | | mdx,-dx,. (7)
i, j=

d*u =

Eciu d?z >0 B Touke -M,;, TO (YHKUUA U HMEET MHHHMYM; €CJH Ke B
3TOH Touke d*u < 0, TO MaKCHMyM.

6° YcaoBubéi s3kcTpemyM. [lycts odynruus f(x, y)=f(xi,
Xoy wovy Xpy Y1, Y2y .-, Y,) ONpeseseHa B HeKoTopoi obmacty E
< E, ., Ilyctb, KpoMe TOro, Ha NEPEMEHHDIE Xj, Xo, « o+ y Xuy Upy Y2y oo,
Y, HAJOXKEHO M HONOJHHTEJNbHBIX YCJOBHH (m << n):

Fi(xy, %o, oovy Xny Yiy Yy ov vy Ym) =0,
F2(x1, X9, --"xn,yi, Yay o0y ym)“_"Or (8)
Fm(xia Xoy e ooy Xp, Uiy Y2y o0 ’ym)=0:
KOTOpble HAa3bIBAIOTCS YPABHEHUAMU C8A3U.
losopsiT, yto GyHKUHA f(¥, y) uMeer B Touke (¥, yO) = (x(0, xO
oy X0 g0 yO L y9) yeaosroud makcumym (yorosHoul murumyM),

ecnn HEpaBeHCTBO [ (¥, §) < f(x®, yO) (F(x, ©)>[(x®, y®)) semon-
HSeTCsl B HEKOTOPOH OKpecTHOCTH TOYKH (x©@, y(©@) mpu ycjoBHH, 4TO
Toukd (X, y) u (x1O, y©) ynoBnersopstoT ypaBHeHHsAM CBA3H (8).
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HccnenoBanne ¢yHKuuH f (X, y) Ha YCJIOBHBIA SKCTPEMYM INPH HaJMUYUH

ypaBHeHu#t cBssk F(x, y)=0(i=1, 2, ..., m) (m< n) cBOAuTCA K MC-
C/IeIOBAHHIO HAa OOBIYHBIA KCTPEMYM (pyHKuHH

@ (x, y) = f(x, y)+ XF(x y), )
HasbiBaeMol ¢hynkyueii Jlazpauwsca, rae \;j(j=1, 2, ..., m) —nocTosH-

Hele MHOXkHTeH. [Ipn sToMm 3HaKk Broporo auddepennnana d* P (x@, yo)
B crauuoHapHoil Touke (x9, y©) onpenenser xapakTep 3KCTpeMyMa IpH
YCJIOBHH, YTO TNepeMeHHble dx;, dx,, ..., dx,, dy, dy,, ..., dy, cBsa3aHbl
COOTHOLLIEHUSIMH

oF; - oF .

I I - j —
k axkdxk—l— Elaysdys——o (Gj=1, 2,.., m).
:1 P —

7°. A6coanwTHb it 3kKcTpeMyM. Ecmn ¢ynkuusa f(x) = f(xy, X,
., X,) nubpdepeHuupyema B obnactu E < E, W HenpepolBHa Ha 3aMbl-

KaHHuu E, TO OHa JOCTHTaeTr C¢BOero HauboJbIIero U HaMMeHbIIero 3Ha-

yeHUH Ha MHOXecTBe £ WM B CTalMOHAapHOH TOYKe, HJM B TOYKe, IIpH-
Hagnexawed rpanune obsacta E.

s onpeneneHuss abCOMOTHOrO B3KcTpeMymMa GYyHKuMd f(x) Ha MHO-
xectBe E cpaBHHMBaeM HauOoJsiblllee M HaHMEHblIee 3HauyeHus: (yHKUMH
f(x) B cramuoHapHbIX TOukax oOJgactd £ ¢ HaubGOJbLIMM H HauMEHbLIHM
3HaueHUsMH (pyHKuuH f(x) Ha rpaHuue ob.aactu E.

HMcenenoBaTh Ha JIOKaJbHBIH 3KCTPEMYM CJefyIOlLIHe (DYHKIIHH:

244, z = x* - y* — x* —2xy — 4.

Pemwenue. BolyucauM yacTHble MPOU3BOAHBIE: 2, = 4Xx° — 2x — 2y,
2, = 4y® — 2x — 2y. CrauuoHapHble TOYKH HafileM H3 CHCTeMbl

45> —2x — 2y =0, 4y*—2x —2y=0.

Ona wumeer Tpu peuteHusi: x; =0, y; =0; xo=—1, y = —1; x3=1,
y; = 1. Jlnsi npoBepKH IOCTATOYHBIX ycnomm JIOKAJTBHOTO 5KCTpeMyMa Bbl-
HHCIHM, ~BTOPLIE POM3BOAHBIE: @y =z, = 12%* — 2, @y =2, = —2,

Qyg = Zyz = 124 —2 M COCTaBHM BBIpaXKEHHE
A(X, J)—allagg—a“f?:(le —-2) (12y2_2)_40

[Tockoabky A (0, 0)=0, TO AN BBIACHEHHS BONpOCa O CYLIECTBOBAHHH
SKCTPEMyMa paccMOTpHM npupauieHue ¢yHkuun 2 B Touke O (0, 0):

Az(0, 0)=z(h, k) —2(0, 0). Ecu k=h, tne O0<h< l/%—,

Az (0, O)=2h2(h2———‘3~)<0. Ecom xe k=—h, tne A >0, 10

Az (0, 0) =2h* > 0.

CnenoBaresnibHo, npupamiende Az (0, 0) npuHuUMaeT 3HAYeHHsT PA3HbIX
3HAKOB, a Mo3tToMy npu x; = 0, y, = 0 sKcTpeMyma Her.

B toukax (—1,—1)u(+ 1, +1)A=96 >0, a Tak KaK a;; = 10 >0,
TO B 3THX ToukKax (YHKUHA MMeeT MHHHMMYM, NPUYEM Zmip = —2.
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245, z = 2x* + y* — x* — 2%
Pemenue. U3 cucremnt
2, =8¢*—2x=0, z, =4y — 4y =0

HaxoQuM cTauuoHapHele Touku: M, (0, 0), M,(O, 1), Mg, —I1),

1 1 1 1 1
M3 o) Ms( 50 1) Moz, —1), (=, 0), Ma(— 1),
Mg (—""_;‘ ’ _1) .

BEIYHCISIL BTOPbIE NPOMSBOAHBIE Z,: = 24x2 — 2, 2, =0, z,» = 12y°—
— 4 ¥ coCTaBJ/isisl BblpaxKeHHe

A(x, y)=anay —al, = 8(12x>— 1) (3y*— 1),

f

HaxomguM, yto A0, 0)=8>0; A0, 1)=—16<0; A0, —1)
— —16 < 0; A(—é—, o)=—16<0; A(-;-, 1)=32>0; A(%, —1)=
=3250; 8(—=, 0)=—16<0; &(—7,1)=32>0

A(—%, —1)=32>0.
CnenoBarenpHo, Touku My, Mg, M, u M, He SBAAIOTCA 3KCTPEMaJib-

HeiMu. Touku M,, M;, Mg, Mg u M o — IKCTpPEMaJIbHble, NPHYEM: B TOUKe
M, (0, 0)— makcumym (nocxom;xy 22 (0, 0)=—2<0) U Zmax=0;

B TOYKax M5(—;—, l), Ms(—2-, —1), M, (——%, l) Mg(-——lg, ——1)

/4 l 9
— MHUHHMMYM | IOCKOJIBKY 22| *+ R +1)=4 >0) H Zmin= — 3.

8
246. z = 222 (6 — x — ).
Pemwenne. Cocrapiss cucremy
2, =xy> (12 —3x—2y) =0, 2z,=x**(18—3x—4y)=0,

a 3aTeM pellasi ee, HaXOAUM cTamMoHapHble Touku: M, (2, 3); M, (0, y),
rie —oo < y< ooy My(x, 0), rne — oo < x < co.
151 mpoBepKH HOCTAaTOYHBIX YCJIOBHH JIOKAJBHOTO 3KCTpeMyMa HaxOAHM
BTOpble MPOU3BOJHBIE:
2 = 12y° — 6xy® — 2u°,
z,, = 36xy® — 9x?y? — 8xy®, (1)
2 = 36x2y — 6%y — 12x¢%%

IMockoabky 2z (2, 3)=—162, 2,,(2, 3) =—108, z,:(2, 3) = —144,
a A2, 3)=144. 162——1082>O TO B TOUKE M1(2 3) dyHKuus 2
MMeeT MAaKCHMYM, IIpHYeM 2Zmax = 108. B Toukax M, u M, BeipaxkeHHe
A = ay;a5y — af, ofpamaercsi B HyJb, a 3TO HHYEro He TOBOPHT O HaJIH-

YHUU 5KCTPEMyMa B 3THX TOUKax.
Hasi  jafbHeAWHMX HCCJe[OBaHHN BBIYHCJMM IpHpaiieHHe (pyHKuMH
B Touke M, (0, y), — oo < y<< co:

Az (0, y) = Ax® (y + Ay)® ((6 — Ax) (y + Ay) — (y + Ay)?).
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Jlerko y6emutbcsl, 4TO npH JHOCTaTOYHO MasbiXx Ax u Ay Az (0, y) < O,
eca — oo < y<C 0w 6 <y< 4 oo; A2(0, y) >0, ecin 0 < y< 6.
Ilpuyem B o0OOMX cJlyyasiX NOCTMIA€TCsi 3HAaK paBeHCTBAa NpH |[Ax| >0 u
|Ay| >0 (nanpumep, ecnu y-+ Ay =0). CaenoBarenbH0, B TOUKax
My (0, y), tie — oo < y<<0 wm 6 < y < -+ co, PyHKUUA 2z HMEET He-
ctporuii MakcumyMm, a B Toukax M, (0, y), rae 0 < y < 6, — HecTporui
MiHEMyM. B Toukax M, (0, 0) u M, (0, 6) ¢yHKuMA z 5KCTpeMyMma He
HMeeT, Tak Kak npu x = 0 npupamieHue Az (0, y) MeHseT 3HaK npH nepe-
Xoje nepeMeHHOH y uepe3 Toukd y =0 U y = 6.

Hanee, u3 paeencrs (l) caenyer, 4TO BTOpOH nUdpepeHUMan paBeH
Hym0 B ToukaX M, (x, 0), — co < x << co. Ilostomy mns jmanbHeliero
uccIeloBaHus BblYUCIUM auddepeHnran TpeThero nopsiaka. uddgepenuu-
pyst paBeHctsa (1), HaxoauMm TIpPOU3BOAHLIE TPETHEr'o MOPSAKA

/{4

2o =—b6y% 2, =36y —18xy® —8y% 2 .= T2xy —18x%y — 24xy

X2y
2, = 36x7 — 6x° — 24x%y

1 BbIYHC/sieM HX 3HaueHusi B Toukax M (x, 0):
2 (x, 0) =0, 27,,(x, 0)=0, 2 .(x, 00=0, z,(x, 0)=236x"— 6%

Takum obpasoM, d®z(x, 0) = (36x2 —6x°)dy® =0 Ha MHOXKeCTBe TOUEK
M, (x, 0), — co < X< co, noatomy B Toukax Mj(x, 0), — oo < x <o
(YHKIMST 2 3KCTPEMYMa He HMeeT.

247, z = x* + y® —3xy.

Pewenue. BbUHCAHB yacTHble MPOW3BOJAHBIC W TNPUPABHAB HX HYJIO,
MOJIYUUM CHCTEMY

2, =3x*—3y=0, z,=3y*—3x=0.

Pemns 3Ty cucTeMy, HaiineM craiuoHapHble Toukd M; (0, 0) u M, (1, 1).
3areM 3amnuieM yacTHbIE NPOH3BOHbIE BTOPOrO MopsaKa: z,: = 6x, 2, = —3,

n 2
z,,= 6y M cocraBuM BblpaxeHHe A (X, Yy) = Al —aiz = 36xy — 9.
B touke M, umeem A = —9 <0, Tak 4yTO 3Ta TOYKA HE SIBJISAETCS SKCTpe-
MajgpHOH. B Touke M, umeeM A = 27 > 0, a;; > 0, cuenoBare/bHO,
B 3TOH TOukKe (YHKIHSA HMEET MHHHMYM, NDHYEM Zmin = —1.

248. 7 — xy+i9+?; (x>0, y >0

Pewenue. U3z cucremnl

I 4 50 r 20
zxzy—;2—=0, Zy-—":x—'!‘/“2*=0
HAaXOJ¥M €JMHCTBEHHYIO CTAllMOHApHYIO TOYKY X = 5, y = 2, npuHalJIexKa-
4 10
myoo o0aacTu onpejesicHHsT (YHKUUH. BbIUHCAHB NPOM3BOAHBIE 2,2 = —xsg,
o " 40 4000 o
2y=1, 2= ;5 M COCTaBUB BblpazkeHe Ax, y) =T 1, mnai-

gem, uto A(5, 2)=3 >0, ay (5, 2) = »g— > 0. CnenoBaTesibHO, B TOUKE
(5, 2) QyHKuUS HMEET MHHHUMYM: Zmin = 30.
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2 2
209 z—xy )/ 1—5—%  @>0, 5>0).
Pemenue. M3 cucremnl

b
HaxoauM  cranuoHapHele  Touku: M, (0, O); Mg(-l%’ 7?);

\

Mz —pe): gz, <o) bz )

ILTIH NIPOBEPKH AOCTATOYHBIX yC.HOBI/If;I 3aMuilieM BTOpPbIE IIPOH3BOJHLIE:

_ﬂ@_%,y) _ﬂ@_%_y)

” a,2 a2 b2 " b2 a?' b2 .

et = 3 vt T 3.
)

@_ﬁ;ff_
a? b2

a 3aTeM BBIYHMC/AHM 3HayeHHe A B CTauMOHApHBIX TouKax. Mmeem: A (M))=

= —1 << 0, nosToMy 3Ta TOuYKa He SIBJISIETCS] 3SKCTPEMAabHOM.
b

ITockousbky A(i T/a?)f - -]-/T) =4 >0, o Touku M,, M;, M,
H M, — sKcTpeMasbHble. A TakK Kak
” ” 4ab " " 4ab
2 (M) = 253 (My) = — 57 < 0, 202 (M) = 22 (M) = =~ >0,

ToO B Toukax M, u M; ¢yHKuus 2 uMeeT MakCUMyM, a B Toukax M
v M; —wmurumym. HenocpejcTBeHHBIM BbIYHCJIEHHEM HAXOMUM:  Zmax =

— ab g ab

3V3"" min — 3V§.
950, 7= LTyt a? 4 b® + ¢ # 0).
V4 i1 @+ 0"+ )

Pemwenne. Haxonum vyacTHble NPOH3BOAHLIE H TNpUpaBHHUBAEM HX
Hymo. B pesyjbrare mnosyyaeM cHCTeMY
v a(x®*+y*4- 1) —x(ax4-by ¢y 0
. - —

Z, =

’

@42+ ?
- - b(xz"“yz'\l‘l)“y(ax:‘by‘l“c):o. (I)

y
@442
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3
YMHOXKas neppoe paBeHCTBO 3TOH cHcTeMbl Ha —b (x® -+ y? 1)2, BTO-
3

poe —Ha a(x*+ y®+ 1) * ¥ cknanbiBass HX, noayyaeM ypaBHeHHe (bx —
—ay) (ax + by 4 ¢) = 0, U3 Koroporo cjepyer, uto bx = ay, ax -+ by -+
+ ¢ =0. Orciona u u3 (1) HaxXoAUM CTALHOHAPHYIO TOUKY: X = —Z , Y=
b
=—, c#+0 (ecu ¢=0, o nmpu a®+ b®> 4 c® =+ 0 yHkuua 2 He
HMeeT CTaliOHAPHBIX TOYEK).
JI5ist yacTHBIX MPOM3BOJAHBIX BTOPOTO NOPSKA HMEEM BbIPaXKEHHS:

A by +¢ 3 (a(x®+y* 4 1) —x (ax+ by - 0)
xX° 3 ’
(2 g2+ 1) 2 (x2+y2+1)?
"o ax ¢ 3y b+ yr D) —y(ax+by+c)
4= B 5 '
+y241)°2 (x2 4424 1)2
v ay -+ bx 3xy (ax + by -+ ¢)

zxy - _3_ + _5_
(4y241)2 (24 g2+ 1)2
Briuucsiast 3HaueHHMsi BTOPBIX NMPOU3BOJAHLIX B CTAl[HOHAPHOH TOYKe

Z" E_ -b- — b2 -+ c? Z” -Li i — a? "I“ c?
") c' o = ._§_ ’ yl c? ¢l _3“’
2 2
a2 b2 a2 b2
ot it) o(atat)
” a b ab
ny _C- ’ ? == T
a® 2
C(cg+ —I— 1)

HaxoJuM, dYTO

b 2 b2 —3 /.9 2 2 2 a2b?
(e 2)= (s (B ooy

c

T. €. 9KCTPEMYM CYILLE€CTBYeT.
” [T
IlockonbKy BTOpasi NpOH3BOJHAA 2, B CTAallHOHApPHON TOYKE OTpHLA-
TeJbHa npy ¢ >0 u mnosoxkurespHa npu ¢ << 0, TO B NepBOM ciayuae
GYHKUMS 2 HMEET MAKCHMYM: Zmax == J a? - b2 +- ¢®, a BO BTOPOM — MHHH-
MYM: Zmin = — V a® + b% 4 c2.
251, z =1 —V %% + 42
Pewmenune. Jlerko y6emutbcsi, yTo JaHHasg (PYHKLUUS He UMEET CTalHO-
HapHbix Touek. Ho B Touke M (0, 0) uyacTHble nmpousBOJHEIE IEPBOTO MO~
pslKa He CYIIeCTBYIOT, TaK KaK Pa3HOCTHBIE OTHOLLIEHHS
z2(Ax, 0)—2z(0, 0)  |4x| 2(0, 49) —2(0, 0)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>